ON TWO APPROACHES TO 3-DIMENSIONAL TQFTS

VLADIMIR TURAEV AND ALEXIS VIRELIZIER

Abstract. We prove that jM jc = z(c)(M) for any closed oriented 3-manifold
M and for any spherical fusion category C of non-zero dimension. Here jM jc
is the Turaev-Viro-Barrett-Westbury state sum invariant o f M derived from C,
Z(CQ) is the Drinfeld-Joyal-Street center of C, and 7 (c)(M ) is the Reshetikhin-
Turaev surgery invariant of M derived from Z(C).
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Introduction

Two fundamental constructions of 3-dimensional topological quatum eld the-
ories (TQFTs) are due to Reshetikhin-Turaev and Turaev-Viro [TV]. The
RT-construction is widely viewed as a mathematical realization of Witten's Chern-
Simons TQFT, see [Wi]. The TV-construction is closely related to the Fonzano-
Regge state-sum model for 3-dimensional quantum gravity, se¢ H. The rst
connections between these two constructions were establisheq Walker [Wa] and
Turaev [Tu]. In 1995, the rst named author conjectured a more general connection
between these constructions. This connection may be formulate@s the identity
Mjc= z(M), see below for a detailed statement. The aim of our paper is to
prove this conjecture.
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2 V. TURAEV AND A. VIRELIZIER

The Turaev-Viro approach derives TQFTs from spherical fusion caegories. We
de ne a fusion category as a monoidal category with compatible leftand right du-
alities such that all objects are direct sums of simple objects and th number of
isomorphism classes of simple objects is nite. The condition of sphégity says
that the left and right dimensions of all objects are equal. A spherial fusion cate-
gory has a numerical dimension, which we suppose to be non-zerortsughout the
introduction. The original TV-construction [TV] applies to categor ies of represen-
tations of the quantum group Uq(sl2( )) at roots of unity. This was extended to
modular categories (i.e., to spherical fusion categories with braidingin [Tu]. At
about the same time, A. Ocneanu observed that the use of the biding may be
avoided. This was formalized by Barrett and Westbury [BW1]| (see al® [GK]) who
derived a topological invariant jM jc of an arbitrary closed oriented 3-manifold M
from a spherical fusion categoryC. The Barrett{Westbury construction generalizes
that of Turaev-Viro and is widely viewed as the most general form ofthe TV-
construction. The de nition of jM jc goes by considering a certain state sum on
a triangulation of M and proving that this sum depends only onM and not on
the choice of triangulation. The key algebraic ingredients of the stée sum are the
so-called 6-symbols associated withC.

The Reshetikhin-Turaev construction of 3-manifold invariants uses as the main
algebraic ingredient a modular categoryB. This construction associates with every
closed oriented 3-manifoldM a numerical invariant g(M ). Its de nition is based
on surgery presentations ofM by links in the 3-sphere.

For every monoidal categoryC, Joyal and Street [JS] and Drinfeld (unpublished,
see Majid [Maj]) de ned a braided monoidal categoryZ (C) called the center ofC.
A fundamental theorem of Mager [Mu2] says that the center of a spherical fusion
category C over an algebraically closed eld is modular. Combining with the results
mentioned above, we observe that such & gives rise to two 3-manifold invariants:
Mjcand z(M). We prove in the present paper that these invariants are equal,
i.e., for all M,

(1) Mijc= z@(M):

This was previously known in several special cases: whebis modular [Tu], [Wa],
when C s the category of bimodules associated with a subfactor [KSW], and fhen
Cis the category of representations of a nite group. For modularC, the category

Z(C) is braided equivalent to the Deligne tensor productC C, where C is the
mirror of C, and therefore Formula () can be rewritten as

Mijc= ¢ eM)= c(M) zM)= c(M) c( M);
where M is M with opposite orientation. If Cis a unitary modular category, then
c( M)= ¢(M)andsojMjc=j c(M)j*.

Formula () relates two categorical approaches to 3-manifold invaants through
the categorical center. This relationship sheds new light on both aproaches and
shows, in particular, that the RT-construction is more general than the state sum
construction. For further corollaries of Formula (@), see Sectiorilll.

The proof of Formula () is based on topological quantum eld theory (TQFT).
For a modular category B, the invariants g(M) extend to a 3-dimensional TQFT

g derived from B, see[[RT]. The invariant jM jc also extends to a 3-dimensional
state sum TQFT j:jc which we de ne here in terms of state sums on skeletons of
3-manifolds. It is crucial for the proof of Formula (@) that we allow non-generic
skeletons, i.e., skeletons with edges incident to 4 regions. (A similar though
somewhat di erent approach to 3-dimensional state sum TQFTs was independently
introduced by Balsam and Kirillov [KB]l) In particular, we give two di eren t state
sums on any triangulation t of a closed oriented 3-manifoldM : the one in [TV],
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[BW1] and a new one. In the former, the labels are attributed to theedges and the
Boltzmann weights are the § -symbols computed in the tetrahedra; in the latter,

the labels are attributed to the faces and the Boltzmann weights ae computed
in the vertices. The existence of two di erent state sums is due to he fact that

the triangulation t gives rise to two di erent skeletons of M : the 2-skeleton of the
cellular decomposition ofM dual to t and the 2-skeleton oft itself. (Itis non-obvious

but true that these two state sums are equal.)

Our main theorem claims that for any spherical fusion categoryC over an alge-
braically closed eld, the TQFTs j:jc and 7, are isomorphic:

j jc' z@() and jMjc' z(M)
for any oriented closed surface and any oriented 3-cobordismM . The proof in-
volves a detailed study of transformations of skeletons of 3-manifds and the com-
putation of the coend of Z (C) provided by the theory of Hopf monads in monoidal
categories due to Brugueres and Virelizier [BV2].

The paper is organized as follows. Sections 1{4 deal with preliminarie®n
monoidal and fusion categories and the associated invariants of tmred graphs.
In Sections 5{9 we construct the TQFT j:jc. In Sections 10 and 11 we recall the
necessary de nitions from the theory of modular categories andtste our main the-
orems. A proof of these theorems is given in Sections 12{15. Thohgwe do not
speci cally use § -symbols, we include for completeness an appendix summarizing
their algebraic properties.

The authors are indebted to N. Ivanov and S. Matveev for helpful discussions.
The work of V. Turaev on this paper was partially supported by the NSF grant
DMS-0904262. A. Virelizier was partially supported by the ANR grant GESAQ.

Throughout the paper, the symbol | denotes a commutative ring.

1. Pivotal and spherical categories
We review several classes of monoidal categories needed in the selg

1.1. Pivotal categories ( [Mal]). By a pivotal (or sovereign category, we mean a
strict monoidal category C with unit object  such that to each objectX 2 Ob(C)
there are associated alual object X 2 Ob(C) and four morphisms

evy . X X! ; coeyg : ! X X ;
&y X X | ; ey : ! X X;
satisfying the following conditions:
(a) For every X 2 Ob(C), the pair (evx ;coew ) is a left duality for X, i.e.,
(idx ewx)(coevx idx)=idx and (evx idyx )(idx coew ) =id x ;
(b) For every X 2 Ob(C), the pair (@« ; @ew ) is a right duality for X, i.e.,
(evx idx)(idx a@ew)=idx and (dx @x)(@ew idx )=idx ;
(c) For every morphismf : X ! Y in C, the left dual
f =(evy idx )idy f idx )(idy coew):Y ! X
is equal to the right dual
f =(id x @ )(id x f idy )apew idy ):Y ! X ;
(d) Forall X;Y 2 Ob(C), the left monoidal constraint
(evx idy x))idx ew idy x))idx vy coew x): X Y I (Y X)
is equal to the right monoidal constraint
(dy xy e@w)idy x) @&x idx )(@ew x idx v ): X Y I (Y X);
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(e)ev =& : | (or, equivalently, coev = apev : ! ).

Note that the morphisms ev and coev (respectively, &/ and @pev ) are mutu-
ally inverse isomorphisms. The monoidal constraints in (d) also are ismorphisms.
By abuse of notation, we will suppress these isomorphisms in the fowulas. For
example, we will write (f g) =g f for morphismsf;g in C

1.2. Traces and dimensions.  For an endomorphismf of an objectX of a pivotal
category C, one de nes theleft and right traces tr|(f );tr. (f) 2 Endc( ) by

tri(f) =evyx (idx flapew and tr (f)= ew (f idx )coew:

Both traces are symmetric: tri(gh) = tr |(hg) and tr, (gh) = tr , (hg) for any mor-
phismsg: X ! Y andh:Y ! X in C Alsotri(f)=tr (f )=tr (f ) for any
endomorphismf of an object (and similarly with I;r exchanged). If

) idy =id x forall 2 Ende( ) and X 2 Ob(C),

then Endc( ) is commutative and try;tr, are -multiplicative: tr ((f g) =tr (f )tr,(Q)
and tr. (f g)=tr . (f)tr,(g) for all endomorphismsf;g of objects ofC.

The left and right dimensions of X 2 Ob(C) are de ned by dim(X) =tr |(idx)
and dim, (X) = tr ((idx ). Clearly, dim;(X) = dim (X ) = dim (X ) (and sim-
ilarly with |;r exchanged). Note that isomorphic objects have the same dimen-
sions and dim( ) =dim,( ) =id . If Csatises (@), then left and right dimen-
sions are -multiplicative: dim (X Y) =dim (X)dim;(Y) and dim;(X Y) =
dim, (X )dim,(Y) for any X;Y 2 Ob(C).

1.3. Penrose graphical calculus.  We represent morphisms in a categoryC by
plane diagrams to be read from the bottom to the top. The diagramsare made of
oriented arcs colored by objects ofC and of boxes colored by morphisms o€. The
arcs connect the boxes and have no mutual intersections or seilitersections. The
identity id x of X 2 Ob(C), a morphismf : X I Y, and the composition of two
morphismsf : X ! Y andg: Y ! Z are represented as follows:

idx = , =
X

If Cis monoidal, then the monoidal product of two morphismsf: X ! Y and
g: U! V is represented by juxtaposition:

Y YV
fg=]i] .
X Yu

In a pivotal category, if an arc colored by X is oriented upwards, then the corre-
sponding object in the source/target of morphisms isX . For example, idx and
a morphismf : X Y! U V W may be depicted as:

U 4Vv YW

idx=+=+ and f=[ 7 ]
X X

X Y
The duality morphisms are depicted as follows:

evxzf’\x, 009\6<=\Jx, @/x=[‘\x, @e\/xz\‘/x-

The dual of a morphismf : X I Y and the traces of a morphismg: X | X can
be depicted as follows:

G, e ey
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If Cis pivotal, then the morphisms represented by the diagrams are invaant under
isotopies of the diagrams in the plane keeping xed the bottom and te endpoints.

1.4. Linear and spherical categories. A monoidal | -category is a monoidal cat-
egory C such that its hom-sets are (left) | -modules, the composition and monoidal
product of morphisms are| -bilinear, and Endc( ) is a free | -module of rank one.
Thenthe map | ! Endc( );k 7! kid is a| -algebra isomorphism. It is used to
identify Endc( )= | .

A pivotal | -category satis es (2). Therefore the traces tr; tr, and the dimensions
dim;;dim, in such a category are -multiplicative. Clearly, tr |;tr. are| -linear.

A spherical categoryis a pivotal category whose left and right traces are equal,
i.e., tri(g) =tr ((g) for every endomorphismg of an object. Then tr;(g) and tr,(Q)
are denoted tr(g) and called the trace of g. Similarly, the left and right dimensions
of an object X are denoted dim(X ) and called the dimension of X .

For spherical categories, the corresponding Penrose graphicahlculus has the
following property: the morphisms represented by diagrams are ingriant under
isotopies of diagrams in the 2-spheres? = 2 [flg , i.e., are preserved under
isotopies pushing arcs of the diagrams acrosk . For example, the diagrams above
representing tr (g) and tr, (g) are related by such an isotopy. The condition tr(g) =
tr, (g) for all gis therefore necessary (and in fact su cient) to ensure this property.

1.5. Remark. Our de nition of a pivotal category is equivalent to the standard
de nition given in terms of pivotal structures, see [Mal]. A pivotal structure on a
monoidal categoryC with left duality f(X ;ev,coev)gx 2 op(c) is a monoidal natural
isomorphism =1f x:X ! X 0Oxoopc, i€, x v = x y and =id
(up to the monoidal constraints). A pivotal category Cobtains a pivotal structure by
x =(&wx idx )(idx coey )for X 2 Ob(C). Conversely, a pivotal structure
makesC pivotal by evx =evy ( x idx ) and @pew = (id x xl)coevx .

2. Multiplicities in pivotal categories

2.1. Permutation maps. For objects X, Y of a pivotal category C, let
xy Home( ;X Y)! Homeg( ;Y X)
be the map de ned as follows: for any 2 Homg( ;X YY),

) xv ()=(evx idy x)(idx idy ey = @

It is easy to check that the mapsf x;y gx:v 20n(c) are natural in the sense that

(@ ) xy ()= xovo((f 9))
for any morphismsf : X I X% g:Y! Y%and : ! X Y inC The following
lemma shows that the mapsf x.y gx.y behave as permutations.

Lemma 2.1. For all X;Y;Z 2 Ob(C),
1

(&) xvy is an isomorphism and XY =YX
B x = x =idpome( x);
© x vz= vz x xy zand xy z= z xvy x vz-.

Proof. Claims (b) and (c) are direct consequences of the monoidality of theluality
functor (C°P; °°)!1 (C, )denedby X 7! X andf 7! f . From (b) and (c),
we obtain vix xy = x v; =iduomc( x v), hence (a).
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It is easy to deduce from Claim (a) of this lemma that

(4) XY ( )= (Id Y X &y )(Idy IdY )COGVY = @:

2.2. Symmetrized sets of multiplicities. A signed objectof a pivotal category C
is a pair (X;")whereX 2 Ob(C)and" 2f +; g . Given a signed object K;" ), set
X"=Xif"=+and X' =X if"=

A cyclic C-setis atriple (E;c: E! Ob(Q);":E!f +; g ), whereE is atotally
cyclically ordered nite set. In other words, a cyclic C-set is a totally cyclically
ordered nite set whose elements are labeled by signed objects &f For shortness,
we will sometimes write E for (E;c;").

A cyclic C-setE = (E;c;") determines a setH (E) as follows. Fore 2 E, set

Ze = c(ey) (&) c(en) ) 2 Ob(C) and He =Homc( ;Ze);

wheree= e; <e; < < e, are the elements oft ordered starting from e via the
given cyclic order (heren = # E is the number of elements ofE). For e;f 2 E, we
dene amappes : He! H; as follows. We havef = ¢ for k 2f 1;:::;ng. Set

X = C(el)"(el) C(ek 1)"(ek 1) and Y = C(ek)"(ek) C(en)"(en):
Clearly, Ze = X Y andZ; =Y X. Themappes carriesa morphism : ! Z,
to xv (): ! Z¢. LemmalZ] implies that (He; pes )e:r 2€ iS @ projective system

of sets and bijections. The projective limitH (E) = lim H, depends only onE. Itis
equipped with a system of bijections = f ¢: H(E) ! He0e2g, called the universal
cone The bijections o: H(E)! H, are calledcone bijections

An isomorphism of cyclic C-sets : E ! EC%is a bijection preserving the cyclic
order and commuting with the maps to Ob(C) and f+; g . Such a induces a
bijection H( ): H(E) ! H(EY in the obvious way.

2.3. Symmetrized multiplicity modules. Let Cbe a pivotal | -category. Clearly,
for any cyclic C-set E, the setH (E) is a | -module (called the symmetrized multi-
plicity module), and the cone bijections and the mapsH ( ) as above are| -isomor-
phisms. We now study duality for these modules.

Foratuple S=(( X1;"1);:::;(Xn;"n)) of signed objects ofCwith n 1, set
(5) Xs = X, X
and S = (Xp; "n)iiini(Xq; "1). The tuple S determines a cyclicC-set Es =
f1;2;:::;ng, where 1< 2< <n < 1 and the label of eache 2 Eg is (Xe;"¢).
By de nition, the | -moduleH (S) = H (Eg) is preserved under cyclic permutations
of S and is isomorphic to Honm( ; Xs) through the cone isomorphism ;.

If Sand T are two tuples of signed objects ofC, then ST is the tuple obtained

by their concatenation. Clearly, Xst = Xs X+, (ST) =T S,andS = S.
The following recursive formulas de ne a morphism Ew: X s Xg!

Evix.+y =evx,; Evix, y=@x,; and Evst =Evy(idx, Evs idx,)
for any S, T. The morphism Evs induces a| -bilinear evaluation form
(6) I's:Home( ;Xs ) Home( ;Xs)! Endc( )= |
by ! s( ) = Ev s( )forall 2 Homg( ;Xs )and 2 Homg( ;Xs). For

example:
Pox v ( )= @(:

As an exercise, the reader may verify that! s( )="1s ( )forall and
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Lemma 2.2. If Cis spherical, then! 15 x, x4 xs:xy = st for all tuples
S, T of signed objects ofC.

Proof. Let 2 Homc( ;X(sty ) =Homc( ;X1 Xs)and 2 Homc( ;Xst)=
Home( ; Xs X7). By the pivotality of C,

Using these equalities, Formulas[(B), [[#), and the sphericity ofC, we obtain

Here the left-hand side representd rs  x, xs ()  xsx.( ) and the right-
hand side representd st ( ). Hence these two expressions are equal.

By Lemma 2.2, for sphericalC, the form (&) is compatible with cyclic permuta-
tions of S and induces a well de ned pairingH(S ) H(S)! | also denoted! s.

The dual of a cyclic C-set (E;c;") is the cyclic C-set (E°P;c; "), where E°P
is E with opposite cyclic order. Enumerating the elements ofE in their cyclic
order, we can identify E with Egs for a tuple S of signed objects ofC. Then
E® = Eg . If Cis spherical, then the pairing! s: H(S) H(S)! | induces
a pairing 'e: H(E°®) H(E) ! |. More generally, aduality between cyclic
C-setsE and E%is an isomorphism of cyclicG-sets : E°° ! E° Such induces
a | -isomorphismH ( ): H(E°®)! H(E9 and a pairing

(7) le (H() * id): H(EY) HE)! |:

2.4. Non-degeneracy. Giventwo | -modulesM and N, one calls & -bilinear form
I':M N ! | non-degenerateif there isa|-linearmap : | ! N M such that
(idny ' )( idy)=idy and (! idw)(idw )=id m. If such exists, then
it is unique, and (1) 2 N M is the inverse of! . The dual | -homomorphism

?:M? N?! | is called thecontraction induced by! . HereM ? = Hom | (M; | ).

A pivotal | -category C is non-degenerateif for any X 2 Ob(C), the form ! x =
P'x:+ - Home( ;X ) Homc( ;X)! | (carrying to evx ( )) is non-
degenerate.

Lemma 2.3. If Cis non-degenerate, then the form(&) is non-degenerate for allS
and the form (@) is non-degenerate for allE; E®

Proof. Let f x: X ! X Oxz20pc) be the isomorphisms de ned in Remark[Lb.

ST (X1"1) Xara): Xs! (Xs )
where (x.4y = x and (x. y =idx for any X 2 Ob(C). One veries that
Evs =evx.( s idx ;) and therefore! s( )= !Ixs( s () ). Since the

form ! x ¢ is non-degenerate and s is an isomorphism,! s is non-degenerate.

3. Invariants of colored graphs

In this section, Cis a pivotal | -category.
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3.1. Colored graphs in surfaces. By a graph, we mean a nite graph without
isolated vertices. Every edge of a graph connects two (possibly owiding) vertices
called the endpoints of the edge. We allow multiple edges with the samenepoints.
A graph G is C-coloreq, if each edge ofG is oriented and endowed with an object
of C called the color of the edge.

Let be an oriented surface. By a graph in , we mean a graph embedded
in . Avertex v of aC-colored graphG in determines a cyclic C-set (Ey;cy;"V)
as follows: E, is the set of half-edges of5 incident to v with cyclic order induced
by the opposite orientation of ; the maps ¢,: Ey,! Ob(Qand",:E,!'f +;¢
assign to each half-edgee 2 E, its color and sign (the sign is + if e is oriented
towards v and otherwise). SetH,(G) = H(E,) and

H(G)= H(G);

where v runs over all vertices of G and = | is the tensor product over|. To
stress the role of , we shall sometimes writeH,(G; ) for H,(G) and H(G; )
for H (G).

For an n-valent vertex v of G, the | -module H, (G) can be described as follows.
Letep <e,< < ep < e; be the half-edges ofG incident to v with cyclic order

ple, H(i+:;j ;k+), H( ;k+;i+), and H(k+:i+;j ) all stand for the module
associated to the trivalent vertex

Given two C-colored graphsG and G%in , an isotopy of G into Gis an isotopy
of G into G° in the class of C-colored graphs in preserving the vertices, the
edges, and the orientation and the color of the edges. An isotopy of G into G°
induces an isomorphism of cyclicC-setsE, ! E,o, wherev is any vertex of G
and v®= (v). This induces | -isomorphismsHy( ): Hy(G) ! Hy(G%) and H() =

vHY(): H(G) ! H(GY.

A duality between two verticesu, v of a C-colored graph G in is a duality
between the cyclicC-setsE, and E,, see Sectio 213. Such a duality induces a

pairing ! v : Hy(G) H,(G) ! | and, when Cis non-degenerate, a contraction
homomorphism ., : Hy,(G)? H(G)?! |.
A C-colored graph G determines a C-colored graph G° in obtained

by reversing orientation in all edges ofG and in while keeping the colors of the
edges. The cyclicG-sets determined by a vertexv of G and G° are dual. If Cis
non-degenerate, then we can conclude that

HW(G®; )= Hy(G;)’ and H(G®; )= H(G;) "

3.2. Invariants of graphs in 2, We always orient the plane ? counterclockwise.
Let G be a Gcolored graph in 2. For each vertexv of G, we choose a half-
edgee, 2 E, and isotope G near v so that the half-edges incident tov lie above
v with respect to the second coordinate on 2 and e, is the leftmost of them.
Pick any 2 H(G) and replacev by a box colored with ¢ ( v) as depicted in
Figure [, where V is the universal cone ofH,(G). This transforms G into a planar
diagram which determines, by the Penrose calculus, an element of Eg( ) = |
denoted ¢(G)( v v).- By linear extension, this procedure de nes a vector ¢(G) 2
H(G)? =Hom | (H(G);]).
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Figure 1.

Lemma 3.1. The vector ¢(G) 2 H(G)? is a well-de ned isotopy invariant of a
C-colored graphG in 2. More precisely, for any isotopy between twoC-colored
graphsG, G%in 2, we have ¢(GOH()= c(G), whereH(): H(G)! H(GYis
the isomorphism induced by .

Proof. Independence of ¢(G) of the choice of the half-edges, follows from the
de nition of H,(G). Invariance under isotopies follows from the pivotality of C.

For example, if G = S? 2 is the unit circle with one vertex v = (1;0) and
one edge oriented clockwise and colored witlX 2 Ob(C), then E, consists of two
elements labeled by K; +), (X; )and H(G) = H,(G) = Hom¢( ;X X). Here

c(G)( )=evx 2Endc()=| foral 2 H(G).

3.3. Invariants of graphs in  S?. If Cis spherical, then the invariant ¢ gener-
alizes to graphs in the 2-spheres? = 2 [flg (the orientation of S? extends the
counterclockwise orientation in 2). Let G be aC-colored graph inS2. Pushing, if
necessaryG away from 1 , we obtain a C-colored graphGy in 2. By Section[1.2,
c(G) = ¢(Gop) 2 H(Gp)? = H(G)? does not depend on the way we pusis in 2
and is an isotopy invariant of G.
We state a few properties of .

(i) If a Gcolored graphG®  S? is obtained from a C-colored graphG ~ S?
through the replacement of the colorX of an edge by an isomorphic object
X © then any isomorphism X ! X %induces an isomorphism : H(G) !

H (G9 in the obvious way and ?( ¢(G%) = ¢(G). We call this property
of ¢ naturality .

(ii) If an edge e of a C-colored graphG  S? is colored by and the endpoints
of e are also endpoints of other edges dB, then <(G) = (G nint(e)).
Indeed, in the Penrose calculus,e can be deleted without changing the
associated morphism.

(iiiy If a C-colored graphG°® S? is obtained from a C-colored graphG ~ S2
through the replacement of the colorX of an edgeeby X and the reversion
of the orientation of e, then the isomorphism x : X ! X of Remark[L.5
induces an isomorphismP: H(G) ! H(GY and (0)?( <(GY) = (G).

(iv) We have H(Gq G%) = H(G) H(GY and c(GqGY)= (G <(GY
for any disjoint C-colored graphsG; G®  S2.

Example 3.2. For an n-tuple S = (( X1;"1);:::;(Xn;"n)) of signed objects ofC,
consider the following C-colored graph = s in S2:

The graph consists ofn edges connecting the vertices and v, the r-th edge being
colored with X, and oriented towardsv if ", = + and towards u otherwise (the
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picture corresponds to"; = ,", =+, ", = ). ThenH( )= H(S) H(S)and
c()="1s:H(S) H(S)! |. The verticesu, v of are in duality induced by
the symmetry with respect to the vertical lineand ! v = !'s = ¢( ).

Example 3.3. For any i;j;k;l;m;n 2 Ob(C), consider the following C-colored
graph in S2:

Here H () is the tensor product of the modules H(m+;i ;n ), H(j+;i+;k ),
H(n+;j ;I ),andH(I+;k+;m ). Thevector ¢() 2 H() ? and similar vectors
associated with other orientations of the edges of form a family of26 = 64 tensors
called § -symbolsassociated withi; j; k; I; m;n . For more on this, see Appendix.

4. Pre-fusion and fusion categories

4.1. Pre-fusion categories. An object X of a monoidal | -category C is simple
if Endc(X) is a free | -module of rank 1. Equivalently, X is simple if the | -ho-
momorphism | ! Endc(X); k 7! kidx is an isomorphism. By the de nition of a
monoidal | -category, the unit object is simple.
A pre-fusion category (over | ) is a pivotal | -category C such that

(@) Any nite family of objects of C has a direct sum inC,

(b) Each object of Cis a nite direct sum of simple objects;

(c) For any non-isomorphic simple objectsi;j of C, we have Honx(i;j ) = 0.
Conditions (b) and (c) imply that all the Hom spaces in C are free| -modules of
nite rank. The multiplicity of a simple objecti in any X 2 Ob(C) is the integer

Nj( =rank| Homc(X;i) = rank | Home(i; X' ) O

This integer depends only on the isomorphism classes ofand X .
A set| of simple objects of a pre-fusion category is representativeif 2 | and
every simple object ofCis isomorphic to a unique element of . Condition (b) above

implies that for such I and any X 2 Ob(C), there is a nite family of morphisms
(p : X! i ;)(g :i ! X) 2 in Csuch that

idy = gp; i 21; and pq = . id; forall ; 2 ;
2

where ; is the Kronecker symbol. Such a family p ;q ) » is called anl-
partiion of X. Fori21l,set '= L =f 2 ji =ig Then(p : X! i) o
is a basis of Hor@@,(; iyand (q :i! X) » p is a basis of Hong(i; X ). Therefore
# "= Ny, #= i21 Ny, and dim(X) =" 5, dim(i)Nj .
Lemma 4.1. Let Cbe a pre-fusion category. Then:

(a) Cis non-degenerate;

(b) The left and right dimensions of any simple object ofC are invertible in | ;

(c) Cis spherical if and only if dim,(i) = dim , (i) for any simple objecti of C.

Proof. Let | be a representative set of simple objects of. Pick X 2 Ob(C) and

an | -partition (p : X! i ;q :i ! X) 2 ofX. Forany endomorphismf of X
and 2 ,wehave pfg = id; forsome 2|. Then
X X X o
()=t (f  ap)=tri( pfg)= dim (i )

2 2 2
P
and similarly tr, (f ) = 2 dim (i ). This implies Claim (c).
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The families (p : = ! X), and(q: ! X), are bases of the
modules Honx( ;X ) and Homg( ; X), respectively, where =f 2 ji = g.
The pairing ! x between these modules de ned in Sectiofh 214 is non-degenerate
because! x (p g) =evx(p g)=pgq = . foral ; 2 . This
implies (a).

Let i be a simple object ofC. Then N; , = 1 and so there are morphisms
p:i i! andg: ! i isuchthatHome(i i; )= | p,Home( ;i )= q,
andpg=id =1 2 |. Sincei is a simple object, ey is a basis of Hong(i i; )
and @pey is a basis of Hong( ;i i). Thereforeey = p and @pey = g for some
invertible ; 2 |. Hence dim(i)=eviaey = pq = is invertible. Sincei is

simple, dim; (i) = dim (i ) is invertible. This proves Claim (b).

For spherical C, we can consider the invariant ¢ of C-colored graphs inS?, see
Section[3.3. The following lemma provides useful local relations for ¢.

Lemma 4.2. Let Cbe a spherical pre-fusion category and let be a representative
set of simple objects ofC.

(&) Foranyi;j 21,

0.1 0.1
c@i:A= ] c@{"A
(b) Foranyi;j 21,
0 ;1 0 1 0.1
c% E: g (dim(i) * C%@X C%%:
o0 1 0o 1 |
LI
© e||-[a="" dmi) C@I‘;A:
- H i21 N

0 1 0 1
T W

(d) CE@ g = uv CE@ \lj X :
— A

In (b) and (d) the empty rectangles stand for pieces ofC-colored graphs sitting
inside the rectangles. The sameC-colored graphs appear on both sides of the
equalities. The relations (a) and (b) can be applied only when there a& other
vertices (not shown in the picture) on the single strand on the righthand side.
For the de nition of .y in (c), (d), see Section[3.1; here the duality between the
verticesu and v is induced by the symmetry with respect to a horizontal line. Note

that for any choice of colors of the strands on the left-hand side b(c), the sum on
the right-hand side has only a nite number of non-zero terms.

Proof. Claims (a) and (b) follow from the equalities Hom¢(i;j ) = 0 for i 6 j and
f = (dim(i)) *tr(f)id; for any f 2 Endc(i). Claim (d) follows from (c) since
Homg( ;i)=0for i & . Letus prove (c). Let S=((X1;"1);:::;(Xn;"n)) be the
tuple of signed objects ofC determined by the strands on the left-hand side of (c).
Let X = Xs 2 Ob(C)bede nedby Formula (B). Let(p : X ! i ;g :i ! X) »
be an| -partition of X. Fori21,set '=f 2 ji = igand denote byS; the
(n + 1)-tuple of signed objects (i; )S. The families

(e =(dx p)wek) . and (f =(d; q)oey) ;
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are bases of the modules Hog( ; X i) and Homg( ;i X)=Hom¢( ;Xs,),
respectively. Recall the isomorphism s : Xs ! Xg = X dened in the proof
of LemmalZ3. Then € =( ¢* idi)(e)) » i is a basis of Homg( ;Xs )=
Homc( ;Xs, ). Recall from Section[2.3 the evaluation form

I =1g : Homg( ;Xsi) Home( ;Xs)! |:

A direct computation gives!|§,e0 f )= . dim(@i)foral ; 2 . Theinverse
of ! is the tensor (dim(i)) * , ;f  €° written shortly as 9 We have

This formula and the de nition of the contraction maps imply (c).

4.2. Fusion categories. By a fusion category, we mean a pre-fusion categoryC
such that the set of isomorphism classes of simple objects &fis nite. A standard
example of a fusion category is the category of nite rank represetations (over | )
of a nite group whose order is relatively prime to the characteristic of | . The
category of representations of an involutory nite dimensional Hopf algebra over a
eld of characteristic zero is a fusion category. For more examplessee [ENO].

A representative set!l of simple objects of a fusion categoryC is nite. The
following sum does not depend or;(the choice df and is called thedimension of C.

dim(C) = dim;(i)dim,(i) 2 | :
i21
By [ENQ], if | is an algebraically clg,sed eld of characteristic zero, then dimC) 6 0.
For spherical C, we have dim(C) = = ,,, (dim(i))2.

Lemma 4.3. Let | a representative set of simple objects of a spherical fusion
category C. Then for all X;Y 2 Ob(C),
X

(8) dim(k) dim()Nyx v | = dim( X)dim(Y)dim(C)
kil 21
and X
(9) dim(k)dim(DN; , ; | = (dim( 0)*:
ikl 21

Proof. )\QVe have

X X
dim(k)dim()Ny v | = dim(k)  dim(l )NY
kil 21 k21 121
X X X
= dim(k) dim(m)NZ' | = dim(k)dim(X k Y)
k21 m2l X k21
=dim( X)dim(Y)  (dim(k))? = dim( X )dim(Y)dim(C):
k21
Formula (B) is a direct consequence of[{8).

4.3. The opposite category. = Each monoidal category C determines the oppo-
site monoidal category C° by reversing all the arrows (and keeping the tensor
product and the unit object). If C is pivotal with the evaluation/coevaluation
morphisms f evx ; coew ; @ ; @ew Jx 2 on(c), then CP is pivotal with the evalua-
tion/coevaluation morphisms

evy = a@pew; coew’ = avx; @ =coevy; @ewy’ =evy;
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where X 2 Ob(C°P) = Ob( ©). If Cis a monoidal | -category (respectively, a spher-
ical | -category, a pre-fusion category, a fusion category), then s C°.

5. State sums on triangulated 3-manifolds

In this section, we derive a topological invariant of closed oriented 3manifolds
from a spherical fusion category.

5.1. Preliminaries on triangulated 3-manifolds. Let M be a 3-manifold (with-
out boundary). Let t be a triangulation of M. The simplices oft of dimension O,
1, 2, 3 are called respectively vertices, edges, faces, and tetexdra. For a vertex x
of t, the union of all simplices oft incident to x (i.e., containing x) is a closed 3-ball
B M. The simplices oft lying in @Bform a triangulation of @B Let @B
be the 1-skeleton of this triangulation, i.e., the union of vertices andedges oft
contained in @B The pair (@B;) is called the link of x in (M;t).

The link of x can be visualized in a small neighborhood ok. Pick a (small)
closed 3-ballBy M centered atx such that By meets every simplex ot incident
to x along a concentric subsimplex with vertexx. The link of x can be identi ed
with the pair ( @R; x), where  is the intersection of @B with the 2-skeletont®
of t (formed by the simplices oft of dimension 2). The vertices (resp. edges)
of x are the intersections of @R with the edges (resp. faces) of incident to x.

In the sequel, the set of all faces of is denoted by Reg(). By an orientation of
the 2-skeletont® of t, we mean a choice of orientation in all faces of (we impose
no compatibility conditions on these orientations of faces).

5.2. Invariants of 3-manifolds. Let Cbe a spherical fusion category ovef whose
dimension is invertible in | . Fix a ( nite) representative set | of simple objects ofC.
For each closed oriented 3-manifoldV , we de ne a topological invariant jM jc 2 | .

Pick a triangulation t of M with oriented 2-skeleton and a mapc: Reg) ! |.
For each oriented edgee of t, we de ne a | -module H.(e) as follows. The orienta-
tions of eand M determine a positive direction on a small loop inM encircling €;
this direction determines a cyclic order on the sette of all faces oft containing e.
To each facer 2 to we assign the objectc(r) 2 | and a sign equal to + if the
orientations of r and e are compatible and to  otherwise. (The orientations of r
and e are compatible if each pair (a tangent vector directed outwardr at a point
of e, a positive tangent vector of €) is positively oriented in r.) In this way, te
becomes a cyclidC-set. SetH.(e) = H(te). If €°P is the same edge with opposite
orientation, then tee = (te)°. This induces a duality between the modulesH(e),
H¢(e%) and a contraction ¢: Hc(e?)? Hc(e)?! |, see Sectioi Z}4. Note that
the contractions ¢ and ¢ are equal up to permutation of the tensor factors.

Consider the link (@RB; «) of a vertex x of t. Every edge of , liesin a
facer of t incident to x. We color with ¢(r ) 2 | and endow with the
orientation induced by that of r niInt(By). In this way, x becomes aC-colored
graph in @R. We identify @B with the standard 2-sphere S? via an orientation
preserving homeomorphism, where the orientation of@R is induced by that of M
restricted to M nint( Bx). Then H( x) = 21, Hc(€), wherety is the set of all edges
of t incident to x and oriented away from x. Section[33 gives c( x) 2 H( «)’.
The tensor product  ¢( x) over all vertices x of t is a vector in  ¢Hc(e)?,
where e runs over all oriented edges ot. The contractions . apply to dierent
tensor factors, and their tensor prgduct t= eeisamap ¢H¢(e)?! |. Set

1

X Y
(10)  jMjc=(dim(Q)! Y @ dimc(n)A ( x c( x)21;
c r2 Reg(t)
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where jtj is the number of tetrahedra oft and c runs over all maps Regf) ! |I.
The following theorem will be proved in Section[T.

Theorem 5.1. jMjc is a topological invariant of M (independent of the choice ot
and of the orientation of t®). This invariant does not depend on the choice of .

Itis clear from the de nitions that jM q Njc = jMjcjNjc for any oriented closed
3-manifolds M;N . One can show thatj Mijc = jMjce, where M is M with
opposite orientation. We prove below thatjS%jc = (dim( ©)) * andjS* S?jc=1.

The invariant jM jc can be viewed as a state sum (or a partition function) ont
as follows. Provide all symmetrized multiplicity modules in C with distinguished
bases. By states ont, we mean pairs consisting of a mapc: Reg(t) ! | and a
choice of a basis vectorx(e) 2 H.(e) for every oriented edgee of t. Let b(e)
be the corresponding vector in the basis oH.(e)? dual to the distinguished basis
of H¢(e). The Boltzmann weight associated with such a state is the productof the
factors c( x)( ezt c(€)), e(bZ(e);bE(€)) = e (BI(€); B2(eP)), dim c(r), and
(dim(C)) ! contributed respectively by the vertices, edges, faces, and tethedra
of t. The invariant jM jc is the sum of these Boltzmann weights over all states on.
This state sum di ers from the one in [TV], [BW1], where the states are labelings
of the edges ot with elements ofl and the key factor in the Boltzmann weight is a
6] -symbol contributed by every tetrahedron. It is non-obvious but true that these
two state sums are equal, see Sectidd 6. In particular, our invarianjM jc is equal
to the invariant of M de ned by Barrett and Westbury [BW1]

5.3. Remark. We say that a triangulated surface is |-colored if every edge of
is oriented and endowed with an element of . In other words, is |-colored if its 1-
skeleton @ is aC-colored graphin with colors of all edges being inl . For such ,
we can consider thel -module He() = H( @)=, Hy( @), wherex runs over
all vertices of . The state sum (I0) extends to compact oriented 3-manifolds M
with | -colored triangulated boundary and gives a vectofjiM jc 2 Hc(@M?. These
vectors can be used to de ne a 3-dimensional TQFT. We will discuss anore general
construction in Section[9.

6. State sums on skeletons of 3-manifolds

We computejM jc as a state sum on any skeleton d¥1 . This generalizes the state
sums of Sectior{b and of [TV],[[BW1]. We begin with topological preliminaries.

6.1. Strati ed 2-polyhedra. By a 2-polyhedron we mean a compact topological
space that can be triangulated using only simplices of dimension 2. For a 2-
polyhedron P, denote by Int(P) the subspace ofP consisting of all points having a
neighborhood homeomorphic to 2. Clearly, Int( P) is an (open) 2-manifold without
boundary. By an arc in P, we mean the image of a path : [0;1]! P which is
an embedding except that possibly (0) = (1). (Thus, arcs may be loops.) The
points (0), (1) are the endpoints and the set ((0; 1)) is the interior of the arc.
To work with polyhedra, we will use the language of strati cations as follows.

Consider a 2-polyhedronP endowed with a nite set of arcs E such that

(a) dierent arcs in E may meet only at their endpoints;

(b) Pn[e2ee Int(P)and P n[ee eis dense inP.
The arcs of E are called edgesof P and their endpoints are calledvertices of P.
The vertices and edges oP form a graph P® = [ ¢ e. Since all vertices ofP
are endpoints of the edgesP® has no isolated vertices. CuttingP along P®W ,
we obtain a compact surfacef® with interior P nP® . The polyhedron P can be
recovered by gluing®® to P®) along a mapp: @ ! P® . Condition (b) ensures the
surjectivity of p. We call the pair (P; E) (or, shorter, P) a strati ed 2-polyhedron if
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the setp *(the set of vertices ofP) is nite and each component of the complement
of this set in @ is mapped homeomorphically onto the interior of an edge oP.

A 2-polyhedron P can be strati ed if and only if Int( P) is dense inP. For such
a P, the edges of any triangulation form a strati cation. Another example: a closed
surface with an empty set of edges is a strati ed 2-polyhedron.

For a strati ed 2-polyhedron P, the connected components o are calledregions
of P. Clearly, the set RegP) of the regions of P is nite. For a vertex x of P,
a branch of P at x is a germ atx of a region of P adjacent to x. (Formally, the
branches ofP at x can be de ned as paths :[0;1]! P such that (0) = x and

((0;1]) PnP® considered up to homotopy in the class of such paths.) The set

of branches ofP at x is nite and non-empty. The branches of P at x bijectively
correspond to the elements of the sep 1(x), wherep: @ ! P® is the map above.
Similarly, for an edge e of P, a branch of P at e is a germ at e of a region of P
adjacent to e. (A formal de nition proceeds in terms of paths :[0;1]! P such
that (0) lies in the interior of eand ((0;1]) P nP® ) The set of branches ofP
at e is denotedP.. This set is nite and non-empty. There is a natural bijection
betweenP, and the set of connected components gf *(interior of €). The number
of elements ofP¢ is the valence of e. The edges ofP of valence 1 and their vertices
form a graph called theboundary of P and denoted@P We say that P is orientable
(resp. oriented) if all regions of P are orientable (resp. oriented).

6.2. Skeletons of closed 3-manifolds. A skeletonof a closed 3-manifoldM is an
oriented strati ed 2-polyhedron P M such that @P=; and M nP is a disjoint
union of open 3-balls. An example of a skeleton of1 is provided by the (oriented)
2-skeletont®@ of a triangulation t of M, where the edges of@ are the edges of.

Any vertex x of a skeletonP M has a closed ball neighborhoodx M such
that y = P\ @R is a nite non-empty graph and P\ By is the cone over x. The
vertices of  are the intersections of@ B with the half-edges ofP incident to x; the
edges of « are the intersections of @B with the branches of P at x. The condition
@P=; implies that every vertex of « is incident to at least two half-edges of .
The pair (@R; x) is determined by the triple (M;P;x) up to homeomorphism.
This pair is the link of x in (M;P). If M is oriented, then we endow@B with
orientation induced by that of M restricted to M nint(By). Thenthe link ( @R; «)
of x is determined by (M; P; x) up to orientation preserving homeomorphism.

6.3. Computation of jMjc. Let Cand| be asin Sectioi5.R and leM be a closed
oriented 3-manifold. We computejM jc 2 | as a state sum on any skeletor of M .
For a map c: Reg(P) ! | and an oriented edgee of P, we de ne a | -module
H¢(e) = H (Pe), where P is the set of branches of at e turned into a cyclic C-set
aste in Section[5.2. Here by thec-color of a branchb 2 P., we mean thec-color
of the region of P containing b. If €° is the same edge with opposite orientation,
then Peow = (Pg)°P. This induces a duality between the modulesH:(e), H:(e°")
and a contraction o: H¢(€)?  He(e®)? ! |.
As in Section[5.2, the link of a vertexx 2 P determines a C-colored graph

X @R S?. Section[33 yields a tensor ¢( x) 2 He( x) . See Figure[2
for an example. By de nition, H¢( x) = eHc(€), where e runs over all edges
of P incident to x and oriented away from x (an edge with both endpoints in
X appears in this tensor product twice with opposite orientations). The tensor
product , c( x) over all vertices x of P is a vector in ¢H¢(€)”, where e runs
over all oriented edges ofP. Set p = ¢ o e Hce(€)? ! |. The following
theorem will be proved in Section[T.
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Figure 2. The graph , S? associated with a vertexx

Theorem 6.1. For any skeIetonOP of M, 1

X Y
(11) jMjc=@m(C)' P @ @dimc(r)) QA p( x c( %) 21;
c r2Reg(P)

wherejPj is the number of components oM nP, c runs over all mapsReg(P) ! I,
and (r) is the Euler characteristic of r.

Formula (0) is a special case of[{11) for the oriented 2-skeletoR = t@® of a
triangulation t of M. When P is the oriented 2-skeleton of the cellular subdivision
of M dual to t and the orientation of P is induced by that of M and a total
order on the set of vertices oft, Formula (LI) is equivalent to the Turaev-Viro-
Barrett-Westbury state sum on t. Theorem[6.1 implies that our de nition of jM j¢c
is equivalent to the one in [BW1].

We illustrate Theorem with two examples. An oriented 2-sphere ernedded
in S2 is a skeleton ofS?® with void seb of edges and vertices and one region. For-
mula ([@T) gives jS3jc = (dim( Q) 2 ., (dim(i))? = (dim( ©) *. Pick a point
x 2 St and acircle® S2. ThesetP = (fxg S?) [ (S* ) is a skeleton of
S! S? with one edgefxg ° viewed as a loop; the orientation of the three regions
of P is arbitrary. Formulas (8) and (LI) give jS* S?jc = 1.

7. Moves on skeletons and proof of Theorems 5.1 and 6.1

The proof of Theorems5.1 and €11 given at the end of the section is sad on a
study of transformations of skeletons of a closed 3-manifoldi .

7.1. Moves on skeletons. The symbols #v, # e, #r will denote the number of
vertices, edges, and regions of a skeleton M , respectively. We de ne four moves
T1 T4 onaskeletonP of M transforming P into a new skeleton ofM , see Figure_B.
The \phantom edge move" T; keepsP as a polyhedron and adds one new edge
connecting distinct vertices of P (this edge is an arc inP meeting P® solely at
its endpoints and has the valence 2). This move preserves increases #e by 1,
and either preserves # or increases # by 1. The \contraction move" T, collapses
into a point an edge e of P with distinct endpoints. This move is allowed only
when at least one endpoint ofe is the endpoint of some other edge. The mové,
decreases both # and #e by 1 and preserves #. The \percolation move" T3
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pushes a branchb of P through a vertex x of P. The branch b is pushed across a
small disk D lying in another branch of P at x sothatD\ P® = @D P® = fxg
and both these branches are adjacent to the same component ™ nP. This move
preserves # and increases both # and #r by 1. The \bubble move" T, adds
to P an embedded diskD, M suchthatD.\ P= @0 P nPW, the circle
@D bounds a diskD in P nP®, and the 2-sphereD, [ D bounds a ball
in M meeting P precisely alongD . A point of the circle @D is chosen as a
vertex and the circle itself is viewed as an edge of the resulting skeleh. This move
increases # and #e by 1 and #r by 2.

Figure 3. Local moves on skeletons

The orientation of the skeletons produced by the move§; T, onP isinduced
by the orientation of P except for the small disk regions created byT;, T4 whose
orientation is chosen arbitrarily.

The movesT; T4 have obvious inverses. The movel, * deletes a 2-valent
edge e with distinct endpoints; this move is allowed only when both endpoints
of e are endpoints of some other edges and the orientations on both sd ofe are
compatible. We call the movesT; T4 and their inversesprimary moves. In the
sequel, we tacitly assume the right to use ambient isotopies of skelets in M . In
other words, ambient isotopies are treated as primary moves.

Lemma 7.1. Any two skeletons ofM can be related by primary moves.

We will prove this lemma in Section[7.4 using the de nitions and results ofthe
next two subsections.

7.2. Further moves. We introduce several additional moves on skeletons o .
We begin with two versions T and T°of the bubble move, see Figuré14. The
move T, adds to a skeletonP an embedded diskD . as in T4 with the only di erence
that the circle @D meetsP® in a single point x and bounds a disk in a regionr
of P. The move TJ can be expanded as a product of primary moves as follows.
First, if x is not a vertex of P, then turn x into a vertex by T, 1 Then glue a disk
to r by T4. After that, T; adds an edge inr connecting x to the vertex on this
circle, and nally T, collapses this edge to a point. This givedJ(P).

The move T{°transforms P into P [ D., where D, is a disk in a small neigh-
borhood of a point of an edgee of P such that D, \ P = @D and the set@D \ e
consists of 2 points. Under this move g splits into 3 subedgese;; e;; €3 numerated
so that @g= D+ \ e. We construct a sequence of primary moves turnind® [ D
into P. First, T, collapsese, to a point, then T, ! pushes@D to one region. The
resulting skeleton isT(P); by the above it can be transformed into P by primary
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moves. The inverse sequence of moves transformsinto P [ D.. Thus, TXis a
composition of primary moves.

Figure 4. The movesTfand T,’

For any non-negative integersm; n with m+n 1, we de ne a move on skeletons
TmN | see Figurelb. This move is sometimes calledm +1 ! n + 1 move for the
numbers of vertices in the picture before and after the move. Themove T™"
preserves orientation in all \big" regions; the orientation in the small triangular
regions created or destroyed byr ™" may be arbitrary. In the casen = 0, this move
is allowed only when the orientations of the top and bottom regions orthe left are
compatible. The move inverse toT™" is T™™M . Note that T™" is a composition
of primary moves. To see this, splitT™" as a product of a moveT(™) and the
inverse of T(" as shown in Figure[%. The moveT (M) is obtained by applying m
times the move T, to collapse the edges in them 1 small triangles on the left to
the vertex x and then applying T, * to the vertical branch m 1 times to remove
the loops at x resulting from the third edges of these triangles.

Figure 5. The move T™"

7.3. Special skeletons. We briey recall the theory of special skeletons due to
Casler, Matveev, and Piergallini (see, for example, Chapter 1 of [M&). A special
2-polyhedron Q is a compact 2-polyhedron such that: all components of IntQ)
are open 2-disksQ nint( Q) has no circle components, and every point of) has a
neighborhood homeomorphic to an open subset of the set

(12) f(X1;X2;X3) 2 3jx3 =0;o0rx; =0and x3 > 0; orx, = 0and x3 < Og:
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Then Q nint( Q) is a graph with only 4-valent vertices. The edges of this graph
yield a canonical strati cation of Q; this turns Q into a strati ed 2-polyhedron. All
edges ofQ have valence 3 and all vertices of) are adjacent to 6 branches. Since
all regions of Q are disks,Q is orientable.

A special skeletornor shorter an s-skeletonof a closed 3-manifoldV is an oriented
special 2-polyhedronQ M such that M nQ is a disjoint union of open 3-balls.
Any s-skeleton ofM is a skeleton ofM in the sense of Sectiofi 6]2. For example, the
2-skeleton of the cellular subdivision ofM dual to a triangulation is an s-skeleton
of M (the regions are provided with arbitrary orientation).

Lemma 7.2. Any skeletonP of M can be transformed by the primary moves into
a special skeleton.

Proof. The transformation proceeds in ve steps.

Step 1. Adding if necessary new edges by, we can ensure that all regions oP
are disks. This condition will be preserved through the rest of the onstruction.

Step 2. Lete be an edge ofP of valence 2. We applyTat a point of e. Let
e1;e;e; be the subedges ot as in the de nition of T{? Delete e, via T, * and
contract both e; and e; via T, (the orientation of the small disks created by T°
should be chosen so thafl; * can be applied). The resulting skeleton has one 2-
valent edge less and two new trivalent edges. Continuing by inductionwe obtain
a skeleton, still denotedP, whose all edges have valence 3.

Step 3. If P has an edgee of valencen 4, then apply T, ! to add a new
vertex x inside e. This splits e into two subedgese; and e,. Next apply T3 pushing
one of the branches ofP at x across a small diskD lying in an adjacent branch
and touching e at x. This move creates a trivalent edge@ Dand keeps all the other
edges. Then applyT, ! to insert a new edgee, betweene; and e,. The valence
ofe. isn 1. Finally, apply T, twice to contract e; and e,. The resulting skeleton
di ers from the original one in that the edge e is replaced with a trivalent edge
and an (n  1)-valent edge. Continuing by induction, we obtain a skeleton, still
denoted P, whose all edges are trivalent.

Step 4. Let (@R; «) be the link of a vertex x 2 P. If the graph  is dis-
connected, then we modifyP near x as follows. Pick two edges 1; » of  lying
on di erent components of  and adjacent to the same component of@R n .
Let b be the branch of P at x containing ; and let u;;v; be the endpoints of ;
for i = 1;2 (possibly, u; = v;). The branchesb;, b, are adjacent to the same
componentX of M nP. Apply T2 addingto P a diskD. sothatx 2 @D Iy
and Int(D.) X. Then apply T3 to push D. through x into b,. In the new
position, the circle @D is formed by a loop inby and a loop in by, both based
at x. The graph « is modied under this transformation as follows: one deletes
the edges 1; 2 and adds a quadrilateral (formed by 4 vertices and 4 edges) and
also 4 additional edges connecting the vertices of the quadrilatetdo uj;vi;us; Ve,
respectively. The resulting graph has one component less than,. Continuing by
induction, we obtain a skeleton, still denoted P, such that the link graphs of all
vertices of P are connected.

Step 5. At the previous steps we transformed the original skeleto into a skele-
ton P such that all regions are disks, all edges are trivalent, and the link gaphs of all
vertices are connected. Since all edges Bf are trivalent, P® \ Int(P) = ;. By the
de nition of a strati ed 2-polyhedron, P nP® Int(P). Thus, Int((P)= P nP®
is a disjoint union of open disks.

We call a vertex x of P standard if there is a homeomorphism of a neighborhood
of x in P onto the set (I2) carrying x into the point (0 ; 0; 0). If all vertices of P are
standard, then all points of P have neighborhoods homeomaorphic to an open subset
of (I2), and the graphP® = P nint( P) has no circle components (every component
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of PM contains a vertex of P and all vertices are incident to 4 half-edges). In this
case,P is an s-skeleton.

If a vertex x 2 P is non-standard, then we \blow up" P in a neighborhood ofx
as follows. LetB = By M be a small (closed) ball neighborhood ok such that
P\ B is the cone over x = P\ @B The connected trivalent graph , splits the
2-sphere@Binto 2-disks. Set

P°= (P niInt(B)) [ @B:

The 2-polyhedron P° has the same edges and vertices @ except that all edges
incident to x are cut near x, the vertex x is deleted, and the edges and vertices
of , are added. This turns P%into a strati ed 2-polyhedron. The set M nP%is
a disjoint union of M nP and an open 3-ball. We provide the regions oP° lying
in P with the induced orientation and orient the regions of P° lying in @Bin an
arbitrary way. This turn PPinto a skeleton ofM . Since all edges oP are trivalent,
the graph y is trivalent, i.e., every vertex of  is incident to three half-edges of .
Therefore all new vertices ofP° are standard. Below we construct a sequence of
primary moves P°! P. The inverse sequence transform® in P% Blowing up P
at all non-standard vertices, we transformP into an s-skeleton.
To construct a sequence of primary movesP®! P, pick a maximal tree in

«  (PO9® and collapse it to a point by several T,-moves. This gives a new
skeletonP %of M . The edges ofP lying in @ Bare trivalent loops forming a wedge
of n 1 circles based at a pointy 2 @B At least one of these loops,S, bounds
adiskD @Bin the complement of the other loops. Letb  @BnInt( D) be the
region of P®adjacent to S from the exterior, and let ©® (M B)[ S be the
third region of P®adjacentto S. If n 2, then applying T, * to b at the vertex y
of P% we change the way in whichb is glued to the rest of P%°so that @ toes not
pass alongS anymore. Under this move, the regionD of P®unites with . After
the move, the regions ofP %A @Bdistinct from D form a 2-sphere meeting the rest
of the skeleton along a wedge of 1 loops. Continuing by induction we reduce
ourselves to the casen = 1. In this case, apply (TJ) * once. This gives a skeleton
isotopic to P.

7.4. Proof of Lemma 711 In view of Lemmal[Z2, we need only to prove that
any two s-skeletons ofM can be related by primary moves. ByMP-moves on s-
skeletons (for Matveev and Piergallini), we mean the move§ 21, T%2 = (T21) 1,
and (T 1, see Figure[® forTZ!, All MP-moves transform s-skeletons into s-
skeletons and are compositions of primary moves. Therefore it is engh to show
that any two s-skeletons ofM are related by MP-moves. Applying if necessaryT
we can ensure that given s-skeletons have 2 vertices, and that their complements
in M consist of the same number of open 3-balls. By Theorem 1.2.5 of [Matlhe
special 2-polyhedra underlying these s-skeletons can be related h nite sequence
of movesT!2, TZ1, This implies our claim up to the choice of orientation of the
regions. The latter indeterminacy can be eliminated because for anyegionr of an
s-skeletonP, there is a sequence of MP-moves transformin® into P , where P

is P with opposite orientation in r and the same orientation in all other regions.
Indeed, the branches ofP adjacent to the sides ofr form a cylinder neighborhood
of @rin P Int(r). Pushing r in a normal direction so that @rsweeps half of this
cylinder, we obtain a solid cylinderr [0;1] M meetingP atr [ (@r [O0;1]),
wherer = r f 0g. Setr®=r f 1g. Then P°= P[ r%is an s-skeleton oM , where
the regions ofP ° contained in P receive the induced orientation and the orientation
of the regionr®is opposite to that of r. We can transform P%into P by MP-moves
pushing @°? inside r and eventually eliminating r° This transformation involves



ON TWO APPROACHES TO 3-DIMENSIONAL TQFTS 21

one moveT%2, several movesT??1, and one move Ty ! at the end. A similar
elimination of r from P°givesP . HenceP and P are related by MP-moves.

Figure 6. The move T%1

7.5. Proof of Theorems 5[1_ahd 6.L_] The state sumjM jc does not depend on
the choice of the representative set by the naturality of ¢ and of the contraction
maps. By Lemmal7.1, to prove the rest of the theorems, we need bnto prove the
invariance of the right-hand side of Formula (I1) under the movesT; T4 on P.

The move P T PO involves two distinct vertices of P and modi es their link
graphs by adding a new vertexu (respectively, v) inside an edge. The colorings
of P? assigning di erent colors to the regions of P lying on di erent sides of the
new edge contribute zero to the state sum by Lemma4l2(a) (thereare no such
colorings if these regions coincide). The colorings dP® assigning the same color
i 2 | to these regions contribute the same as the colorings @ assigningi to the
region of P containing the new edge:

0 %} 1 0 — 1 0 %}1
(13) v C% Ul E: C%i" It E: (dim( i)) * C%- ‘E :
2 = i

Here the rst equality follows from Lemma E.2Z(d) and the second equality can be
deduced from this lemma or proved directly using that Home(i i ; ) = | ey
and Homg( ;i i )= | coey. The factor dim(i) on the right-hand side of (I13) is
compensated by the change in the Euler characteristics of the regns.

The invariance under T, follows from Lemmal4.2(d). The invariance underT;
follows from Lemmal4.2(c) with two vertical strands on the left-hand side. Here
i 2 1 is the color of the disk region created by the move. The invariance uder T,
follows from Lemmal4.3. Herei 2 | is the color of the big region where the move
proceeds andk;l 2 | are the colors of the small disks created by the move. The
factor dim(i) dim(C) is compensated by the change in the number of components of
M nP and in the Euler characteristic. We use the equality e( c( v))= N; |,
where e and v are respectively the edge and the vertex forming the boundary of
the small disks.

7.6. Remarks. 1. The right-hand side of Formula (I1) is the product of (dim(C)) ! P!
and a certain sum which we denote ¢(P). The de nition of ¢(P) 2 | does not use
the assumption that dim(C) is invertible in | and applies to an arbitrary spherical
fusion categoryC. This allows us to generalize the invariantjM jc of a closed con-
nected oriented 3-manifoldM to any such C. Let us call a special skeletorP M
an s-spineif M nP is an open ball andP has at least two vertices. By [Mai], M
has an s-spineP and any two s-spines oM can be related by the movesT 2, T2
in the class of s-spines. The arguments above imply that ¢(P) is preserved under
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these moves. ThereforgiM jjc = ¢(P) is a topological invariant of M . If dim(C)
is invertible, then jjM jjc = dim( C) jM jc.

2. A strati ed 2-polyhedron PCis a subdivision of a strati ed 2-polyhedron P if
they have the same underlying 2-polyhedron, all vertices oP are among the vertices
of P% and all edges ofP are unions of edges oP° Then P°n(P9®W P npW@W
and therefore an orientation of P induces an orientation of P%. If P is a skeleton of
a closed 3-manifoldM , then any subdivision P° of P is also a skeleton oM . As
an exercise, the reader may relaté® and P° by the movesT, %, T, *.

8. Skeletons in the relative case
We study skeletons of 3-manifolds with boundary and their transfamations.

8.1. Skeletons of pairs. Let M be a compact 3-manifold (with boundary). Let G
be an oriented graph in@Msuch that all vertices of G have valence 2. (A graph
is oriented, if all its edges are oriented.) Askeletonof the pair (M; G) is an oriented
strati ed 2-polyhedron P M such that

(i) P\ @M= @P= G;

(ii) every vertex v of G is an endpoint of a unique edged, of P not contained
in @M moreover,d, \ @M= fvg and d, is not a loop;

(iii) every edge a of G is an edge ofP of valence 1; the only regionD, of P
adjacent to a is a closed 2-diskD,\ @M= a, and the orientation of D, is
compatible with that of a (see Sectiol 5.2 for compatibility of orientations);

(iv) M nP is a disjoint union of a nite collection of open 3-balls and a 3-
manifold homeomorphic to (@Mn G) [0; 1) through a homeomorphism
extending the identity map

(14) @M nP)= @MnG = (@MnG) f Og:

Conditions (i){(iii) imply that in a neighborhood of @M a skeleton of M;G) is a
copy of G [0; 1]. The primary movesT, ! T, ! on skeletons of closed 3-manifolds
extend to skeletonsP of (M;G) in the obvious way. These moves (and all other
moves on skeletons considered below) kee@ P= G and preserve the skeletons in a
neighborhood of their boundary G. In particular, the move T; adds an edge with
both endpoints in Int( M ), the move T, collapses an edge contained in Int{1 ), etc.
Ambient isotopies of skeletons inM keeping the boundary pointwise are also viewed
as primary moves.

Lemma 8.1. Every pair (a compact orientable 3-manifoldM , an oriented graphG
in @M such that all vertices of G have valence 2) has a skeleton. Any two
skeletons of(M; G) can be related by primary moves inv .

We prove this lemma in Sectior 8.3 using the results of Sectidn 8.2 and éhtheory
of special skeletons which we brie y outline. Suppose that the grap G ~ @Mis
trivalent, i.e., all its vertices have valency 3 (possibly, G = ;). A skeleton P of
(M; G) is special or an s-skeletonif all regions of P are 2-disks, all edges oP are
trivalent, all vertices of P are incident to 4 half-edges, and every point of° n G
has a neighborhood inP homeomorphic to an open subset of the setl{12). As
in the proof of Lemmal[Z2, we can transform any skeletorP of (M;G) into an
s-skeleton by primary moves applied away from@P= G. By [TV], Corollary 6.4.C,
any two s-skeletons of M; G) can be related by MP-moves and lune moves applied
away from G. The MP-moves on s-skeletons ofNl; G) are de ned as in Section[ 7.4
and the lune movesL ! are shown in Figure[7. These moves on s-skeletons are
allowed here only when they produce s-skeletons (this is always thease for the
MP-moves andL) and preserve the orientation of the regions. In particular, the
moveL 1! is allowed only when the orientations of two regions united by this move
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are compatible and the union of these regions is a 2-disk. The orient®mn of the
small disk regions destroyed or created by the MP-moves and ' may be arbitrary.
Note that Corollary 6.4.C of [TV] does not handle orientations of the seletons
but remains true in the oriented setting: the indeterminacy in the choice of the
orientation of the regions can be resolved as in Sectidn_4.4.

/ /'_' _7

Figure 7. The lune movesL ?!

8.2. Skeletons and frames. Fix a compact 3-manifold M . We assume thatM is
oriented and endow@ Mwith the induced orientation.

A skeleton of M is a skeleton of the pair M; ;) in the sense of Sectior_8]1.
(For closed M, this notion is the same as in Sectiori 6]2.) A skeletorQ of M is
a frame if there is an embeddingi: @M [0;1]! M extending the identi cation
@M f 0g= @Msuch that

Q\i(@M [0;1) = i(@M f 1g);

and the orientation of the regions of Q contained in i(@M f 1g) is induced by
that of @Mvia i. Such an embeddingi is called aQ-collar. By the de nition of a
skeleton, all components oM n(Q[ i(@M [0;1])) are open 3-balls.

Not all skeletons of M are frames. We illustrate this claim with an example.
Consider an unknotted torus T = S'  S! in a closed 3-ballB and add to T two
disks in B lying on dierent sides of T and bounded by the loopsS! f sg and
fsg S?!, wheres 2 S!. For any orientation of the regions, the resulting oriented
2-polyhedron is a skeleton oB but not a frame.

For a skeletonQ Int(M) of M, denote by@ the union of Q with all open ball
components ofM nQ. The skeletonQ is a frame if and only if & is a 3-manifold
with boundary and the orientation of all regions of Q contained in @ is induced by
the orientation of M restricted to (9 The surfaceQ* = @3 Q is homeomorphic
to @Mand equal toi(@M f 1g) for any Q-collar i. A local analysis shows that
any edge ofQ meeting Q* either lies in Q* or meetsQ* in one or two endpoints.
Every vertex of Q lying in Q* is incident to at least one edge ofQ lying in Q*.
Therefore the setQ* \ QW is a graph whose edges and vertices are the edges and
vertices of Q lying in Q*. (Recall that Q® is the union of edges 0fQ.)

By primary moves on a frameQ of M, we mean the primary moves on skeletons
T,* T,?! applied inside M at vertices of Q not lying in Q* or at edges ofQ
disjoint from Q* . Such vertices and edges are surrounded by the ball components
of M nQ. Therefore these moves do not modify@ and produce frames ofM .

By generalized MP-moveson frames, briey GMP-moves we mean the moves
fT™" g, (TS T introduced in Section[7.2 and thelune movesL * shown in
Figure [4. These moves are allowed in this context only when they prodgce frames
and preserve the orientation of the regions. In particular, the mave L ! is allowed
only when the orientations of two regions united by this move are comatible. The
orientation of the small disk regions destroyed or created by the mves may be
arbitrary.
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As we know, all GMP-moves on frames except possibly the lune movesxpand
as compositions of primary moves on skeletons though the intermeate skeletons
may not be frames. The lune moves also expand as compositions ofirary moves
on skeletons; we leave it to the reader as an exercise.

Lemma 8.2. The manifold M has a frame. Any two frames ofM can be related
by a nite sequence of primary moves and GMP-moves in the clasof frames.

Proof. Fix a triangulation t of M and denote @tthe induced triangulation of @M
The triangulation t gives rise to a dual cellular decompositiort of M. It is formed
by the cells of the cellular decomposition @} of @Mdual to @tand the cells dual
to the simplices oft in M . The 2-skeletonQ; = (t )® M oft is a 2-polyhedron
containing @M and M n Qq is the disjoint union of the open 3-cells oft . The
edges ot form a strati cation of Q.. We endow all regions o0fQ; lying in @ Mwith
the orientation induced by that of @M All other regions of Q; are oriented in an
arbitrary way. Pushing Q: inside M we obtain a frame ofM .

The construction of Q; can be generalized as follows. LeF be the (trivalent)
graph in @Mformed by the vertices and edges of @} . Any skeleton P of the pair
(M; F) determines a 2-polyhedronQ = Q(P)= P[ @M The edges o  Q form
a strati cation of Q. We endow all regions ofQ lying in @Mwith the orientation
induced by that of @M The other regions ofQ inherit their orientation from P.
Pushing Q inside M we obtain a frame of M. The frames of M obtained in this
way from skeletons of M; F ) are calledt-frames.

The discussion at the end of Sectio 8]1 shows that any two skeletsrof (M; F )
can be related by primary moves in the class of skeletons ofM;F ). Extending
these moves to the associatet-frames in the obvious way, we obtain that any two
t-frames of M can be related by primary moves in the class of-frames.

We show now that any frame Q of M can be transformed into at-frame by
GMP-moves. Pick aQ-collari: @M [0;1] ! M. Let V and E be the sets of
vertices and edges of the graplr respectively. Deformingi, we can ensure that the
graphF; = i(F f 1g) Q" is genericin the sense that its verticedi(v f 1g)gv2v
lie in Q* nQW and its edgesfi(a f 1g)ga2e are transversal to the edges of the
graph Q* \ Q@ . Set

R=QLI(F [51)i(@Mf 20

We stratify the 2-polyhedron R Int(M) as follows. The points of F; \ QW split
the edges of the graphs~; and Q* \ QW into smaller subedges. For edges d® we
take all these subedges together with the edges @ not lying in Q* and the arcs
fi(v [3:1Dov2v andfi(a f 30)daze. Then the vertices ofR are the vertices ofQ
and the points of the setsFi\ Q® and fi(v f %;1g)gvov. Clearly,

R® = QW [ i(v [%;1])[ i(F f %:19)1

We orient R as follows: the regions contained irQ inherit their orientation from Q,
the orientation of the regions contained ini(@M f %g) is induced by that of @M
the regionsfi(a [3;1])ga2e are oriented in an arbitrary way. It is clear that R
is at-frame of M. Each regionr of R contained in R* = i(@M f %g) is a 2-disk
whose boundary can be pushed toward€®* and further contracted into a small
circle by GMP-moves in the class of frames. At the end, this \moving" disk can be
eliminated via the inverse bubble move. Note that the orientation of the regions oR
yield no obstructions to these moves because all regions & contained in Q* are
oriented coherently. In this way, eliminating consecutively all regiors of R contained
in R*, we can transformR into Q by GMP-moves. The inverse sequence of moves
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transforms Q into the t-frame R. Now, the properties oft-frames established above
imply the claim of the lemma.

8.3. Proof of Lemma 811 Itis enough to consider the case wher® is connected.
The case@M= ; having been treated above, we assume tha@M#6 ;. Fix an
orientation of M . Denote byV and E the sets of vertices and edges @ respectively.

In analogy with the construction of the polyhedron R at the end of the proof
of Lemmal[8.2, we construct a skeleton of \1; G) from any frame Q M. Pick a
Q-collari: @M [0;1]! M suchthatthe graphG; = i(G f 1g) Q¥ is generic,
i.e., its verticesfi(v f 1g)gvov lie in Q* nQW and its edgesfi(a f 1g)ga2e are
transversal to the edges of the grapQ* \ QW . Set

P=P(Qi)=Q[iI(G [01]):

We stratify the 2-polyhedron P as follows. The points ofG; \ Q® split the edges
of G; and the edges ofQ* \ Q® into smaller subedges. In the role of edges d?
we take all these subedges together with the edges €J not lying in Q" and the
arcsfi(v [0;1])gvov andfi(a f 0g)ga2e. The vertices of P are the vertices ofQ
and the points of the setsG; \ Q® and fi(v f 0;1g)gy2v. Clearly,

PO =QW[i(v [01)[ G[ Gi:

We orient P as follows: the regions contained irQ inherit their orientation from Q;
the orientation of the regionsfi(a [0;1])gdaze is induced by that of G. Since all
vertices of G have valency 2, we have@P= G. Clearly, P is a skeleton of M; G).

A di erent choice of the Q-collar i may lead to a di erent skeleton. However, any
two Q-collars are isotopic in the class ofQ-collars. Making an isotopy fisgs20:1]
between them transversal toQ* \ Q@ , we can ensure that for all but a nite set
of values ofs, the graph Gi, = is(G f 1g) Q" is generic, and whens increases
through each of the exceptional values, the skeleto? (Q;is) is modied via T™"
or L 1. The orientation of the regions do not create obstructions to these moves
because all regions dP (Q;is) contained in Q" are oriented coherently. We conclude
that up to GMP-moves, the skeleton P (Q;i) does not depend on the choice of.

Consider two framesQ and Q° of M. If Q°is obtained from Q by a primary
move, then©0= @ and any Q-collar i is also aQ%collar. Then the skeletonP (Q% i)
is obtained from P (Q;i) by the same primary move. Suppose thatQC is obtained
from Q by a GMP-move T. This move proceeds inside a small neighborhood Q
of an embedded arc inQ. Deforming a Q-collar i in the class of Q-collars, we can
ensure that G; \ U = ;. Then an appropriate deformation ofi yields a Q%collar i°
such that G; = Gjo. Clearly, the skeleton P(Q%i9 is obtained from P(Q;i) by
the same moveT. SinceT expands as a product of primary moves, the skeletons
P(Q;i) and P(Q%i9 are related by primary moves. By Lemma[8.2, the skeletons
of (M; G) associated with any two frames ofM are related by primary moves.

To complete the proof, it is enough to show that any skeletonP of (M;G) can
be transformed by primary moves in a skeleton of i1; G) associated with a frame.
Recall the edgesfd,g,2v and the regionsfD,g.2e of P from the de nition of a
skeleton. The transformation of P proceeds in three steps. At Step 1 we blow
up all vertices of P lying in Int( M) (including the standard vertices) as at Step 5
of the proof of Lemmal[7.2. It is explained there that this blowing up can be
achieved by primary moves. We need to tune up a little this procedure the regions
of the resulting skeleton, Py, lying on the small 2-spheres created by blowing up
are endowed with orientation induced by that of M restricted to the small 3-balls
bounded by these spheres (the orientation of all other regions d?; is induced by
that of P). The skeleton P; has edges of two types: the \short" edges lying on
the small spheres (in the proof of Lemmd 712, these are the edge$ o lying in
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@R) and the \long" edges obtained by shortening the original edges oP at their
endpoints. In particular, the edgesfd,g,2v of P give rise to long edges d2gy2v
of P;. The long edges ofP; are pairwise disjoint. A long edgee distinct from
fd2g,2v has an open ball neighborhoodJe in M that can be identi ed with 3 so
that

P1\ Ue =( 2 f 0;19) [ (Yn [0;1]);
wheren 2 is the valence ofg, Y, 2 is a union ofn rays with common origin O,
ande= O [0;1]. LetD 2 be a 2-disk centered atO and meeting Y, alongn
radii. We modify P; by adding the cylinder @D [0;1] U surrounding e. The
orientation of the regions lying on this cylinder is induced by that of M restricted
to D [0;1] Ue while the orientation of all other regions is induced from that
of P;. This modi cation can be achieved by MP-moves and hence by primary
moves. We apply these modi cations in disjoint neighborhoods of all lmg edges
of P, distinct from deszV. The resulting skeleton, P,, has regions of two types:
the \small" or \narrow" regions created by the previous transfor mations at the
vertices and edges and the \wide" regions obtained by cutting the oginal regions
of P, near their boundary. In particular, the regions fD,g.2e Of P give rise to
slightly smaller regionsfD{ga2e of P,. The wide regions of P, (as well as their
closures) are pairwise disjoint. All regions ofP, exceptf D{ga2¢ lie in Int( M ). For
a wide regionr of P, lying in Int( M), we can use MP-moves to add toP, a new
region r° parallel to r, cf. the end of the proof of LemmaZ#. This can be done so
that the orientations of r and r° are induced by that of M restricted to the solid
cylinder r  [0; 1] betweenr and r°% These modications are applied to all wide
regions of P, exceptf D2gaz¢ inside their disjoint neighborhoods inM . This gives
a skeleton, P3, of (M;G). We claim that P3 is associated with a frame ofM . To
see this, consider the 2-polyhedroQ  P3\ Int( M) obtained from P3 by removing
the graph G = @P= @R, the interiors of the edgesfdlgy.y, and the interiors of
the regionsf D3ga2 e . The 2-polyhedronQ can be strati ed so that the graphs Q®
and Q\[ ,DY have only double transversal crossings and the union of these gsas

is equal to Q\ P3(1). All regions of Q are regions (or unions of regions) oP3 and
inherit orientation from P3. This turns Q into an oriented strati ed 2-polyhedron.
Since P3 is a skeleton of M; G), the polyhedron Q is a skeleton ofM . We claim
that Q is a frame. Indeed, the set® M is the union of a regular neighborhood
of P in M with all 3-ball components of M nP. This union is a 3-manifold with
boundary, and the orientation of all regions ofQ contained in @ is induced by the
orientation of M restricted to 59 Now, it is easy to see from the de nitions that
there is aQ-collari: @M [0;1]) M such thati(fvg [0;1])= d forallv2 V
andi(a [0;1]) = D?forall a2 E. Then P = P(Q;i) is the skeleton associated
with Q.

9. The state-sum TQFT

We construct in this section the state sum TQFT associated with anyspherical
fusion category with invertible dimension.

9.1. Preliminaries on TQFTSs. For convenience of the reader, we outline a def-
inition of a 3-dimensional Topological Quantum Field Theory (TQFT) re ferring
for details to [Tu]. We rst de ne a category of 3-dimensional cobordisms Coly.
Objects of Cob; are closed oriented surfaces. A morphism ¢ ! 1 in Cobs
is represented by a pair M;h), where M is a compact oriented 3-manifold and
h is an orientation-preserving homeomorphism ( o)t 1 ' @M Two such
pairs M;h:( o)t 1! @Mand (M%h% ( o)t 1! @M) represent the
same morphism ¢ ! 1 if there is an orientation-preserving homeomorphism
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F:M ! MO%such that h®= Fh. The identity morphism of a surface is rep-
resented by the cylinder [0; 1] with the product orientation and the tauto-
logical identi cation of the boundary with () t . Composition of morphisms
in Cobs is de ned through gluing of cobordisms: the composition of morphisns
(Mo;hg): o ! 1 and Mq;hy): 1! 2 is represented by the pair M;h),
where M is the result of gluing My to M, along hlhol: ho( 1) ! hi( 1) and
h=hoj ,t hij ,:( o)t 2' @M The category Coly is a symmetric monoidal
category with tensor product given by disjoint union. The unit object of Cobs is
the empty surface; (which by convention has a unique orientation).

Denote vecj the category whose objects are nitely generated projective| -
modules and whose morphisms ar¢-homomorphisms of modules. We view vegt
as a symmetric monoidal category with standard tensor product ad unit object
| . A 3-dimensional TQFT is a symmetric monoidal functor Z: Cobs ! vect;. In
particular, Z(;)=1,Z( t 9= 2z() Zz( 9 for any closed oriented surfaces

;0 and similarly for morphisms.
Each compact oriented 3-manifoldM determines two morphisms;! @Mand

@M! ; in Cobsz. The associated homomorphism«Z(;) = | ! zZ(@M and
Z( @M! Z(;) = | are denotedZ(M; ;;@M and Z(M; @M;), respectively.
If @M= ;, then Z(M;;;@M = Z(M; @M;):| ! | is multiplication by an

element of| denotedZ(M).

The category Coby includes as a subcategory the category of closed oriented sur-
faces and (isotopy classes of) orientation-preserving homeonyaisms of surfaces.
Indeed, any such homeomorphisnf : ! 0 determines a morphism ! 0
in Cobs represented by the pair C O [o;1h:( ) t %' @@, where
h(x) = (f(x);0) for x 2 and h(x% = (x%1) for x°2 © Restricting a TQFT
Z:Cobs ! vect to this subcategory, we obtain the action of homeomorphisms
induced by Z.

An isomorphism of 3-dimensional TQFTs Z; ! Z, is a natural monoidal iso-
morphism of functors. Such an isomorphism is a system df-isomorphismsZ4() '
Z,(), where runs over all closed oriented surfaces. These| -isomorphisms should
be multiplicative with respect to disjoint unions of surfaces and comnute with the
action of cobordisms (and in particular, of homeomorphisms). For = ;, the iso-
morphism Z1() ' Z»() should be the identity map | ! |. This implies that if
two TQFTs Z,, Z, are isomorphic, thenZi;(M) = Z,(M) for any closed oriented
3-manifold M .

9.2. Invariants of |-colored graphs. Fix up to the end of Section[9 a spherical
fusion category C over | such that dim(C) is invertible in |. Fix a representative
set| of simple objects ofC. We shall derive fromCand | a 3-dimensional TQFT.

By an | -colored graphin a surface, we mean aC-colored graph such that the
colors of all edges belong td and all vertices have valence 2. For any compact
oriented 3-manifold M and any | -colored graphG in @M we de ne a topological
invariant jM;Gj 2 | as follows. Pick a skeletonP M of the pair (M;G). Pick a
map c: Reg(P) ! | extending the coloring of G in the sense that for every edgea
of G, the value of ¢ on the region of P adjacent to a is the C-color of a. For every
oriented edgee of P, consider the | -module Hc(e) = H (Pe), where P; is the set
of branches ofP at e turned into a cyclic C-set as in Section 5.P. LetEg be the
set of oriented edges oP with both endpoints in Int( M), and let Eg be the set
of edges ofP with exactly one endpoint in @M oriented towards this endpoint.
Note that every vertex v of G is incident to a unique edgee, belonging to Eg and
He(ey) = Hy(G°; @M, where the orientation of @M is induced by that of M.
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Therefore
e2E@ Hc(e)? = VHy(G%; @M’) = H(G™; @M?:

For e 2 Eg, the equality Per = (P¢)°? induces a duality between the modules
H.(e), Hc(e°P) and a contraction H¢(e)”  H¢(e®)? ! |. This contraction does

not depend on the orientation ofe up to permutation of the factors. Applying these

contractions, we obtain a homomorphism

P! e2Eo[Ee He(8)”! w2eoHc(€)” = H(G®; @M

As in Section[6.2, any vertexx of P lying in Int( M ) determines an oriented graph
on S?, and the mapping c turns  into an | -colored graph. Sectio3.B yields a
tensor ¢( x) 2 He( x) . HereHc( x) = eHc(e), where e runs over all edges
of P incident to x and oriented away fromx. The tensor product x ¢( x) over
all vertices x of P lying in Int( M) is a vector in ez, £oHc(€).

Theorem 9.1. For a skeletonP of (M;G), set
0 1

X Y
iM:Gj=@im(Q)! PI~ @ @ime(r)) QA o( x o x);

c r2Reg(P)

wherejPj is the number of components oM nP, c runs over all mapsReg(P) ! |
extending the coloring of G, and is the Euler characteristic. Then jM;Gj 2
H(G°; @M? does not depend on the choice d®.

Proof. Since any two skeletons of M; G) are related by primary moves, we need
only to verify the invariance of jM; Gj under these moves. This invariance is a local
property veri ed exactly as in the proof of Theorem B.1.

Though there is a canonical isomorphismH (G°?; @M’ ' H(G; @M (see the
last remark of Section[3.1), we viewjM; Gj as an element ofH (G°°; @M’.

Taking G = ;, we obtain a scalar topological invariantjM jc = jM; ;j2 H(;)? =
| of M. This generalizes the invariant de ned above for closedV .

9.3. Invariants of 3-cobordisms. A 3-cobordismis a triple (M; o; 1), where
M is a compact oriented 3-manifold and ; 1 are disjoint closed oriented surfaces
contained in @ Msuch that @M= ( o)t 1 inthe category of oriented manifolds.
We call o and ; the bottom base and the top base oM, respectively.

Consider a 3-cobordism i; o; 1) and an | -colored graphG; i fori =0;1.
Theorem[9.] yields a vector

iM;GP[ G1j2 H(Go[ GP*; @M’ = H(Go; 0)? H(GY;, )%

The isomorphism H(G3?;  1)? ' H(Gy; 1) given by the last remark of Sec-
tion Bl induces an isomorphism

H(Go; 0)° H(G"; 1)?! Hom; H(Go; 0);iH(G1; 1) :
Set
. _ (dim(Q))icd .
iM; 0;Go; 1;Gaj = (dim(E)” dirf](gl) MG [ Gij 1 H(Go; o)! H(G1; 1);

where for anl -colored graph G in a surface , the symbol jGj denotes the num-
ber of components of nG and dim(G) denotes the product of the dimensions of
the objects of C associated with the edges of5. To compute the homomorphism
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iM;  0;Go; 1;Gij, let 2 H(Gy; 1) H(GP; 1) bethe inverse ¢f the canon-
ical pairing H(GS"; 1) H(Gi; 1)! |. Pick any expansion = a b,
wherea 2 H(Gy; 1)andb 2 H(GY; ). Thenforany h2 H(Go; o),

(dim(Q))icu X
dim(Gy)

By skeleton of a closed surface we mean an oriented graphG such that
all vertices of G have valence 2 and all components of nG are open disks. For
example, the vertices and the edges of a triangulatiort of (with an arbitrary
orientation of the edges) form a skeleton of . For a graph G, denote by colG) the
set of all maps from the set of edges o6 to |.

iM;  0;Go; 1;Gij(h) = iM;GP [ Gij(h b)a:

Lemma 9.2. Let (Mg; o; 1), (M1; 1; 2) be two 3-cobordisms andM; o; 2)

be the 3-cobordism obtained by gluingio and M; along i. For any I-colored

graphs Go 0, G2 2 )rzmd any skeletonG of 1,

iM; 0;Go; 2:G2) = M1; 15(G;0); 2:G2) JMo; 0:Go; 1:(G;0)j:

c2col(G)

Proof. This is a direct consequence of the de nitions since the union of a sketon of

(Mo; Gg” [ G) with a skeleton of (M1; G [ G,) is a skeleton of M; Gg” [ Go).

9.4. The state-sum TQFT. For a skeletonG of a closed oriented surface , set
iG, j = c2col(G) H((G;c); ) :

Given a 3-cobordism M; o; 1), we de ne for any skeletonsGq o and G; 1

a homomorphism

M5 0:Go; 1:G1j 1jGo; of ' Gi; 1)

by X

(15) iM; 0;Go; 1;Gij = iM; 0;(Go; Co); 15 (Ga;c1)j;
co2col( Go)
ci12col(G1)

wherejM;  0;(Go;c); 1;(G1;a)j: H({(Go; C); o) ! H((Gi;c); 1) LemmaB.2
implies that for any cobordismsMg;M1; M as in this lemma and for any skeletons
Gi i withi=0;1;2,
(16) M; 0;Go; 2:G2] =JM; 1;G1; 2:G2) JM; 0;Go; 1:Gif ¢
These constructions assign a nitely generated free module to eveg closed oriented
surface with distinguished skeleton and a homomorphism of these nalules to ev-
ery 3-cobordism whose bases are endowed with skeletons. This dasatis es an
appropriate version of axioms of a TQFT except one: the homomorpism associ-
ated with the cylinder over a surface, generally speaking, is not theédentity. There
is a standard procedure which transforms such a \pseudo-TQFT"into a genuine
TQFT and gets rid of the skeletons of surfaces at the same time. Tis procedure
is described in detail in a similar setting in [Tu], Section VII.3. The idea is that if
Go; G; are two skeletons of a closed oriented surface , then the cylindecobordism
M = [0; 1] gives a homomorphism

P(Go;G1) = jM;  f 0g;Go f Og; f 19;G1 f 1gj :jGo; j !'j Gu; | :
Formula (@8&) implies that p(Go; G2) = p(G1; G2) p(Go; G1) for any skeletons Gg,
G, Gy of . Taking Gp = G; = G, we obtain that p(Go; Go) is a projector onto a
direct summand jGo; j of jGo; | . Moreover, p(Go; G1) maps jGo; | isomorphi-
cally onto jG1; j. The nitely generated projective | -modulesfjG; jgg, where
G runs over all skeletons of , and the homomorphismsf p(Go; G1)ds,.c, form a
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projective system. The projective limit of this system is a| -module,j j, indepen-
dent of the choice of a skeleton of . For each skeletonG of , we have a \cone
isomorphism" of | -modulesjG; j=j j. By convention, the empty surface; has a
unique (empty) skeleton andj;j = | .

Any 3-cobordism (M; o; 1) splits as a product of a 3-cobordism with a cylin-
der over ;. Using this splitting and Formula (L&), we obtain that the homomor-
phism (13) carriesj oj = jGo, of | Go, o into j 1j = jG1; 1j | G1; 1j
for any skeletons Go; G1 of o; 1, respectively. This gives a homomorphism

iM; 0; 1j:] oj'j 1j independent of the choice ofGg, G;.

An orientation preserving homeomorphism of closed oriented surfeesf : | ©
induces an isomorphismjfj:j j!j 9 as follows. Pick a skeletonG of . Then
G%= f (G) is a skeleton of ° and jf j is the composition of the isomorphisms

ji=iG j=ic% 3=j 9:

Here the rst and the third isomorphisms are the cone isomorphismsand the middle
isomorphism is induced by the homeomorphism of pair§ : ( ;G)! ( %GO. Itis
easy to check thatjf j does not depend on the choice of.

To accomplish the construction of the 3-dimensional TQFT]j j, we need only to
associate with every morphism' : ¢! 1 in Cobs the induced homomorphism
i"iij oi'i 1j. Represent' by apair(M;h:( o)t 1' @M as above. For
i =0;1denote by “the surfaceh( ;) @Muwith orientation induced by the one in

i. The 3-cobordism M; §; 9)yields a homomorphismjM; 3 %:j ity 9.
The homeomorphismh: ;!  {induces an isomorphismj j=j 9 fori=0;1.
Composing these three homomorphisms we obtain the homomorphisihj:j oj!

j 1j- This homomorphism does not depend on the choice of the represetive
pair (M;h). It follows from the de nitions and Lemma @.Z1that the assignment

7' j; " 7!j'j satis es all the axioms of a TQFT. To stress the dependance of
C, we shall denote this TQFT by j jc. Considered up to isomorphism, the TQFT
j jc does not depend on the choice of the representative sétof simple objects of
C. For any closed oriented 3-manifoldM , the invariant jM jc 2 | produced by this
TQFT coincides with the invariant of Sections B and[8.

9.5. Computation of  jS?jc. To illustrate our de nitions, we compute the |-
module jS?jc. A circle G 2 2[flg = S? oriented counterclockwise and
viewed as a graph with one vertexx and one edgee is a skeleton ofS?. Assigning
i 21 to e we turn G into an |-colored graph G;. By de nition, theP | -module

jS?jc is isomorphic to the image of the endomorphismp(G;G) = i 21 p of
jG:S? = i21H(Gi), where
p=j [01 f 0gGi f 0g f 1gG; f 1gjc:H(Gi)! H(G)):

To compute p, consider the 2-polyhedronP = (G [0;1])[ (S? f ig)in S? [0;1].
We stratify P by taking as edges the arcsx [0 %], X [%;1], and e f tg for
t 2 0;3;1g. The polyhedron P has 3 verticesx f tgwith t 2 f0;3;1g and 4
disk regions. We orient the two regions adjacent to the boundary e that P is a
skeleton of the pair (5> [0;1];(G° f 0g)[ (G f 1g)) and endow the two regions

contained in S? f %g with orientation induced by that of S?. Clearly, jPj = 4. Set
Gl =(G" f o[ (G f 19 @s* [0

The maps RegP) ! | extending the coloring of G{ are numerated by the colors
z;w 2 | of the region contained inS2 f 1g. The link of the vertex (x; 3) of P
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determines aC-colored graph "% in S2:

Let u;v be the bottom and the top vertices of #"%, respectively. Then
dim(i)dim(j) X

) j: —
157 0 Gie = —gnaa

dim(z) dim(w) ="

zZw 2l

ith
wit 0 | 1

where the dotted line represents the tensor contraction. Note hat Hy( ?) =

2 Hy( Z;W) Hy( Z;W) ;

O

H(Gi) and Hy( ?) = H(G/®). Seta = ; Yapev) 2 H(G;) where ;: H(G;) !
Home( ;i i) is the cone isomorphism. Then the vector; forms a basis oH (G;).
SinceH (G®) = H(Gj), =(dim( j)) ‘a aJ 2 H(Gj) H(G)is the inverse
of the canonlcal pairingH (G*) H (G,) ! Now
CIEYE %‘E =N .
Therefore
. dim(0)? o
pl(a) = WJSZ [0; 1} Glic(ai &) ay
_ dim(i) X . 4
= @mG)dm(o? dim(z)dim(w)N; , | ,&
zw2l
_dim(i)?
= amozd e

P
We conclude that the image ofp(G; G) is generated byv = 218 2 iG;S? ,and
so that jS?jc' | .
10. Modular categories and categorical centers

We recall the basics on modular categories and the Drinfeld center.

10.1. Modular categories ( [Tu]). A braiding in a monoidal categoryB is a nat-
ural isomorphism =f xyv : X Y ! Y Xgxy 20ns) such that

xy z=(0dy xz) xy idz) and x vz =( xz idy)(idx vz )

These conditions imply that x. = .x =idx for all X 2 Ob(B).
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A monoidal category endowed with a braiding is said to bebraided The braiding
and its inverse are depicted as follows

Y X Y X
Xy = x and Y;)l( = x
X Y X Y
For any object X of a braided pivotal category B, one de nes a morphism
X
x = p=(dx @x)(xx idx )idx coew): X! X:
X
This morphism, called the twist, is invertible and
X
xPE Elevx id)(dx o N(@ew  idx )i X L X:
X
Note that =id , x vy =( x v) vxx xvy forany X;Y 2 Ob(B). The twist

is natural: yf =f x for any morphismf: X ! Y in B.
A ribbon category is a braided pivotal category B whose twist is self-dual, i.e.,

(x) = x forall X 2 Ob(B). This is equivalent to the equality of morphisms
X X X X

‘p = d+ for any X 2 Ob(B). In a ribbon category ! = +b = q’ A ribbon
X X X

X

categoryB is spherical and gives rise to topological invariants of links irS3. Namely,

every B-colored framed oriented linkL ~ S® determines an endomorphism of the
unit object Fg(L) 2 End( ) which turns out to be a topological invariant of L.

HereL is B-colored if every component ofL is endowed with an object ofB (called

the color of this component). The de nition of Fg(L) goes by an application of
the Penrose calculus to a diagram ofL; a new feature is that with the positive

and negative crossings of the diagram one associates the braidingé@its inverse,

respectively. For more on this, see [TU].

A modular category (over | ) is a ribbon fusion categoryB (over| = End( )) such
that the matrix S =1[tr( j; i )ij 20 isinvertible, whereJ is a representative set of
simple objects ofB and is the braiding of B. The matrix S is called the S-matrix
of B. Note that for any simple object J of B, the twist ;:J ! J is multiplication
by an invertible scalarv, 2 | called the twist scalar of J. his scalar depends only
on the isomorphism class of] and v; o= v;. Set = g VY Ydim(i))2 2 |.
It is known that . =dim(B) =  ,; (dim(i))?, see[[Tu]. We say thatB is
anomaly freeif . =

10.2. The center of a monoidal category. Let C be a monoidal category. A
half braiding of Cis a pair (A; ), where A 2 Ob(C) and

=f x A X1 X AgXZOb(C)
is a natural isomorphism such that =id o and for all X;Y 2 Ob(C),
(17) x vy=0dx v) x idy):
We call A the underlying object of the half braiding (A; ).

The center of Cis the braided categoryZ (C) de ned as follows. The objects
of Z (C) are half braidings of C. Amorphism (A; )! (A% 9in Z(C)is a morphism
f:A!l AC%inCsuchthat(dx f) x = 2(f idx)forall X 2 Ob(C). The unit
object of Z(C) is 7 () =( ;fidx Ox 20n(c)) and the monoidal product is

A ) (B )= A Bj( idg)ida ):
The braiding in Z(C) is de ned by

A ). )= B:(A ) (B )! (B ) (A )



ON TWO APPROACHES TO 3-DIMENSIONAL TQFTS 33

There is aforgetful functor Z(C) ! C assigning to every half braiding @; ) the
underlying object A and acting in the obvious way on the morphisms. This is a
strict monoidal functor.

If Cis a monoidal| -category, then soZ (C) and the forgetful functor is | -linear.
Observe that Endz (¢)( z(c)) =Endc( )= |.

If Cis pivotal, then so isZ(C) with (A; ) =(A ; -), where

X 4A

= A X! X A;

x|
|
x

A TX

and eva. ) =€va, COeVa. ) = COeVa, &/(a )= &, @eva )= @ew. The (left
and right) traces of morphisms and dimensions of objects irZ (C) are the same as
in C. If Cis spherical, then so isZ (C).

10.3. The center of a fusion category. Let C be a spherical fusion category
over | . Fix a representative setl of simple objects ofC.

Lemma 10.1. The center Z (C) of Cis ribbon.

X X
Proof. We need only to verify that ,‘P = q for any half braiding X = (A; ) of C.

X X
Let(p :A! i;q:i ! A) 2 beanl-partition of A. Forany ; 2 such
that i =i =i 2| we obtain using the naturality of that

P A
= (dim(i)) * A " i=@imeiy o\ o] ), 1
ER CH

= (dim(i)) * Avi =
9]

P
We conclude using that anyf 2 Endc(A) expands asf =
that p fqg =0if i 6 .

> 9 (pfg)p and

Lemma 10.2 ([Mu2] Lemma 3.10]). If dim(C) is invertible in |, then for any half
braidings (A; ) and (B; ) of C, the | -linear endomorphism gi; ; of Hom¢(A;B)
de ned by

&) =@m(0) > dim(i)
i2l

is a projector onto Homy () ((A; );(B; )).
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Theorem 10.3 ([M«2,) Theorem 1.2, Proposition 5.18]). Let Cbe a spherical fusion
category over an algebraically closed eld such thatim C 6 0. Then Z(C) is an
anomaly free modular category with . = =dim C.

Note that dim Z(C) = = (dim C)2.
11. Main theorems and applications

11.1. Main theorems. The Reshetikhin-Turaev construction (see [[Tu]) derives
from any modular category B over | equipped with a distinguished square root
of dim(B) a 3-dimensional \extended TQFT" g. The latter is a functor from a
certain extension of the category Coh to vect,; ; the extension in question is formed
by surfaces with a Lagrangian subspace in the real 1-homology. F@an anomaly free
B, we take the element = 2 | dened in Section[I0.1 as the distinguished
square root of dim®B). The corresponding extended TQFT g does not involve
Lagrangian spaces and is a TQFT in the sense of Sectidn9.1.

We recall the de nition of g(M) 2 | for a closed oriented 3-manifoldM and
anomaly freeB. Pick a representative setJ of simple objects ofB. PresentM by
surgery onS® along a framed linkL = L;[ [ Ly. Denote collL) the set of maps
f1;:::;Ng!J and,for 2 col(L), denoteL the framed link L whose component
L4 is oriented in an arbitrary way and colored by (q) fo'r all g=1;::;N. Then

_ N1 X Yo
s8(M) dm (g Fs(L)
2col(L) o=1

where Fg is the invariant of B-colored framed oriented links in S® discussed in
Section[I0.1. In particular, we can apply these results to the anomg free modular
categoryB = Z (C) provided by Theorem[I0.3. We can now state the main theorems
of this paper.

Theorem 11.1. Let C be a spherical fusion category over an algebraically closed
eld such that dmC % 0. Then jMjc = z(g(M) for any closed oriented 3-
manifold M .

This equality extends to an isomorphism of TQFTs as follows.

Theorem 11.2. Under the conditions of Theorem[IL1, the TQFTsj jc and 7 (g
are isomorphic.

The rest of the paper is devoted to the proof of these two theonms. The proof
is based on the following key lemma.

Lemma 11.3. Under the conditions of Theorem[I1.1, the vector spacep jc and
z(c)() associated with any closed connected oriented surface have equal dimen-
sions.

In the next two sections we deduce TheoremB~11.1 ard 11.2 from Lena [I1.3.
(Only the case = S! S of this lemma is needed for the proof of Theorems_11.1.)
Lemmal[I13 will be proved in Section$ 14 and15.

11.2. Corollaries. Theorem[I1.1 allows us to clarify relationships between invari-
ants of 3-manifolds derived from involutory Hopf algebras. LetH be a nite-
dimensional involutory Hopf algebra over an algebraically closed eld| such that
the characteristic of | does not divide dim(H). By a well-known theorem of Rad-
ford, H is semisimple, so that the category of nite-dimensional left H - modules
y mod is a spherical fusion category. The category of nite-dimensioal left D (H )-
modules p (yymod, where D(H) is the Drinfeld double of H, is a modular cate-
gory (see [[EG] and [[M4Z]). Denote Kwy the Kuperberg invariant of 3-manifolds
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[Ku] derived from H and HKRp (4 the Hennings-Kau man-Radford invariant of
3-manifolds [He], [KR] derived fromD(H).

Corollary 11.4. For any closed oriented 3-manifoldM ,
onymod (M) = jMj, moa = (dim( H)) *Kup (M) = (dim( H)) *HKRpH)(M):

Proof. The rst equality follows from Theorem [I.Tland the fact that pymod is
braided equivalent to Z (4 mod). The second equality follows from[[BW2]. The last
equality follows from the results of T. Kerler and V. Lyubashenko.

We say that two fusion categories areequivalent if their centers are braided
equivalent. For example, two fusion categories weakly Morita equivkent in the
sense of Muger[[Md1] are equivalent in our sense. Theorefn_11.2 intips:

Corollary 11.5.  Equivalent spherical fusion categories of non-zero dimeti@n over
an algebraically closed eld give rise to isomorphic TQFTSs.

By a Hermitian fusion category we mean a spherical fusion category over
endowed with antilinear homomorphisms

ff 2 Home(X;Y ) ! f 2 Home(Y; X)Ox:v 20b(0)

such thatf = f,gf = fg,f g=1f g 8% = @ew, and coew = @ for
all morphisms f;g in Cand all X 2 Ob(C). Note that these axioms imply that
idy =idyx, dim(X) 2 forall X 2 Ob(C) and tr(f) 2 for all endomorphisms
f in C. A unitary fusion category is a Hermitian fusion category C such that
tr(f f) > O for any non-zero morphismf in C. This condition is equivalent to the
condition that dim( V) > 0 for all simple objectsV of C. Clearly, the dimension of
a unitary fusion category is a positive real number.

Corollary 11.6. The TQFT | jc associated with a unitary fusion categoryC is
unitary in the sense of [Tul Chapter Ill] . In particular j Mijc = jMj. for any
closed oriented 3-manifoldM .

Proof. A half braiding (A; ) of Cis said to be unitary if —x = Xl for all
X 2 Ob(C). The unitary center of C, denoted Z"(C), is the full subcategory of
Z (C) formed by the unitary half braidings. The unitary center of Cis a braided
subcategory of Z(C). The inclusion ZY(C) Z (C) is a braided equivalence,
see [[M42, Theorem 6.4]. Thereforez"(C) is a modular category. The conjuga-
tion in Cinduces a conjugation inZ"(C) so that Z"(C) becomes a unitary modular
category. Hence the TQFT 7. (¢ is unitary. Now there are isomorphisms of
TQFTs zu' z(o 'l ] c. The rstone is induced by the braided equivalence
ZY(0) 'Z (C) and the second one is given by Theorerii 11.2. The unitary structus
of zu(g is transported to j jc via the isomorphism zuc) 'j | c.

From Corollary I1.6, Theorem[I1.2, and Theorem 11.5 of [Tu], we deduc

Corollary 11.7. If Cis a unitary fusion category, thenjjMjcj  (dim(C))9M) 1
for any closed oriented 3-manifoldM , where g(M ) is the Heegaard genus oM .

12. State sum invariants of links in 3-manifolds

Fix a spherical fusion categoryC over an algebraically closed eld| such that
dim C#60. In this section, we extend the state-sum invariant of 3-cobodismsj jc
to 3-cobordisms with Z (C)-colored links inside.
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12.1. Knotted graphs in  S?. By a knotted graphin S?, we mean a graph im-
mersed inS? such that the multiple points of the immersion are double transversa
crossings of edges, and at each crossing, one of the two interseg edges is distin-
guished and said to be \lower" or \under-passing", the second edg being \upper"
or \over-passing". Note that some of the crossings may be selfrossings of edges.
A knotted graph may have only a nite number of crossings, and they all lie away
from the vertices of the graph.

A knotted graph G in S? is C-colored if all its edges are oriented and endowed
with an object of Cor Z (C) (called the color of the edge) so that, at each crossing,
the color of the over-passing edge is an object & (C). In other words, the color of
an edgee of G is an object of Z (C) if e passes at least once over other edges or over
itself and is an object of Z(C) or C otherwise. By the quasi-color of e, we mean
the color of eif it is in Ob( C) and the underlying object of the color of e if it is in
Ob(Z (©). In all cases, the quasi-color ofe is in Ob(C). For example, the C-colored
graphs in S? as in Section[3.1 areC-colored knotted graphs with no crossings.

Given two C-colored knotted graphsG and G°in S?, an isotopy of G into GCis
an isotopy of G into G in the class of C-colored knotted graphs in S? preserving
the vertices, the edges, the crossings, and the orientation anche color of the edges.

A vertex v of a C-colored knotted graph G in S? determines a cyclic C-set
(Ev;cy;"v) as in Section[3.1 with the only di erence thatthe map ¢,: Ey, ! Ob(C)
assigns to each half-edge 2 E, its quasi-color. As in Section[3.1, we seH,(G) =
H(Ey) and H(G) =  H\(G), where v runs over all vertices ofG.

The invariant ¢ of Section[3.3 extends toC-colored knotted graphs in S? as
follows. Let G be a C-colored knotted graph in S?. Pushing, if necessaryG away
from 1 , we obtain a C-colored knotted graph in 2, also denoted byG. For each
vertex v of G, we choose a half-edge, 2 E, and isotope G near v so that the
half-edges incident tov lie above v with respect to the second coordinate on 2
and e, is the leftmost of them. Pick any , 2 H,(G) and replacev by a box
colored with & ( v), where VY is the universal cone ofH,(G) (see Figure[l). For
each crossingc of G, isotope G near ¢ so that both strands of G meeting at ¢
are oriented downwards. If (A; ) is the color of the over-passing strand andX
the quasi-color of the under-passing strand, then we replace by a box labeled
by x provided the over-passing strand goes from top-right to bottomleft and
by xl provided the over-passing strand goes from top-left to bottomright. This
transforms G into a planar diagram which determines, by the Penrose calculus,
an element of End:( ) = |. This element is denoted ¢(G)( v v). By linear
extension, our procedure de nes a vector ¢(G) 2 H(G)? = Hom | (H(G);| ).

Consider the local moves orC-colored knotted graphs in S? shown in Figure[8.
It is understood that all strands are oriented (in an arbitrary way ), and the orienta-
tions of the strands are the same before and after the moves. Fhcolors of all edges
are objects of C and Z (C) preserved under the moves. As above, the colors of all
over-passing edges are objects & (C). For example, the second move of Figur&l8
is allowed only when the color of the left strand is inZ (C).

Lemma 12.1. The vector ¢(G) 2 H(G)? is a well-de ned isotopy invariant of G
preserved under the moves in Figurgl8.

Proof. Independence of ¢(G) of the choice of the half-edges, follows from the
de nition of H,(G). Invariance of ¢(G) under isotopies of G follows from the
sphericity of C.

We claim that, as in Section[3.3, if aC-colored knotted graphG°®  S? is obtained
from a C-colored knotted graph G~ S? through replacement of the color of an
edgee by its dual and simultaneous reversion of the orientation ofe, then the
isomorphism x : X ! X of Remark[I.5 (whereX 2 Ob(C) is the quasi-color
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of €) induces an isomorphismP: H(G) ! H(G9 such that (9)?( ¢(GY) = (G).
This claim is veri ed by comparing the contributions of the vertices and crossings
of G, G°to  ¢(G), (GO respectively. Indeed, without loss of generality, we can
assume that G 2 = $2nflg and G is generic with respect to the second
coordinate on 2. Consider a crossing« of G with over-passing edgee, and under-
passing edges,. Applying if necessary an isotopy toG in a neighborhood ofx, we
can assume thate, is directed from top-left to bottom-right. Let ( A; ) 2 Z (O
be the color ofe, and X 2 Ob(C) be the quasi-color ofe,. There are four cases
to consider depending on the orientation ofe, at x (downwards or upwards) and
depending on whether we reverse the orientation o&, or e,. Assume that e, is
directed downwards atx, so that the contribution of x to ¢(G) is

Ko

If GCis obtained by reversinge, and replacing its color with the dual object, then
the contribution of x to ¢(GY is

R (R

The last equality follows from the de nition of x and the formula
L= (@  ida x)(dx X idx )(idx A @ew):

The latter formula can be easily deduced from the naturality of and Formula [I7).
Similarly, if G°is obtained by reversinge, and replacing its color with the dual
object, then the contributions of x to ¢(G) and ¢(GY are obtained from each
other through conjugation by A (to see this, one should use the expression for
the dual of a half braiding given in Section[10.2). The case where, is directed
upwards is treated similarly. Combining these local computations, weobtain the
required claim.
Consider the second move in Figurél18. Applying if necessary the pragty of

c obtained in the previous paragraph, we can reduce ourselves to ¢hcase where

both strands are oriented downward. In this case the required idetity follows
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from the de nition of ¢(G). Similarly, to prove the invariance of ¢(G) under the
fourth move, it su ces to consider the case where all edges incidento the vertex
are oriented to the left. The required identity follows from the de nitions and
the properties of . The invariance of ¢(G) under the third move can be proved
similarly treating the crossing point of the two lower branches as a vetex. Finally,

the rst move expands as a composition of the other moves throufy pushing the
over-passing branch to the left across the rest of the diagram ahacross the point
12 S2,

Note that Lemma 4.2 extends mutatis mutandis to C-colored knotted graphs
in S2.

12.2. Link diagrams.  Given an s-skeletonP of a compact oriented 3-manifoldM ,
we can present links inM by diagrams in P, seel[Tu, Chapter IX]. (Similar presen-
tations can be de ned on arbitrary skeletons ofM , but s-skeletons will be su cient
for our aims.) A link diagram in P is a nite set of loops in P such that:

(i) the loops do not meet the vertices ofP and meet the edges oP transversely;
(ii) the loops have only double transversal crossings and self-creggs lying in
Int((P)= PnP®;
(i) at each crossing point of the loops one of the two intersecting banches is
distinguished and said to be \lower", the second branch being \uppe".

The underlying 4-valent graph of a link diagram is formed by the loops of the
diagram with over/under-crossing data forgotten. By abuse of rotation, we shall
usually denote a link diagram and its underlying graph by the same symbl.

Each link diagram d in P determines alink'y M as follows. The orientations
of M and P determine a distinguished normal direction on Int(P) in M. Pushing
slightly all upper branches ofd in M n P in this direction, we transform d into “g.
The underlying loops ofd have a well-de ned normal line bundle p(d) in P; this
bundle is de ned in the points of d\ P® since, in a neighborhood of any such point,
d traverses two regions ofP locally forming a 2-disk. The bundle p (d) induces a
line subbundle 4 of the (2-dimensional) normal bundle of ¢ in M.

An enriched link diagram in P is a link diagram in P whose loops are equipped
with integers or half-integers calledpre-twists. The pre-twist of a loop L is required
to belong to if the normal line bundle of L in P is trivial and to %+ otherwise.
The pre-twists determine a framing of 'y M as follows. Twist 4 around each
component of 4 as many times as the pre-twist of the corresponding loop. (The
positive direction of the twist is determined by the orientation of M. For instance,
a pre-twist of % gives rise to a positive half-twist of 4.) This produces a trivial
normal line bundle on “4. Its non-zero sections yield a framing of 4.

It is easy to see that every framed link inM may be represented by an enriched
link diagram in P. Consider the moves i;:::; g on enriched link diagrams shown
in Figure @ where the orientation of M corresponds to the right-handed orientation
in 3. The moves 1; »2; s proceedinInt(P), and 4;:::; g proceed in a neigh-
borhood of PM . In Figure Blthe link diagrams on P are drawn in red bold in order
to distinguish them from the edges ofP. The move ; decreases the pre-twist by 1
and 4 increases the pre-twist by%; the other moves do not change the pre-twists.
The move ¢ has four versions; in the one in Figurd ® we assume that the orienta-
tions of the horizontal regions are compatible, i.e., are induced by amrientation of
the horizontal plane. If these orientations are incompatible, thenthe picture must
be modi ed: the overcrossing on the left (or on the right) should bereplaced with
an undercrossing. The third and fourth versions of ¢ are obtained from the rst
two by changing both overcrossings to undercrossings. The move; has two ver-
sions; both apply only when the left horizontal region is oriented comterclockwise.
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By [Tu], two enriched link diagrams in P represent isotopic framed links if and only
if these diagrams may be related by a nite sequence of moves, *;:::; 4% and
ambient isotopies inP.

Oriented framed links in M can be similarly presented by oriented link diagrams
in P. These are the (enriched) link diagrams as above formed by orienteloops.
Two such diagrams present isotopic oriented framed links if and only ithey may
be related by the moves in Figurd’® where all strands are oriented (te orientations

of the strands must be the same before and after the moves).

12.3. Invariants of links. For a pair (M;L), where M is a compact oriented 3-
manifold and L Int( M) is an oriented framed link whose components are colored
by simple objects of Z(C), we de ne a topological invariant jM;Ljc 2 |. Fix a
(nite) representative set | of simple objects ofC. Pick an s-skeletonP of M and
an oriented enriched link diagramd in P representingL. The set&= PW [ dis
a graph embedded inP with edges contained either inP@® or in d and vertices
of three types: the vertices ofP@® | the points of P® \ d, and the crossings ofd.
Cutting out P along & we obtain a compact oriented surface whose components
are disks and disks with holes. These components are called thegions ofd. The
set of regions ofd is denoted by Regg().

Pick a map c: Reg(d) ! |. For any oriented edgee of the graph & we de ne a
| -module H¢(e). If e P® | then Hc(e) = H(Pe) as in Section[6.3. Ife  d, then
there are two regionsr ;r. 2 Reg(d) adjacent to e. We choose notation so that
the orientation of r. (resp.r ) induces one the orientation compatible with that
of e (resp. opposite to that of e):
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Let A 2 Ob(C) be the quasi-color of the component ofL containing e. We turn
the 3-element setP. = fr ;e;r. ginto a cyclic C-set by providing it with the cyclic
orderr <e<r, <r and with the map to Ob(C) f +; g carryingr to
(c(r ); )Yandeto (A;"), where" = + if the orientations of e and d are compatible
and" =  otherwise. Set

He(e) = H(Pe) = Home( ;c(r ) A" cr:)):

It is clear that in both cases Pex = (P¢)°P. This induces a duality between the
modulesH(e), H¢(e°?) and a contraction : Hc(e)? Hc(eP)? ! |.

We now associate to every vertexx of & a certain vector jxj.. We distinguish
three cases. Iix is a vertex of P | then as in Section[©.3, the link ofx determines
a Ccolored graph x  S2. Setjxjc = c( x) 2 He( x) -

If x is a crossing ofd, then a neighborhood ofx in P looks as follows:

Here J and J° are the colors of the strands ofd meeting at x, and i;j; k;| 2 |
are the c-colors of the regions in Regd) adjacent to x. Let , be the following
C-colored knotted graph in 2 S2:

Y

A

The orientation (not shown in the picture) of the diagonals is inducedby that of d.
Section[IZ1] yields a tensoixjc = c( x) 2 He( x) -

The de nition of jxj. in the remaining casex 2 PM \ d uses the assumption that
the colors of the components ofL are simple objects. Sincd is an algebraically
closed eld, we can choose for each component &f a square root ; 2 | of the
twist scalar v; 2 | of the colorJ of this component, see Sectiof I0l1. (At the end,
the invariant jM;L jc 2 | will be independent of this choice.) A neighborhood of
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x 2 P\ din P looks as follows (as usual, the orientation oM is right-handed):

The skeletonP has 3 regions (possibly coinciding) adjacent toc. We denote them
r;r ;r* so that the strand of d at x goes fromr to r*. Let J be the color of
this strand. The diagram d has 5 regions adjacent tox. We denote their c-colors
by i;j;k;I;m as in the picture. Let ey be a tangent vector at x directed insider
and let (e, ;e,) be a positive (i.e., positively oriented) basis of the tangent space
of r at x. Consider the basis €p; €, ;e,) of the tangent space ofM at x. Set
"« = lifthis basis is positive and ", = 1ifitis negative. Let  be the following
C-colored knotted graph in 2 S2:

where

2 =

e § ™
% it =1, ? if " =1

The latter pictures determine the orientations of the edges of « colored byi;j; k; |1 .
The edge of 4 colored by m is directed downward if the orientation of r followed
by that of d at x yields the positive orientation of M and upward otherwise. Set

" n+

|

= A2t Lodg and  jxe= el x) 2 He( 1)

For any vertex x of & we haveH¢( x) = <Hc(€), where e runs over the edges
of & incident to x and oriented away from x. The tensor product , jxj. over all
vertices x of &is a vector in ¢ H(€)”, where e runs over all oriented edges of§
Set p= ¢ i e HcO®7! |.

Let Ly;:;; Ly be the components ofL. Let Jq 2 Ob(Z (C)) be the color of Lg,

q 2 | be the distinguished square root of the twist scalarv;, of Jq, and nq 2 %
be the pre-twist of the loop ofd repre%entinqu, whereq = 11;:::; N. Set

R X Y
iM;Ljc = (dim( Q) P e @ dimc(r)) DA p( xjxje) 2 |;
g=1 c r 2 Reg(d)
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where|Pj is the number of components oM nP, c runs over all maps Reg@) ! |,
and (r) is the Euler characteristic of r.

Theorem 12.2. jM;Ljc is a topological invariant of the pair (M;L) independent
of the choice ofl and of the choice of square roots of the twist scalars.

Proof. The independence of follows from the naturality of ¢ and of the contrac-
tion homomorphisms. We prove the independence of the choice of,. The term of
iM; L jc determined by a map ngd) I | is a product of an expression indepen-
dent of 4 and S”“S“ for sy = | "x, wherex runs over the intersections of the
g-th component of d with P@ . It su ces to show that 2 nq + sq 2 2 . Observe
that "y = 0 if the orientations of the regionsr and r. at x are compatible, and
"x = 1 otherwise. Thereforesy 2 2 if and only if the normal bundle of the i-th
component ofd in P is trivial. By the de nition of a pre-twist, the latter condition
holds if and only if nq 2 . Therefore, 2ng+ s4 2 2 in all cases.

Recall that any two s-skeletons ofM can be related by a sequence of Matveev-
Piergallini moves. Using ¢ 1. 6, and g we can deform any diagram ofL on P
away from the place where an MP-move is performed or?. Then the same ar-
guments as in the proof of Theoremg5l1 an@6l1 show thaiM; L jc is invariant
under the MP-move in question. Therefore we need only to verify tlat jM;L jc is
invariant under the moves 1;:::; s.

Without loss of generality, we can assume that in the pictures of ;; 2; 3 the
orientation of the ambient region corresponds to the counterclokwise orientation
of the plane of the picture. For any orientation of the red-bold strand, colored by
a simple objectJ of Z (O,

i i j
z — dim(z) i4 yzi=if j= vy j.
S 221 ’

‘A

J

The arrow indicates that we compute the contribution of the picture (the curl) to
the state sum. The dotted arc indicates the tensor contraction é the vector spaces
corresponding to the endpoints of the arc. The equalities follow rgsectively from
Lemma[4.2.c and the de nition of the twist scalar v; (if the red-bold strand is
oriented upward, one shauld also use the equality; = v;). Taking into account
the normalization factor q §”q and the additional pre-twist 1 introduced by 1,
we conclude thatjM; L jc is invariant under ;.

For any orientations of the red-bold strands (colored by simple obgcts of Z (C)),

k

1 4 vj (N
X z X :,..4/ .
— dim(z) z = dim(z) 21t Jyl= 11| |IY
221 A z2 N
i 4 Yl i 4
< N <
k

|
= i4 Yi = kil i k k j <« i k 1]
O

—A
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The rst two equalities follow respectively from Claims (d) and (c) of L emmal4.2.
The third equality follows from Lemma [Z.3. We conclude thatjM; L jc is invariant
under . The invariance under 3 is veri ed similarly.

Below we verify the invariance ofjM; L jc under the moves 4;::: g for a cer-
tain orientation of the link diagram. The proof of the invariance for t he opposite
orientation of a component of the diagram can be obtained by repeing exactly
the same arguments but using everywhere the opposite orientatio of the relevant
edges of theC-colored knotted graphs. In particular, the tensors associatedvith
all vertices are represented by the same graphs with opposite omigation of the
appropriate red-bold edges. For the tensors associated with therossings, this fol-
lows directly from the de nitions. For the tensors associated with the vertices of
P@W\ d, we use that

o
Lo i

For example, we have

Y
LT

m J

and

and

// ‘/He

Al J
j

The last graph di ers from the graph obtained in the previous pictur e only by the
orientation of the red-bold edge.
Let us now verify the invariance ofjM; L jc under the moves 4, g for a certain
orientation of the s-skeleton and of the link diagram. We begin with 4, 5, and
g. In these computations, the (unique) red-bold strand is colored vith a simple
object J of Z(C). We have
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All these equalities except the penultimate one follow from Lemma-12}the penul-
timate equality follows from Lemma[4.2. By de nition,

[ S
LSS

J

A

m

Taking into account the normalization factor Qq S”q and the additional pre-twist

% introduced by 4, we conclude thatjM;L jc is invariant under 4.
Next, we have
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The right-hand side is the contribution to the state sum of the following piece of
the diagram:

Therefore the state sum is invariant under s.
Next, we have
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:12_1 -~ J

; | /p _
! \ /c)n i
| q S

Therefore the state sum is invariant under g.
Consider now the moves g and 7. We assume that the two red-bold strands
are colored with simple objectsJ, J°of Z (C). We have

Y

111 , -
32 5¢ dim(z) ! ¢
221
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Therefore the state sum is invariant under .
We verify the invariance for 7., (the case of 7., is similar). We have
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Therefore the state sum is invariant under 7.

The invariance of jM; L jc under the moves 4 g with other orientations of
the s-skeleton can be veri ed similarly. As above, this veri cation is easy for 5
and ¢ but longer for the other moves. However, having veri ed this invariance for

5 and ¢, we can prove that jM;L jc does not depend on the orientation of the
s-skeletonP. Then the invariance for the other moves follows from the special ases
considered above. To prove our claim, it is enough to prove the invaance ofjM; L jc
under reversion of the orientation in an arbitrary region, X , of P. Applying bubble
movesT:0 (see Figure[4) at the boundary ofX , then using s to push the newly
attached disks near the crossings and using s to pull the crossings into these disks,
we can reduce the claim to the case wher¥ contains no crossings of the diagram
(note that all these transformations keepjM;L jc). Then X meets the link diagram
in several disjoint embedded arcs. Similarly, applying bubble movei(f0 and then
lune movesL ! (see Figure[T) to push the newly attached disks between the arcs
of the diagram in X , we can reduce the claim to the case where the diagram meets
the disk X along a single embedded arc. Finally, applying the movesT(%!) ! (see
Figure [@) to P outside the diagram, we can reduce the claim to the case whep¢
has only two vertices inP as in the picture below. There are two cases to consider,
depending on whether or not this arc arrives and leaves in the sameirction:
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5 and (

Let us check that the two orientations of the disk do contribute similarly to the
state sum. In the rst case, we have

J
}_-._;_._ ..................
q & .i...."l b
y
35 37 dim(i)dim(j)
i 21
x 'y
- 2
J

<+

ey X
= 452 47 dim(i)dim(j)
iij 21




50 V. TURAEV AND A. VIRELIZIER

J
.f-‘*‘:‘: ..................
[ (D) ._.'~..J 3
i R
y
In the second case, we have
J
,é-;&f .........................
q 8] ““..J b
i Ssol
y
ety X o
3% ¢ dim(i)dim(j)

iij 21

<+

X
= o dim(i) dim(j)
ij 21
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" w+
1+ XY
J
ij 21
" wt
x 'y
= ;’+ 2
wt
Xy
2
" wt
1+ XY

2

i 21

dim(i) dim(j)

dim(i) dim(j)




52 V. TURAEV AND A. VIRELIZIER

oy X
= 2 dim(i)dim(j)
ij 21

= 3 dim(i)dim(j)
ihj 21

LN
D

This concludes the proof of Theorem 12.2.

12.4. Remarks. (1) Since all objects ofZ (C) are direct sums of simple objects, the
invariant jM; L jc extends by linearity to arbitrary colors of the components ofL.
(2) Theorem 11.1 directly extends to 3-manifolds with links, see Se@n 13.5.

12.5. A special case. It is obvious that for L = ;, we havejM;Ljc = jMjg,
wherejM jc 2 | is the invariant de ned for closed M in Section 5 and generalized
to compact M in Section 9.2. We obtain a similar formula for any Z (C)-colored
framed oriented link L lying in a 3-ball in M. Denote by L° the Z (C)-colored
framed oriented link in S® obtained by cutting out the ball containing L from M
and embedding this ball - with L inside - in S2. The embedding in question should
be orientation-preserving.

Lemma 12.3. We have
(18) iM;Ljc = jMjcFz () (L9:
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Proof. Pick an s-skeletonP of M and a diagram d of L contained in a regionr

of P. Inserting if necessary small curls ind, we can assume thatd has at least
one self-crossing and all pre-twists ofl are equal to zero. Denote the underlying
(4-valent) graph of d by d. Applying if necessary , to din r, we can ensure that
d is connected and all its edges have distinct endpoints. Then all regits of d are
disks except the \exterior region” ro of d in r, which is an annulus. LetR; be the
set of the disk regions ofd contained inr and R, be the set of all other disk regions
of d. Thus, Reg(d) = R1q R2qf rgg.

SinceP®\ d = ;, the scalar p( xjXjc) 2 | inthe de nition of jM;L jc expands
as a product of two scalarst§;t$ 2 | . The scalart§ (resp. t$) is obtained from the
tensor associated with the vertices oP @ (resp. d) through the tensor contraction
associated with the edges oP® (resp. d). Each t¢ is determined byi = c(ro) 2 |

and the map ¢ = ¢jr, : Rk ! |. We therefore denotet¢ by tcx. We have
|
X X Y '
jM;Ljc = (dim( Q) PI dimc(r) t§tS
i21 c:Reg(d)! I  r2Ri[ R2
c(ro)=1i
| |
XX Y X Y -
= (dim( ©))! P! dimey(r) thc: dimcy(r) thcz:
i21 c1:Ry! | r2R; c2: Ro! | r2R,
Below we prove that for all i 2 1,
X Y o
(19) dimc(r) t' =dim(i)Fz g (L9:
c: Ryl r2R;

Substituting this in the expression for jM; L jc above, Yve obtain that

XX Y o
jM; L jc = (dim( ©) P! dimc(r) t"2dim(i) Fz () (L9
i2l ¢c: Rp! | r2R»;
= MjcFz o (LY:

To prove (19), we need to study the graphd in more detail. Let N 1 be the
number of vertices ofd (i.e., the number of crossings ofd). Since the graphd is
4-valent, it has 2N edges. A computation of the Euler characteristic ofr shows
that d splits r into N + 1 disk regions and the exterior regionry. The diagram d
also determines a grapid  r as follows. Fix a point in each region ofd in r called
the center of the region. TheseN + 2 points are the vertices ofd . Every edgee
of d determines adual edgee of d which connects the centers of the two regions
adjacent to e, meets the interior of e transversely in one point, and is disjoint from
d otherwise. Note that the two regions adjacent to e are always distinct so that
the edges ofd are not loops. We choose the edges df so that they meet only in
common vertices. The vertex ofd represented by the center ofr is denotedO.

By a subgraphof a graph G we mean a graph formed by some vertices and edges
of G. A subgraph F of G is full if all vertices of G are vertices of F. A maximal
tree in G is a full subgraph of G which is a tree. Each subgraphF of d determines
a full subgraph F of d whose edges are dual to the edges dfnot belonging to F .
Clearly, F\ F = ;. If F is a maximal tree ind, then F is a maximal tree ind .
Indeed, since every component of nF contains a vertex ofd and any two vertices
of d can be related by a path inF  rnF , the setr nF is connected. Hence~
is a forest with N +2 verticesand 2N (N 1) = N + 1 edges. Such a forest is
necessarily a tree.
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vertex distinct from O and incident to e . It is easy to chooseey;:::; 1 to
ensure (a). We explain now how to chooses with k N to ensure (b). For
k = N, pick a 1-valent vertex vy of the maximal tree Fy ; d distinct from O.
(Such a vertex exists because a tree having at least one edge nssarily has 2
vertices of valency 1.) Letey be the edge ofd such that ey is the edge ofFy
adjacent to vy . The graph F is obtained from Fy ; by removing e, (keeping all
the vertices). Clearly, Fy, is a disjoint union of the isolated vertex vy and a tree
with N + 1 vertices. We chooseey+; SO that ey ,; is the edge of the latter tree
adjacent to a 1-valent vertex vy +1 6 O. Continuing by induction we obtain that

and a tree with 2N +1  k vertices. We choosex.; so that g ,, is the edge of the
latter tree adjacent to a 1-valent vertex vx+1 6 O. This process stops atk = 2N
because the graphF,, has only isolated vertices.

We can now prove (19). Recall that the termt'¢ is obtained by placing a small
colored tetrahedron-type graph in every crossing ofd, taking the tensor product
of the associated (¢ -invariants, and tensor contracting this product along the
edges ofd. The colors of the edges of these tetrahedron-type graphs adetermined
by i; c, and the given coloring of the link components. We shall perform thetensor
contraction at one edge at a time following the order of the edges;;:::;e;n Xxed
above. Condition (a) shows that fork =1;:::;N 1, the k-th tensor contraction
involves two di erent pieces of the diagram so that we can apply Claim @) of
Lemma 4.2. At each of theseN 1 steps, the tensor contraction of the tensor
product of two 7 (¢-invariants yields the 7 (¢ -invariant of a \fused" diagram. For
k N, the endpoint v, of e is the center of a disk region,Vi  r, of d adjacent to
the edgeex. Note that all other sides of Vi (i.e., all other edges ofd adjacent to V)

corresponding to all sides oV exceptex have been done before th&-th step. The
tetrahedron-type graph associated with a vertex ofVx has a side inVy; under the
fusions in question, these sides are united into a single arc labeled witt(Vy). This
shows that the k-th tensor contraction involves two vertices of the same conneetd
piece of the diagram. We apply Claim (c) of Lemma 4.2 where the roles af u; v
are played respectively byc(Vk) and the endpoints ofec (here we use that all edges
of d have distinct endpoints). After fusion along e our diagram will contain an
embeddedc(V)-colored circle. Lemma 4.2.c says that to preserve the state sum
under the fusion we must delete this circle, the summation ovec(Vx) 2 I, and the
factor dim c(Vk). The rest of the diagram is the \fused diagram" obtained at the
k-th step. Continuing by induction, we obtain that the left-hand side of (19) is
equal to the 7 ¢ -invariant of the fused diagram obtained at the last stepk = 2N.
This diagram consists of a diagram ofL° surrounded by a big circle colored withi.
The 7 (g -invariant of this fused diagram is equal to dim(i) F; (c)(LO). This proves
our claim.

Applying Formula (18) to M = S® and using the equality jS®jc = (dim( C)) !
(see Section 6.3), we obtain that for anyZ (C)-colored framed oriented link L~ S3,

(20) jS®Lic=(dim( Q) 'Fz(q(L):

13. Deduction of Theorems 11.1 and 11.2 from Lemma 11.3

13.1. Conventions. In this section, the symbol D? denotes the unit disk in ~ with
counterclockwise orientation andS® = @3 is the unit circle with counterclockwise
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orientation. Unless explicitly stated to the contrary, the torus S S* and the solid
tori St D2 and D? S! are provided with the product orientations.

13.2. A surgery formula.  Let Z: Cobs ! vect be a 3-dimensional TQFT over
a eld | . We establish a surgery formula for the values oZ on closed 3-manifolds.

Given a framed oriented link L = [ §; Lq in S% denote by E_ its exterior,
i.e., the complement in S® of an open regular neighborhood ol.. We endow E_
with the orientation induced by the right-handed orientation of S3. There is a
homeomorphismf = f_ from the disjoint union N(S* S!)= qf.; (S' S%)qofN
ordered 2-torito @E carrying the g-th copy of the torus to the boundary of a closed
regular neighborhood ofL 4 so that f (S pt) is a positively oriented meridian of L
andf (pt S')is a positively oriented longitude of L 4 determined by the framing for
q=1;::;N. Observe thatf is an orientation preserving homeomorphismN (S*
st @E . We usef toidentify @E andN (St S!'). ThenZ( @)= A N,
where A = Z(S! S?). Consider the homomorphism

ZE,; @E;; cAN=Z( @E)! Z()=|:

Z(L;yy;iinyw)=Z EL; @E;; (1 yn) 2|

Consider the solid torusV = (S D?) with orientation opposite to the product
orientation. Then @V= S! S?in the category of oriented manifolds. Letw 2 A =
Z(St' S') be the image of 12 | under the homomorphismZ (V;;;@V: | ! A.
We call w the canonical vectoragsociated withZ. Pick an arbitrary basis Y of the
vector spaceA and expandw =,y Wyy wherewy 2 | .

Lemma 13.1. Let M be a closed oriented3-manifold obtained by surgery onS2
along a framed linkL = L;[ [ Ly S®. For any orientation of L,
!

X W
(21) Z(M)= Wy, Z(L;ysiiiiyn):
yizyn2Y  g=1
Proof. Let Vy be a disjoint union of N copies ofV. The associated homomorphism
Z(Wn;;s@M): | ! A N carries12 | to
X W
W = qu Y1 YN -
yiinyn2Y g7l
The 3-cobordismM = (M;;;;) can be obtained by attaching the cobordism

(EL; @E;;) on top of the cobordism (Vy;;;@\) along the homeomorphism
f:@¥ = N(St SY)! @E specied above. Therefore

Z(M;;55)= Z(EL; @KE;;) Z(Wnsi;@NM): | ! |

and |
X W '
ZM)=2Z(M;;;;)@)= Z(EL; @K;; ) Wy, Y1 YN)
[ yinyn2Y o=l

X W '

= wy, Z E_; @E;; (Y1 YN )
yi;iny N 2Y  g=1 I
X W '

= Wy, Z(Liysiinyn):
yi;mny N 2Y o=l
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13.3. Link TQFTs.  For any category B, we de ne a categoryL g of 3-cobordisms
with B-colored framed oriented links inside. The objects of_g are closed oriented
surfaces. A morphism ¢! 1 in Lp is represented by a triple (M; h; K ), where
M is a compact oriented 3-manifold,h is an orientation-preserving homeomorphism
( ot 1' @M andK is aB-colored framed oriented link inM n@M (A link
K is B-colored if every component ofK is endowed with an object ofB called its
color.) Two such triples (M; h;K ) and (M % h% K 9 represent the same morphism if
there is an orientation-preserving homeomorphisn : M | M %such that h®= Fh
and K °= F(K) in the class ofB-colored framed oriented links. The composition of
morphisms inLg is de ned via the gluing of cobordisms and the tensor product in
L is de ned via disjoint union. This turns Lg into a symmetric monoidal category.
The links in question may be empty so that the category Coly of Section 9.1 is a
subcategory ofLg.

By a link TQFT we mean a symmetric monoidal functorZ: Lg ! vect. We
establish a version of Formula (21) for such a. Consider disjoint framed oriented
links K and L = [ §.; Lq in S® and assume thatK is B-colored. ThenK lies in the
exterior E_ of L. As in Section 13.2,Z( @E)= A N, whereA = Z(S* Sb).

Z(KLiyainyw) = Z (ELiK) @k ( )21
where the pair (E.;K) is viewed as a morphism @E !; inLg. Let M be the

closed oriented 3-manifold obtained fromS? by surgery alongL. Then K E_
M is a B-colored framed oriented link in M apd

X W
(22) Z(M;K) = Wy, Z(K;L;yiiiiiiyn)s
yimyn2Y o=l
whereY is any basis ofA andw = ,, wyy 2 A is the canonical vector. For
K =, we recover Formula (21). The proof of Formula (22) repeats theproof of

Formula (21) with the obvious changes.

13.4. The link TQFT  j jc. Fix a spherical fusion categoryC over an algebraically
closed eld | such that dim C#60. The results of Section 12 allow us to extend the
TQFT j jc: Cobs ! vect; of Section 9to alink TQFT Lz (¢ ! vect, whereZ (C)
is the center of C. On surfaces and 3-cobordisms with empty links these TQFTs
are equal. In general, the construction follows the same lines as in &#ons 9.3
and 9.4 but involves 3-cobordisms withZ (C)-colored framed oriented links inside.
The resulting link TQFT is also denoted j jc.

Let 0 2 D2 be the center ofD2. For any j 2 Ob(Z (C)), denote by U! the solid
torus D? S! endowed with the j-colored framed oriented knotfOg S! whose
orientation is induced by that of S* and whose framing is constant, i.e., determined
by a non-zero tangent vector ofD? at 0. Clearly, @U = S! S! so that the link
TQFT j jc produces a vector

y =juli;@Uic2 A= st slc
By Muger's theorem (Theorem 10.3), the categoryZ (C) is modular and anomaly
free. We x a ( nite) representative set J of simple objects ofZ (C).

Lemma 13.2. The setY = (yl )i21 isa tg;asis of the vector spacé. The canonical
vector w 2 A expands asw = (dim( Q) *  ,; dim(j)y.

Proof. Consider the framed oriented Hopf link K [ L S® whose components
K, L have framing 0 and linking number 1. EndowK with a colori 2 J . The
de nitions of Section 13.3 applied to the link TQFT j jc yield a | -linear map
Al |;y7'jK;L;yjc2|. We compute the value of this map onyl 2 A forj 2J .
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Since the gluing of D? S! to the exterior E. of L along the homeomorphism
fL:St S'!' @E yields S3, the functoriality of j jc implies that

IKiLsyljc = J((EL;K): @E:)icy!) = iS% Hij o
whereH;; = K [ L is the framed oriented Hopf link whose components;L are
colored with i;j respectively. Formula (20) gives then

iK;L;yljc = (dim( ©) 1FZ(C)(Hi;j ) =(dim( Q) S ;
where [Sij ]ij 20 is the S-matrix of Z(C). By the de nition of a modular category,
this matrix is non-degenerate. Hence the vectorsy ); are linearly independent. By
Lemma 11.3, dimA =dim (¢ (S* S'). By [Tu], dm 7 (S? S')=cardJ.
Therefore dimA = card J and the setY = (y});»; is a basis ofA.

Consider the Z (C)-colored framed oriented link Hij'j =K*[ L* S® obtained
from Hi; by adding a positive twist to the framing of each component. Sincel*
is an unknot with framing 1, the surgery on S® alongL* gives S®. The knot K *
gives after this surgery an unknot in S® with framing 0 and color i. Denote this
unknot by K{. By (20),

jS% Kgic = (dim( Q) *Fz(q(Kg) = (dim( C)) *dim(i):
On the other hand, Formula (22) gives
. X ‘
jS%Koic= WK™ L Y e
p j23
wherew = ;,; W y' with w; 2 | for all j. As above,

KT L™y e = jS%HY je = (dim( Q) *Fz(g(Hf; ) =dim( Q) *vivj Sy ;
where vg 2 | is the twist scalar of k 2 J . Combining these equalities, we obtain
that forall i 2J , X
dim(i) = Wi ViV Si;j .

j23
Since theS-matrix and the twist scalars are invertible, this system of equatiors has
a unique solution. By [Tu], Chapter Il, Formula (3.8.d),
X

dim(i) = (dim( Q) *! dim(j)viv; S;; :
j23
Hencew; = (dim( C)) *dim(j) for all j.
13.5. Proof of Theorem 11.1.  We shall prove that for any Z (C)-colored framed
oriented link K in a closed oriented 3-manifoldM ,
(23) iM;Kjc= z©(M;K):

For K = ;, this gives Theorem 11.1.
PresentM by surgery onS?® along a framed oriented linkL = L[ [ Ly S°.
Pushing K in the exterior E_ of L in S, we can assume thatKk E_. For any

.....

.....

This follows from the de nitions, the functoriality of j jc, and the fact that the
gluing of q4-; Ul* to (EL;K) along the homeomorphismf_: N(S* S')! @E

.....

..........
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Applying (22) to Z = j jc and the basis ofjS'  S%jc given by Lemma 13.2, we
obtain

I
XY dim(jq) |
. ; jc= 7q 1K: angdlessen I N
Milde= _dim(g JKEYEEEY e
jujn2d g=1 |
XY dim(jq)
_ q _ .
= - dim(Q) “Fz(K [ L ny)
jimmin2d o=l dim(C) |
i N 1 Yoo
= (d|m( C)) d|m(J q) FZ (C)(K [ L(jl;iii;j y ))

jivmin2l 0 g=1

z (o (M;K');
where the last equality is the de nition of  ¢)(M;K ) in [Tul].

13.6. Proof of Theorem 11.2.  For a category B, we de ne a categoryGs of 3-
cobordisms with B-colored ribbon graphs inside, see [Tu] for a de nition of colored
ribbon graphs. (Here we consider only ribbon graphs disjoint from he bases of
cobordisms.) The categoryGs is de ned as Lg replacing \framed oriented links"
with \ribbon graphs". The category Gg contains Cob; as a subcategory and is a
symmetric monoidal category in the obvious way. By agraph TQFT we mean a
symmetric monoidal functor Gz ! vect;. In the rest of the argument B = Z (C).

The TQFT 7 (g : Cobs ! vect extends to a graph TQFT G;(¢) ! vect still
denoted 7 (c), see [Tu], Chapter IV. This TQFT is non-degenerate in the following
sense: the vector space; (¢)() associated with any closed oriented surface is
generated by the vectors z (¢)(M; ;; )(1), where M runs over all compact oriented
3-manifolds with Z (C)-colored ribbon graphs inside and with@M= .

The TQFT j jc: Cobs ! vect] also can be extended to a graph TQFT. To do
this, one proceeds similarly to Section 12 by representing the ribborgraphs in a
3-manifold M by diagrams on an s-skeletorP of M. Then one de nes a state sum
on such a diagramd as in Section 12. A typical coupon ofd

where the invariant ¢ of C-colored knotted graphs in S? is extended straightfor-
wardly (by the Penrose calculus) toC-colored ribbon graphs inS2. (In this example
of a coupon,A;B;C;D;E 2 Ob(Z(C), f 2 Homz (A B C ;D E), and
i;j;k;l;m 21 are the colors of the regions ofl in P adjacent to the coupon.) The
resulting state sum is invariant under the moves 1 g (away from the coupons)
and under the moves pushing a coupon over or under a strand or agss an edge
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of P. Therefore the state sum in question yields an isotopy invariant oZ (C)-colored
ribbon graphs in M . The extension ofj jc to G; () proceeds as in Sections 9.3, 9.4,
and 13.4 replacing \framed oriented links" with \ribbon graphs". The resulting
graph TQFT G;(¢) ! vect is still denoted j jc.

We claim that there is a natural monoidal isomorphism of the functors ;) and
J jc from Gz (¢ to vect|. Restricting both functors to Cobs, we obtain the theorem.
Our claim follows from a general criterion establishing isomorphism ofwo TQFTSs,
cf. [Tu], Chapter Ill, Section 3. Namely, if at least one of the TQFTs is non-
degenerate, the values of these TQFTs on cobordisms with emptydses are equal,
and the vector spaces associated by these TQFTs with any closediented surface
have equal dimensions, then these TQFTs are isomorphic. Here by aQFT we
mean a generalized TQFT incorporating graph TQFTs. The rst condition holds
because the graph TQFT 7 is non-degenerate. ThatjM;K jc = 7 (M;K))
for any Z (C)-colored ribbon graph K in a closed oriented 3-manifoldM is proven
along the same lines as Formula (23). The equality of dimensions is prided by
Lemma 11.3. This completes the proof of our claim and of the theorem

14. The coend of the center

The aim of this section is to compute the coend of the center of a fusn category.
This computation will be instrumental in the proof of Lemma 11.3 givenin the next
section. It is based on the theory of Hopf monads, which was introdced precisely
to this end in [BV1, BV2]. We briey recall this theory and state the re levant
results of [BV1, BV2].

14.1. Coends. Let C and D be categories. Adinatural transformation from a
functor F: C* C!D to an object D of D is a family

d=fdx : F(X;X)! Dgx2on(g

of morphisms in D such that dx F(f; idx) = dyF(idy;f) for every morphism
f:X ! Y in C. The composition of such ad with a morphism ' : D ! D%in
D is the dinatural transformation ' d = f' dx:F(X;X)! D%« 20b(c) from
F to D® A coend of F is a pair (C; ) consisting in an objectC of D and a dinat-
ural transformation  from F to C satisfying the following universality condition:
every dinatural transformation d from F to an object of D is the composition of

with a morphism in D and the latter morphism is uniquely determined by d. If
F haﬁ a coend C; ), then it is unique (up to unique isomorphism). One writes
c= ** F (X; X ). For more on coends, see [Mac].

For a left rigid category C (that is, a monoidal category such that every object
X of C has a left dual -X), the formula (X;Y) 7! -X Y denes a functor
C°® C!C . The coend of this functor (if it exists) is called the coend of C.

Consider in more detail the case wher&€ is a fusion category over a commutative
ring |. Let | be a (nite) representative set of simple objects ofC. If D is a
| -category which admits nite direct sums, then any | -linear functor F: C°? C'!
D has a coend C; ). plereC = i3 F@;i)and =1 x :F(X;X)! Cox20n0)
is computed by x = F (o ; px ), where (py ; 0y ) is any | -partition of X . An
arbitrary qy1atural transformation dfrom F to an objectE) of D is the composition
of with ,, di:C! D. Inparticular, Chas acoend ,,,i I.

14.2. Centralizable functors. Let Cbe a left rigid category. A functor T: C ! C
is centralizable if for every object X of C, the functor C°* C ! C carrying any
pair (Y1;Y2)to -T(Y1) X Y, has a coend
z Y 2C
Zt(X) = -T(Y) X Y:
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The correspondenceX 7! Z1(X) extends to a functor Zt: C ! C, called the
centralizer of T, so that the associated universal dinatural transformation

(24) xy -T(Y) X Y!I Z:(X)

is natural in X and dinatural in Y.
For example, if Cis a fusion category ovel , then any | -linear functor T: C ! C
is centralizable, and its centralizerZT,\;I C ! C is given by

(25) Zr(X) = T@) X i

i2l
for all X 2 Ob(C), where | is a representative set of simple objects ofZ. The
associated univers%\! dinatural transformation is

Xy = T(qY) idx Py : T(Y) X Y ! ZT(X),

where (o, ;¢,) is any | -partition of Y.

14.3. Hopf monads. The Hopf monads generalize Hopf algebras to an abstract
categorical setting. We recall the basic de nitions of the theory d Hopf monads
referring to [BV1] for a detailed treatment.

Any category Cgives rise to a category End C) whose objects are functorsC ! C
and whose morphisms are natural transformations of such fundrs. The category
End (C) is a (strict) monoidal category with tensor product being compostion of
functors and unit object being the identity functor 1c: C ! C . A monad on Cis
an algebra in the category End ), that is, a triple ( T; ; ) consisting of a functor
T:C!C and two natural transformations

=f x:T’X)! T(X)Ox200cp and = x:X ! T(X)x20p(0)
called the product and the unit of T, such that for all X 2 Ob(C),

xT(x)= x 7x) and  x tx)=idrx)y= xT(x):
For example, the identity functor 1c: C ! C is a monad onC (with identity as
product and unit), called the trivial monad.

Given amonadT on C, a T-module in Cis a pair (M;r) whereM 2 Ob(C) and
r:T(M)! M is a morphisminCsuchthat rT(r)=r y» andr y =idy. A
morphism from a T-module (M;r) to a T-module (N;s) is a morphismf: M ! N
in Csuch that fr = sT(f ). This de nes the category T- C of T-modules in C, with
composition induced by that in C. We denote byUr the forgetful functor T-C ! C ,
de ned by Ur(M;r)= M and Uy (f) = f. Note that 1c.-C= C.

To de ne Hopf monads, we recall the notion of a comonoidal functo. A functor
F:C ! D between monoidal categories iscomonoidal if it is endowed with a
morphism Fo: F( )! and a natural transformation

Fo=fR(X;Y):F(X  Y)! F(X) F(Y)9xy 2000
which are coass