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INTRODUCTION

In view of studying quantum invariants for maps, Turaev [17] introduced the
notion of a Homotopy quantum field theory (HQFT). Such a theory in dimension n
with target a topological space X consists in associating a vector space V(g) to
any map g: N — X, where N is a closed (n — 1)-manifold, and a linear map
L(f): V(fio_m) = V(fjo,m) to any map f: M — X, where M is a n-cobordism
with OM = 0, M U (—0_M). In particular, this assignment must only depend
on the homotopy classes of the maps and must satisfy that to compose two such
cobordisms amounts composing their associated linear maps. When X is reduced
to a single point, one recovers the notion of a topological quantum field theory, as
described in [1].

Fix a group m. A HQFT with target an Eilenberg-Mac Lane space of type
K(m,1) gives rise to invariants of flat m-bundles. Turaev [18] introduced the notion
of a modular crossed m-category and showed that such a category gives rise to a
3-dimensional homotopy quantum field theory with target space K (m,1). Examples
of m-categories can be constructed from so-called Hopf m-coalgebras (see [18, 19]).

Briefly speaking, a Hopf m-coalgebra is a family H = {H, }acr of algebras (over
a field k) endowed with a comultiplication A = {A, g : Hog — Ho @ Hg}la ger, a
counit € : H; — k, and an antipode S = {S, : Hy, — H,-1}acr which verify some
compatibility conditions. A Hopf m-coalgebra H is quasitriangular (resp. ribbon)
when it is endowed with an R-matrix R = {R, 3 € Hy ® Hg}a ger (resp. an R-
matrix and a twist 0 = {0, € Hy}aer) verifying some axioms which generalize the
classical ones given in [3] (resp. [15]). The case m = 1 is the standard setting of
Hopf algebras.

Recall that Hennings [7, 8] constructed invariants of links and 3-manifolds in
terms of right integrals on certain Hopf algebras. Kauffman and Radford [10]
clarified the relationships between these invariants and Hopf algebras and simplified
Hennings’ construction.
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The purpose of this paper is to generalize Hennings-Kauffman-Radford method
to the setting of HQFT: starting from a ribbon Hopf m-coalgebra, we construct
invariants of principal m-bundles over link complements and over 3-manifolds.

More precisely, from a ribbon Hopf m-coalgebra H = {H,}aenr endowed with
a trace tr = {try, : Hy — k}oer, we give an improved version of the Kauffman-
Radford method of [10] in order to construct an invariant Invg (L, g) of framed
links L endowed with a group homomorphism g : m1(S%\ L) — 7 (called 7-links).
This construction is made by coloring the vertical segments of a generic diagram of
L with 7 via the homomorphism, by decorating the crossings with the R-matrix,
by concentrating this algebraic decoration with the structure morphisms of H,
and then by evaluating the result with the trace. We show that the Reidemeister
moves colored in some sense by 7 report the equivalence of the pairs (L, g), and we
verify the invariance under these moves by using properties of quasitriangular and
ribbon Hopf 7m-coalgebras and of the trace. We give examples of computations (by
using Hopf m-coalgebras constructed from bicharacters of 7) which shows that this
invariant is not trivial.

When a trace constructed from an integral of H is used, the invariant Inv g ¢
can be normalized to an invariant 7y (M, £) of principal 7-bundles £ over 3-manifolds
M (called m-manifolds). This construction is made by presenting M by surgery
along a framed link L, by defining g : 71(S%\ L) — 7 by means of the monodromy
of the m-bundle, and then by normalizing Inv ,»1(L, g). We show that the Kirby
moves colored in some sense by 7 report the equivalence of principal m-bundles over
3-manifolds, and we verify the invariance under these moves by using the properties
of integrals. This invariant is not trivial (we give an example of computation for
some Z/nZ-bundles over lens spaces, starting from the Hopf Z/nZ-coalgebras of
[13]) and coincides with the Hennings-Kauffman-Radford invariant of 3-manifolds
when m = 1.

The paper is organized as follows. In Section 1, we review the main properties of
Hopf m-coalgebras. In Section 2, we construct an invariant of 7-links. In Section 3,
we normalize it to an invariant of m-manifolds. Finally, in Appendix A, detailed
computations using quantum groups are performed.

1. HOPF GROUP-COALGEBRAS

In this section, we review definitions and properties concerning Hopf group-
coalgebras. For a detailed treatment, we refer to [19].

1.1. Hopf m-coalgebras. Following [18], a Hopf m-coalgebra (over k) is a fam-
ily H = {Huy}aer of k-algebras endowed with a family A = {Ay3: Hop —
H, ® Hg}a,per of algebra homomorphisms (the comultiplication) and an algebra
homomorphism e: H; — k (the counit) such that, for all a, 8, € m,

(1.1) (Ao, ®@idp,)Aagy = (Idu, ® Agy)Aasy
and
(1.2) (idHa ® E)Aa71 =idy, = (8 ® idHQ)AI,a,

and with a family S = {S,: Hy — Ha-1}aer of k-linear maps (the antipode) which
verifies that, for all a € ,

(1.3) M (Se-1 ® idHa)Aa—l,a =cly = ma(idHa & Sa—l)Aa7a—l,

where my: Hy, ® H, — H, and 1, € H, denote respectively the multiplication
and unit element of H,.

When m = 1, one recovers the usual notion of a Hopf algebra. In particular
(Hi,m1,1y,A1,1,€,51) is a Hopf algebra.
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Remark that the notion of a Hopf m-coalgebra is not self-dual, and that if H =
{Hu}acr is a Hopf m-coalgebra, then {« € m| H, # 0} is a subgroup of 7.

A Hopf m-coalgebra H = {H, }aer is said to be of finite type if, for all a € ,
H, is finite-dimensional (over k). Note that it does not mean that @,ecrH, is
finite-dimensional (unless H, = 0 for all but a finite number of a € ).

The antipode of a Hopf m-coalgebra H = {H, }ner is anti-multiplicative: each
Seo: Hy, — H,-1 is an anti-homomorphism of algebras, and anti-comultiplicative:
eS1 = € and Ag-1 4-15.5 = OH, 1 ,Hy (So ® Sp)Aq,p for any «, 8 € , see [19,
Lemma 1.1].

The antipode S = {Sa}aecr of H = {Hy}aer is said to be bijective if each S,
is bijective. As for Hopf algebras, the antipode of a finite type Hopf 7-coalgebra is
always bijective (see [19, Corollary 3.7(a)]).

We extend the Sweedler notation for a comultiplication to the setting of a Hopf
m-coalgebra H = {H,}qaer in the following way: for any a,5 € m and h € Hag,
we write A, g(h) = Z(h) h(1,0) ® ha,3) € Ho ® Hp, or shortly, if we leave the
summation implicit, Ay 5(h) = h(1,q) ® h(2,3). The coassociativity of A gives that,
for any o, 8,7 € m and h € Hagy,

h1,a8)(1,0) © h(1,08)(2,8) @ h2,y) = M(1,0) @ hi2,84)(1,8) @ h2,8v)(2,7)-

This element of H, ® Hz ® H is written as h( o) ® h2 3) ® h(s,,). By iterating
the procedure, we define inductively h(1,4,) @ -+ @ Iy q,,) for any h € Hq,..q,, -

1.2. m-integrals. Let us recall that a left (resp. right) integral for a Hopf algebra
(A,A,g,5) is an element A € A such that zA = e(x)A (resp. Az = e(x)A) for all
x € A. A left (resp. right) integral for the dual Hopf algebra A* is a k-linear form
A € A* verifying (idg ® A\)A(z) = A(z)1a (resp. (A ®ida)A(z) = A(z)14) for all
x € A.

By a left (resp. right) m-integral for a Hopf m-coalgebra H = {H, }acr, we shall
mean a family of k-linear forms A = (A\y)aer € HaerH such that

(1.4) (idm, ® Ag)Aa,5(x) = Aap(®)la  (resp. (Ao ®@idm,)Aa,p() = Aap(2)1s)

for all a, 8 € m and z € Hqp.

Note that A1 is a usual left (resp. right) integral for the Hopf algebra H7.

A 7-integral A = (Aq)aer is said to be non-zero if Ag # 0 for some [ € 7. Note
that a non-zero m-integral A = (A, )aer verifies that A, # 0 for all a € 7 such that
H, # 0 (and in particular A; # 0).

It is known that the space of left (resp. right) integrals for a finite-dimensional
Hopf algebra is one-dimensional. In the setting of Hopf m-coalgebras, we also have
that the space of left (resp. right) m-integrals for a finite type Hopf m-coalgebra is
one-dimensional (even when 7 is infinite), see [19, Theorem 3.6].

1.3. Crossed Hopf w-coalgebras. The notion of a crossing for a Hopf m-coalgebra
is needed to define the quasitriangularity of a Hopf m-coalgebra (see [18, 19]). A
Hopf m-coalgebra H = {Hy }acr is said to be crossed if it is endowed with a family
¢ = {pp: Hyo — Hgap-1}a,per of algebra isomorphisms (the crossing) such that
each ¢g preserves the comultiplication and the counit and ¢ is multiplicative, that
is, for all «, B,y € 7,

(1.5) ((pﬁ X @B)Aa,'y = Aﬁaﬁ—17ﬂyﬂ—lg0ﬂ;
(1.6) Epg = ¢€;
(17) Pap = PaPs-

One easily verifies that a crossing preserves the antipode, that is, ¢3S, =
Sgap-1¢p for all a, B € .
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A particular class of crossed Hopf 7-coalgebras is that of Hopf 7-coalgebras with
m abelian: if 7 is an abelian group, then a Hopf m-coalgebra H = {H, }acr is always
crossed (e.g., by taking g|p, =idg,).

From the uniqueness of m-integrals, we have that if H = {H,}aer be a finite
type crossed Hopf m-coalgebra with crossing . Then there exists a unique group
homomorphism @ : 7 — k* such that if A = (A )aer is a left or right 7-integral for
H, then Agap-193 = @(B)Aq for all o, 8 € 7.

1.4. Quasitriangular Hopf n-coalgebras. Following [18, §11.3], a quasitriangu-
lar Hopf m-coalgebra is a crossed Hopf w-coalgebra H = {H,}acr endowed with
a family R = {Rn, 3 € Hy @ Hg}a ger of invertible elements (the R-matriz) such
that:

(1.8) Rap+Dap(T) = 0p,a(pa—1 ®idu,)Aspa—1,0(2) - Ra,p;

(1.9) (idu, ® Apy)(Ra,py) = (Ray)183 - (Ra,p)12+

(1.10) (Aa,p ®1dp, ) (Rapy) = [(dr, ® pa-1)(Ra,pys-1)]13 - (Rg,y)a23;
(1.11) (08 ® 9p)(Ra,y) = Rgap-1,v5-1

forall o, B,y € mand x € Hang, where o, denotes the flip map Hg®H, — H,®Hg
and, for k-spaces P,Q andr =3, p;®q; € PRQ, weset 112y, =r®1, € PRQ®H,,
Ta2s =1a @1 € Hy ® P® Q, and 73 :ijj@)lg@qj €PRHz®Q

Note that Ry is a (classical) R-matrix for the Hopf algebra Hj.

When 7 is abelian and ¢ is trivial (that is, ¢g|m, = idg, for all @, 3 € ), one
recovers the definition of a quasitriangular 7-colored Hopf algebra given by Ohtsuki
in [13).

Notation. In the proofs, when we write a component R, g of an R-matrix as
Rap = aa ® bg, it is to signify that R g = >°;a; ® b; for some a; € H, and
b; € Hg, where j runs over a finite set of indices.

The main properties of quasitriangular Hopf algebras are still true in the setting
of quasitriangular Hopf 7-coalgebras, see [19]. In particular, if H = {Hs }oer IS @
quasitriangular Hopf m-coalgebra then, for any «, 8,7 € 7,

( ) (5 ® idHu)(Rl,a) =1, = (idHa ®5)(Ra’1);

(1.13) Sa-10a ®idu,)(Ra-1,5) = Ry and (idg, © Sp)(R, ) = Rag-1;
(L14)  (Sa®5p)(Ra,p) = (v @idg, ;) (Ra-1,-1);

(1.15) (Rpy)a2s - (Raq)1p3 + (Ra,p)12y

= (Rap)izy - [(idm, ® pg-1)(Ra,pys-1)]183 - (Rp~)a2s-

1.5. The Drinfeld elements. Let H = {H, }oex be a quasitriangular Hopf 7-coal-
gebra. The Drinfeld elements of H are defined by

Uq = ma(Sa—1§0a ® idHa)Ja,a—l(Ra7a—1) € H,.
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Note that u; is the Drinfeld element of the quasitriangular Hopf algebra Hy (see [4]).
For all a, 8 € m and = € H,, we have that

1.16) ug, is invertible and u_' = m,(idy, ® Sa-150)00,0(Ra,a);
) Sa-1Sa(pa(®)) = uaruy*;
) The antipode of H is bijective;
) p(ta) = ugag—1;
1.20)  Sp-1(tg-1)Ue = UqSq-1(uq-1) and this element, noted ¢, verifies
) C(x(pofl(x) = @a(aj)ca;
) Aapuas) = 0p,a(idr, @ 0a)(Rpa) - Rapl ™ - (ua ® up)
= (ua ® up) - [05,0(0p-1 @idm, ) (Rp,a) - (Pa-1 ® pp-1)(Ra,p)]
(1.23) e(uy) =1.
1.6. Ribbon Hopf 7-coalgebras. Following [18, §11.4], a quasitriangular Hopf
m-coalgebra H = {Hy}aer is said to be ribbon if it is endowed with a family

0 = {0, € Hy}aer of invertible elements (the twist) such that, for all a, 8 € 7 and
r € H,,

(1.24) vol(z) = 0 20,;

(1.25) Sa(0s) = 04-1;

(1.26) pp(0a) = Opap-1;

(1.27) Aa,p(0ap) = (0a ®05) - 0p,a((Pa-1 ®idu, ) (Raga-1,a)) - Ra,p-

Note that 6y is a (classical) twist of the quasitriangular Hopf algebra H; and
that p,-1(x) = 0,20, for all o € 7 and = € H,.

1.7. The spherical m-grouplike element. Let H = {H,}ner be a ribbon Hopf
m-coalgebra. For any a € 7, set

Gy =0,uy = unb, € H,.

Then G = (Ga)acr is a w-grouplike element, called the spherical w-grouplike ele-
ment of H. It verifies that, for all o, 5 € w and z € Hy,

(1.28) ©8(Ga) = Gpap-1;

(1.29) Sa(Ga) = G L;

(1.30) Salua) = G iue—1G 15
(1.31) S,p-184(x) = GozGy .

1.8. m-traces. A Hopf m-coalgebra H = {H, }qer is said to be unimodular if the
Hopf algebra Hy is unimodular (it means that the spaces of left and right integrals
for Hy coincide). If H; is finite-dimensional, then H is unimodular if and only if
v = ¢, where v is the distinguished grouplike element of Hy.

Let H = {Hy }aer be a crossed Hopf m-coalgebra. A w-trace for H is a family of
k-linear forms tr = (try)aenr € HaerHY such that, for any «, 5 € 7 and z,y € H,,

(1.32) tra(zy) = tra(yz);
(1.33) tro-1(Sa(2)) = tro(z);
(1.34) trgag-1(ps(x)) = tra(z).

Note that tr; is a (usual) trace for the Hopf algebra H;, invariant under the
action ¢ of .



6 ALEXIS VIRELIZIER

In the next lemma, generalizing [8, Proposition 4.2], we give a characterization
of the m-traces.

Lemma 1.1. Let H = {H, }acr be a finite type unimodular ribbon Hopf m-coalgebra
with crossing ¢. Let A = (A\g)aex be a non-zero right w-integral for H, G = (G4)aexr
be the spherical w-grouplike element of H, and @ be as in Section 1.8. Let tr =
(tra)w@r € lperHE. Then tr is a m-trace for H if and only if there exists a family

= (2a)acr € UoerHey satisfying, for all o, 5 € ,

(a) tro(z) = Aa(Gazax) for all x € Hy;

(b) zq is central in Hy;

(€) Salza) = @(a) " 2015

(d) »s(za) = 2(B)2gap-1-

In the setting of Lemma 1.1, constructing a m-trace from a right m-integral \ =
(Aa)aer reduces to finding a family z = (z4)aer Which satisfies Conditions (b)-(d)
of Lemma 1.1. Let us give two possible choices of the family z.

Let A be a left integral for Hy such that A;(A) = 1. Set 21 = A and z, = 0 if
a # 1. This family 2z = (24)aer verifies Conditions (b)-(d) since H is unimodular
(and so A is central and S1(A) = A). The w-trace obtained is given by tr; = ¢ and
tro = 01if a # 1.

If the homomorphism @ is trivial (that is, (a) = 1 for all « € 7), then another
possible choice is z, = 1,. In the two next lemmas, we give sufficient conditions
for the homomorphism @ to be trivial.

We conclude with the following theorem, which follows directly from Lemma 1.1
(by choosing z, = 1, for all « € 7).

Theorem 1.2. Let H = {Hy}oen be a finite type unimodular ribbon Hopf m-coal-
gebra with crossing ¢ and twist 0 = {0 tacr. Let A = (Aa)aer be a right m-integral
for H and G = (Gu)acr be the spherical m-grouplike element of H. Suppose that
A1(01) # 0 or that wglg, = idy, for all B € w. Then tr = (tr)acs, defined by
tro(x) = Ao (Goz) for all o € m and x € Hy, is a w-trace for H.

1.9. Examples of Hopf m-coalgebras.

Ezxample 1.3. Let m be a group and ¢ : m X m — k* be a bicharacter of 7, that is,
verifying c(a, 8v) = c(a, B)c(a, ) and c(af,y) = c(a,v)c(B, ) for all o, 8, € .

Consider the crossed Hopf algebra k¢ defined as follows: for any «,8 € m,
set k& = k (as algebra), Ay g(lk) = 1k ® 1k, €(lk) = 1k, So(lk) = 1k and
¢3(1k) = 1k. Then it is a ribbon Hopf m-coalgebra with R-matrix and twist given
by Rap = c(o,f) 1k ® 1x and 6, = c(a,«). The Drinfeld elements of k° are
o = c(a, )1, Moreover k¢ is finite dimensional and unimodular and (idy)aexr
is a two-sided m-integral and a w-trace for k¢. This Hopf m-coalgebra is used in
Section 2.7.

Example 1.4. Recall that, when 7 is an abelian group, a ribbon Hopf 7-coalgebra
with trivial crossing is a ribbon 7-colored Hopf algebra in the sense of [13]. Following
[14], we give an example of a ribbon Hopf (+Z)/Z-coalgebra, where N is a fixed
positive integer, which is derived from finite dimensional quotients of Uy (sls).

Fix an integer r > 2. Set t = exp(;—’;) and ¢ = t? = exp(i—”) For any =z € R, ¢*
will denote the scalar exp(“”‘). In particular, ¢° = t** = exp(”"). Note that if
2’ =z mod 4r, then t* = t*.

For each o € (£Z)/Z, let A, be the associative algebra over C with generators

aﬁ, e, and f, subject to the following relations:

1 1 1 1 . 1 2_,472
a¥e=q¥ea®, a¥f=gq ¥ fa¥, ef - fe= 2ol
e’ :0’ fr :0’ a47“ :t—4ro¢.
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The family A = {A,}aer is a Hopf (%Z)/Z—coalgebra by setting:

Aopla¥)=a¥ ®a¥, Aggle)=e@al+a®e, Agp(f)=f@al+a®f,
e(a) =1, e(e) =0, «(f) =0,
Sa(a™) =a"¥, Sale) =—q¢""e, Sa(f)=—af.
We endow A with the trivial crossing, that is, ¢g|a, = ida,. The crossed Hopf
(%7)/Z-coalgebra A = {Aatae(1z)/z is ribbon with R-matrix

1 (q — qil)n — a)n — a—n)—n en k— n,— o
Rap=—% % 4l (1+a)n+ (k=) (Ha=n)=n n k=5 g gng—(+)
n=0k,leZ/4r7

and twist 0, = a>""Yu_ !, where the u, are the Drinfeld elements of A. Here
[n] = L=2" [n]! = [n][n — 1] ---[1], and [0]! = 1.

q—q~ '
Some results concerning this Hopf (+;Z)/Z-coalgebra (used in Example 3.4) are

established in Appendix A.

2. INVARIANTS OF 7-LINKS

In this section, we generalize the Kauffman-Radford method to construct HKR-
type invariants of framed links endowed with a morphism from their fundamental
group to m, by using a ribbon Hopf 7-coalgebra.

2.1. 7-links. Following [18], a 7-link in S is a triple (L, 2z, g) where L is a framed
link in S, 2 € $3\ L (the base point), and g : m (S \ L,2) — 7 is a group
homomorphism. Recall that a link L = L; U---U L,, is framed if each of its
components L; is provided with a longitude L;C S3 \ L which goes very closely
along L; (or equivalently with an integer n;, called framing number, which is related
to L; by n; = lk(zi, L;) where a parallel orientation for L; and L; is chosen). The
framing of a framed link L will be denoted by L=LiU---ULyp,.

Two 7-links (L, z,¢9) and (L', 2',¢") are said to be equivalent if there exists an
orientation-preserving homeomorphism h : $3 — 3 such that h(L) = L', h(L) =
L', h(z) =2, and ¢’ o hy = g where hy : 71 (S3\ L, z) — m (S3\ L', ') is the group
isomorphism induced by A in homotopy.

2.2. m-colored link diagrams. By a generic diagram of a framed link we shall
mean a diagram of the link, arranged with respect to a vertical direction and with
blackboard framing, such that the only critical points of the height function are
crossings and extrema and the height function is non-degenerate in all extremal
points (i.e., in a neighborhood of any extremal point, the diagram looks like a cap
or a cup). The segments of a generic diagram delimited by extremal points and
under-crossings are called the vertical segments of the diagram.

A 7-colored link diagram is a generic diagram of a framed link such that each
of its vertical segments is provided with an element of m, called the color of the
vertical segment, in such a way that for crossings and extrema the colors are related
as in Figure 1.

afal  « af

XX e Yy

o g

FIGURE 1
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Two m-colored link diagrams are said to be equivalent if one can be obtained from

the other by a finite sequence of isotopies (in the class of generic link diagrams)
which preserve the colors of the vertical segments and of moves of Figure 2.

N Y
fo- NN Nk‘/\ Hevp- /<N ‘N>\

«@ a B apf o B

3T e U XU

a B v a By

c]

~

ST

a o« «@
FI1GURE 2. Equivalence moves for m-colored link diagrams

Note that m-colored link diagrams can be associated to a w-link (L, z, g) by the
following procedure: regularly project the framed link L onto a plane from the base
point, i.e., consider a generic diagram of L such that the base point z corresponds
to the eyes of the reader. Color then the vertical segments in the following way:
a vertical segment is colored by a = ¢([u]) € ® where p represents a loop that,
starting from the base point z (the eyes of the reader) above the diagram, goes
straight to the segment, encircles it from left to right (i.e., in such a way that its
linking number with the segment oriented downwards is 1), and returns immediately
to the base point as shown in Figure 3.

L
e

F1cURrE 3. Coloration of diagrams of 7-links

Reciprocally, using the Wirtinger presentation of knot groups (see, e.g., [12]),
one easily verifies that a m-colored link diagram determines (up to equivalence)
an unique w-link. Moreover the operations defining the equivalence of 7-colored
link diagrams can be realized by an ambient isotopy and thus by an equivalence
between the w-links they determine. Hence equivalent m-colored link diagrams
define equivalent m-links. We show in the next lemma that the converse is also
true.

Lemma 2.1. Two w-links are equivalent if and only if all their m-colored link
diagrams are equivalent.

Proof. Let us first verify that two m-colored diagrams D and D’ of a same 7-link
(L, z,g) are equivalent. Let p and p’ be two directed projections which leads to
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D and D’ respectively. Think of the set of directed projection as points on a unit
sphere S? C 83, centered in the base point z, endowed with the induced topology.
A standard argument (general position) shows that singular projections (those that
not lead to generic diagrams) are represented on S? by a finite number of curves
(see [2]). Then choose on S? a path s from p to p’ in general position with respect to
the curves of singular projections. When such a curve is crossed, the m-colored link
diagram will be changed by a move I, ..., V,, depending on the type of singularity
corresponding to the singular curve that is, crossed. Moreover parts of s between
the singular curves correspond to isotopies (in the class of generic link diagrams)
which preserve the colors of the vertical segments.

It remains to show that for a fixed projection, the m-colored diagrams obtained
from two equivalent w-links are equivalent. Let (L,z,g) and (L', 2’,¢’) be two
equivalent m-links and fix a directed projection onto a plane P which leads to
generic diagrams of L and L. Since (L, z,g) and (L',z',¢') are equivalent, there
exists an orientation-preserving homeomorphism h : §% — S3 such that h(L) = L/,
h(L) = L', h(z) = 2/, and ¢’ o h, = g. Since h is an orientation-preserving home-
omorphism of $3, it is isotopic to the identity, i.e., there exists a family (he)tejo,
of homeomorphisms of S? such that hg = idgs and h; = h. By translating the
plane P (with respect to the direction of the projection), we can assume that all
the hi(z) remains in the same half-space delimited by P and, by general position
argument, we can suppose that the projection onto P of the framed link h:(L) is a
generic diagram for all but a finite number of ¢ € [0, 1] which correspond to Reide-
meister moves for framed links. Using this finite sequence of transformations and
the coloring homomorphisms g o (h; ). : w1 (hi(L), hi(2)) — 7, one easily deduces
that the m-colored diagrams obtained by projecting (L, z, g) and (L', 2, g) onto P
are equivalent. O

2.3. w-links compatible with a crossed Hopf 7-coalgebra. Let H = {H, }oen
be a crossed Hopf m-coalgebra with crossing ¢. A z-link (L, z,g) is said to be
compatible with H or, shortly, H-compatible if, for any component C of L, for any
path 7 : [0,1] — S3\ L connecting the base point z € S*\ L to a point y(1) € C,
and for any orientation v of C , the following conditions are satisfied:

(2.1)  g(X(5,)) belongs to the center Z(m) of ;

(2.2) Pg(Ay,))|Hs = idHﬂ for all B € ;

where A\(,,) = [7_15'7] € m(S%\ L, 2) is the homotopy class of the loop 7 1Cy
(here the oriented circle C is viewed as a loop based on the point y(1)).

Lemma 2.2. Let H = {H,}aer be a crossed Hopf m-coalgebra and (L, z,g) be a
w-link.

(a) If, for any component C of L, there exist a path~ : [0,1] — S®\ L connecting
the base point z € S\ L to a point v(1) € C and an orientation v of C
such that (2.1) and (2.2) hold, then (L, z,g) is H-compatible.

(b) If (L, z,9) is H-compatible and if p is a homeomorphism of S (preserv-
ing or reversing the orientation), then the w-link (p(L),p(2),g o p;1) is
H-compatible. In particular H-compatibility is preserved under equivalence
of w-links.

(¢c) (L,z,g) is H-compatible if and only if it is H°P-compatible, where HP is
the crossed Hopf m-coalgebra coopposite to H.

Proof. Let us show Part (a). Suppose first that the opposite orientation —v for C is

~1 —1
chosen. Then A¢; ) = A[ ) and s0 A¢;,—y) € Z(m) and pga, ) = Parirn)

id. Suppose secondly that 4’ is another path in S3 \ L connecting the base point z
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to C. Then there exists a loop £ in $3\ L based on z such that 4’ is homotopic to
v in (S*\ L,z). Set £ = [(] € m(S®\ L,z). We have that A(,/ ) = Y ~lCy) =
(61 710y) = €7 M\ )€ and so

g(A(”//ﬂ/)) = 9(571)‘(’7,1/)6) = g(&)il g()‘(’y,u)) g(g) = g(f)il g(f) g()‘(’y,u)) = g()‘(’y,u))'

Hence g(A(y1)) € Z(m) and @45, ) = Pg(r(,..y) = id.
To show Part (b), fix a component C' of L. Let v : [0,1] — S®\ L be a path

o~ —

connecting the base point p(z) € S\ p(L) to a point (1) € p(C) = p(C) and v be
an orientation of p(C'). Then

Ay = (O = pilo ' (NP ] = N0, p-2(0))):

where p~!(v) is the orientation of C induced by p~! from the orientation v of p(é)
Therefore we have that (g0 p; ) (A(y.)) = 9(A(p-1(y),p-1(»)))- Hence (2.1) and (2.2)
are satisfied since (L, z, g) is H-compatible.

Part (c) follows directly from the fact that ap(;o‘%;w = PalH, foralla,fen. O

2.4. Invariants of n-links. Fix aribbon Hopf w-coalgebra H = ({H,}, A, €,5, ¢, R, 0)
with bijective antipode, endowed with a m-trace tr = (try)acr. We now give a
method to define an invariant of H-compatible 7-links, which generalizes that of
Kauffman-Radford [10] for computing Hennings’ invariants.

Let (L=LyU---U Ly, z,9) be a H-compatible 7-link.

(A). Present the 7-link (L, z,g) by a m-colored link diagram (as explained in
Section 2.2).

(B). Each crossing of the m-colored link diagram is decorated with elements
of the Hopf m-coalgebra H = {H,}aer and with discs labelled by elements of 7
(which represent the action of ¢) as shown in Figure 4, where R, g = ao ® bg and
Rg-1, = cg-1 ® do. Recall that it is implicit in this formalism that there is a
summation over all the pairs ao, b and Sg-1(cg-1), do. The diagram obtained
after this step is called the flat diagram of L. Note that the flat diagram of L is
composed by m closed plane curves (possibly endowed with labelled discs), each
of them arising from a component of L. These closed plane curves are called the
components of the flat diagram of L. The component of the flat diagram of L
arising from the component L; of L is called the flat diagram of L;. The algebraic
decoration of the flat diagram of L consists in the points decorated by elements of

H.
« \ﬁ y (y/ 15} i ' :

FIGURE 4. Algebraization of a m-colored link diagram

(C). On each component of the flat diagram of L, the algebraic decoration is
concentrated in a point other than extrema and labelled discs, according to the
rules of Figure 5, where o, § € 7 and a,b € H,,.



HKR-TYPE INVARIANTS OF FLAT BUNDLES OVER 3-MANIFOLDS 11

oY Uk S e o

FIGURE 5. Rules for concentrating the algebraic decoration

In that way we get elements vy € Hy,,...,0m € Hy,:

Um,
e Qm
U1 U2
(€3]
aq

Note that v; = 1,, if the flat diagram of L, is free of algebraic decoration.

(D). For 1 < i < m, let d; be the Whitney degree of the flat diagram of L;
obtained by traversing it upwards from the vertical segment where the algebraic
decoration have been concentrated. The Whitney degree is the total turn of the
tangent vector to the curve when one traverses it in the given direction. For exam-

ple:

(2.3) Invig (L, 2,9) = tra, (Gil1 vy tram(Gi’;Um),

Finally set

where G = (G4 )aer i the spherical m-grouplike element of H.
Recall that H-compatibility is preserved under equivalence of m-links.

Theorem 2.3. Let H = {H,}aer be a ribbon Hopf m-coalgebra endowed with a
m-trace tr = (tro)aer- Then Inviy vy is an invariant of H-compatible T-links.

The theorem is proven in the next subsection.

This invariant is not trivial (we give explicit computations in Examples 2.7
and 2.8).

When 7 = 1, Inv{g ¢} equals the Hennings’ invariant of framed links (in the
Kauffman-Radford formulation of [10]) calculated from the ribbon Hopf algebra
H{? (endowed with the R-matrix Ry and the twist 6; ') and the trace try.

2.5. Proof of Theorem 2.3. We first remark that, when concentrating the alge-

braic decoration as explained in Step (B), we can identify the curls, in a compatible
way with normalization of the invariant by the Whitney degree, as in Figure 6.

Peb g

FIGURE 6. Identification of the curls
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Indeed, since S,-15,(7) = GoxG! for all a € 7 and x € H,, the identification is
justified by:

Sa-154(x)
Guc
T
T = GoxGl = Sq1S.(z) = = T
G—l
«a «a «a @ «a

Moreover, since o3 = Yas, ¥1lH. = idH,, Y35« = Sgas-198, and an ele-
ment a € H, is replaced by ¢g(a) (resp. pg-1(a)) when it crosses upwards (resp.
downwards) a disc labelled by 3 (see Figure 5), the labelled discs can be moved,
gathered, or collapsed as in Figure 7.

Kb R b
P e &

F1GURE 7. Rules for concentrating labelled discs

To demonstrate Theorem 2.3, we have to show that:

(i) for a given m-colored diagram of a 7-link, the scalar obtained by performing
Steps (B), (C), and (D) is well-defined (that is, independent of the manner
of applying the these steps);

(ii) the scalar Invg (L, 2, g) does not depend on the choice of a 7-colored
diagram for the 7-link (L, z, g);
(iii) two equivalent m-links give rise to the same scalar.

Proof of (i). Consider a m-colored diagram of a w-link (L = U, L;, z, g) and apply
Step (B) (note that there is only one way to apply it). Recall that the obtained
diagram is called the flat diagram of L. Fix 1 < ¢ < m and choose a point p; on
the flat diagram of L; other than extrema, labelled discs, and points decorated by
algebraic elements. Denote by «; the color of the (vertical) segment of p; and by
d; the Whitney degree of the flat diagram of L; obtained by traversing it upwards
from p,. Let v; € H,, be a result of concentrating the algebraic decoration on
pi- We have to verify that the scalar tro,(G% v;) is independent of the manner of
concentrating the algebraic decoration on the point p; and that it does not depend
on the choice of the point p;.

To show that the scalar tr,, (Gi v;) is independent of the manner of concentrat-
ing the algebraic decoration on the point p;, we choose another point ¢; on the
flat diagram of L; (other than extrema, labelled discs, and points decorated by
algebraic elements). The couple of points (p;, ¢;) divides the flat diagram of L; into
two arcs. Following the rules of Figure 5 and since the Hg are associative, the (g
are isomorphisms of algebras, and the Sg are anti-isomorphisms of algebras, there
is a unique manner to concentrate the algebraic decoration of each arc on a point
located just above p; (resp. below p;). We denote by t(g;) € Hq, (resp. b(q;) € Hy,)
the result of these concentrations, see Figure 8.

To show that the scalar trq, (G% v;) is independent of the manner of concentrat-
ing the algebraic decoration on the point p; amounts then to verify that tra, (G% v(q;))
does not depend on the choice of the point g;, where v(g;) = t(¢;)b(g;)-
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FIGURE 8

If ¢; moves through an arc of the flat diagram for L; which does not contain
any algebraic decoration, then ¢(g;) and b(g;) clearly remain unchanged and thus
tra, (G4 v(g;)) also.

Suppose that ¢; goes through a point decorated by some element a € Hs (for
some ¢ € 7). Consider two points ¢; and ¢; located respectively above and below
the point decorated by a (see Figure 9). Let A (resp. A’) be the arc of the flat
diagram of L; delimited by ¢; and p; (resp. ¢; and p;) which does not contain the
point ¢} (resp. ¢;). As above there is an unique manner to concentrate the algebraic
decoration of the arcs A and A’ on two points located just above and below p;
(see Figure 9). Moreover, using the rules of Figure 7, there is an unique way to
collapse the labelled discs of the arc A (resp. A’) into a unique labelled disc located
above g; (resp. below ¢;). Denote by o € 7 (resp. o € 7) the label of this disc (see
Figure 9).

FIGURE 9

Lemma 2.4. ¢ -1 = @q.

Proof. Consider the initial flat diagram of L; (i.e., the one obtained just after
applying Step (B)) and traverse it downwards from ¢;. Starting with v =1 € m,
each time a disc labelled by some 3 € 7 is encountered, replace v by v3Y, where
v =1 (resp. v = —1) if the labelled disc is traversed downwards (resp. upwards).
By this procedure, after a complete turn around the flat diagram of L;, we obtain
an element Yenq € . Now each labelled disc of the flat diagram for L; comes
from a crossing of the diagram of L, see Step (B). Thus v <« 0 results from the
situation depicted in Figure 10(a) and v « 37! results from the situation depicted
in Figure 10(b). Therefore (recall that L is arranged with blackboard framing) the
result Yenq is the image under g of the (homotopy) longitude L; (which is here
oriented downwards from ¢;). Since the n-link (L, z, g) is H-compatible, we have
that Yena € Z(7) and ¢, = id. Moreover the steps v « 3 and v « 3!
are clearly compatible with the rules of Figure 7 and so yena = @’a. Therefore

@;,1,1%0a = Po'Pa = Para = Pryepa = id. Hence Pol-1 = Pa- O

Finally there is two cases to consider: the algebraic decoration concentrated just
above p; can arise from either the arc A or the arc A’, see Figure 11.

In Case I, there exists k € Z (resp. | € Z) such that k + 3 (vesp. [ + 1) is the
Whitney degree of the arc A oriented upwards from ¢; (resp. the arc A’ oriented
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K X
(a)

KX X
(b)

¢ t(q))

¢ b(q:)

[e%)

A
Case II

FIGURE 11

downwards from ¢}), that is, half of the number of half-turns of the tangent vector to
the curve as one traverses it in the given direction (with the sign convention ~n= +1
and .= —1). In this setting we have that d; = —(k+ 1)+ (I+ 3) = —k+ 1. Then,
using (1.31) and Lemma 2.4, we obtain

(2.4) t(4;) = (S4-150,)" S, -1 (pal@))t(ai) = G5, S, -1 (pa(a))GLF - t(g:)
and
(25)  b(@) = (@) (S0 150)' Sy 1 (Par1(a) = b(g))GL, S, 1 (Pala) Gl
Therefore
tra, (Gaiv(a) = tra, (G2 t(a))b(a))
= tral(Gd G, S, (pala)Golt(a)b(ai) by (2.4)
(GL, S (9al@) G5 G 4(q)blq]))  since d; = —k +1
(
(Ga
(Ga

= try,

i

G H(a0)b(a))Ge, S, -1 (pa(a)GLl) by (1.32)
1t(gi)b(g:)) by (2.5)
1 0(4i))-

In Case II, there exists k € Z (resp. [ € Z) such that k (resp. [) is the Whitney
degree of the arc A oriented upwards from g; (resp. A’ oriented downwards from
q}). Then d; = k — [ and, using (1.31) and Lemma 2.4, we obtain that

(2.6) t(4i) = (S,-150,) (par-1(a))t(d}) = Go, a(a)Got(4))

= tr,,

7

= try,

i

= try,
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and
(2.7) b(g;) = b(a:)(Sy-18a,)" (va(a)) = b(4i) G, pa(a)GLF.
Therefore

tra, (Gill v (q: )) = try,

tro,

i

Gait(g))b(q;))
Gait(g)b(g:) Gl pala)GLF) by (2.7)
Ga,pa(@)GLFGEH(g)b(g:)) by (1.32)
G Gaala)GLit(g)b(ar))  since d; =k —1
G%t(q:)b(g;)) by (2.4)
Giﬂ”(%))

In every case, we get that tra, (GZ v(q])) = tra, (G%v(g;)). The scalar trq, (G v;)
is hence independent of the manner of concentrating the algebraic decoration on
Pi-

Let us show that trai(ngi v;) does not depend on the choice of the point p;.

Firstly, if we move p; across an extremum, then the color «; is replaced by a; L

the element v; is replaced by S%. (v;), where v = 41 if we move the point p; across

tra.,

i

try,

i

tro,

i

~ Y~ Y~

= tro,;

a maximum from left to right or across a minimum from right to left and v = —1
otherwise, and the Whitney degree d; is replaced by —d;. Now

tr, 1 (G S8 (0i) = tr, (S5 (GE)SE (v:) by (1.29)
1 o (SE (G))
= tIa,(v;G%) by (1.33)
= tro,(G%v;) by (1.32).

Thus tre, (G% v;) remains unchanged by moving p; across an extremum.

Secondly, if we move p; through a disc labelled by 3, then the color «; is replaced
by 8Y«;37", where v = +1 (resp. v = —1) if we move the point p; upwards (resp.
downwards) through the labelled disc, the element v; is replaced by ¢gv (v;), and
the Whitney degree d; remains unchanged. Now

Tavays-v (Ghg gv e (V) = trpva,sv(ppr (Ga)ppr (vi))
v, (Por (G vi))
= tra,(G%v;) by (1.34).

Therefore try, (Giiivi) remains unchanged by moving p; through a labelled disc.
The scalar tro, (G% v;) is hence independent of the choice of the point p; on the flat
diagram of L;.

Proof of (ii) and (iii). By Lemma 2.1, it suffices to verify that if we apply
Steps (B), (C), and (D) to two equivalent m-colored link diagrams (which represent
H-compatible 7-links), then we get the same scalar. Recall that two m-colored link
diagrams are equivalent if one can be obtained from the other by a finite sequence
of isotopies which preserve the colors of the vertical segments and of moves 1,-V,,
of Figure 2.

It is straightforward that Inv g s remains unchanged under isotopies (in the
class of generic link diagrams) which preserve the colors of the vertical segments
and under the move 1.
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To show the invariance under the move II, g, write Ro 3 = mo ® ng and
Ro-1 0801 =Ta—1 @laga—1. We have that

Sa—l(ra—l)ma X @a—l(taga—l)ng
= (Safl ® idHﬂ)(idH(rl ® ‘Pa*l)(Rafl,aBafl) Ra
= (S ®idHﬁ)<90a ® idHﬁ)(Ra”,ﬁ) ‘Rap by (1.11)
= R 4, -Ra.p by (113)

1o ® 15.

Therefore:
)’

aBat <

Y

Here the symbol “=" means that the flat diagrams are related by a finite sequence
of isotopies (in the class of generic flat diagrams) and of moves of Figures 5, 6,
and 7. The invariance under the first equivalence of Il, g is then verified. For the
second one, this can be done similarly.

To show the invariance under the move IIl, g, write Ry 3 = aq @ bg, Rg, =
mg ® ny, and Ry = 7o ®ty. By (1.11), we have that R,50-1 0va-1 = (Yo ®
¢a)(Rpn) = Pa(mp) ® pa(ny). Then:

aByfla
\ @D

a/\/ail Pa (mﬂ) Pa (n’Y)
afBa! \ > @ .
\ @ Ta /
o bﬁ
a \ B ol

= o

@a—l(taﬁa_l)nﬁ 1a 1,6

al 1p

a,

Moreover, writing R4 gyg-1 = Co ® dg,g-1, we have that:
Now
Tala ® Mgbg @ nyt,

aByB o afa!
\ @ &
A Cq b/@TTI,ﬁ QOﬁ—l(dﬂ,yﬂ—l)’n,Y
(Rp,y)a23(Ra,y)183(Ra,g) 12y

= (Raphizyl(ida, ® 0s-1)(Rapyg-1)]183(Rp~)a2s by (1.15)
= GaCa ®bgmpg @ @g-1(dgyg-1)n,.

Hence the invariance under the move IIl, g - is verified.
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The invariance under the first equivalence of the move IV, g follows from:

where Ry 3 = aq ® bg. For the second one, this can be done similarly.
To show the invariance under the move V,, we first remark that:

[ -1

Indeed, write Ry o = aq ®b. Since u, -1(ba)aq by (1.16), we have that:

=%+ o B e

Moreover, since

e}

-1

Uy, 1 = ma71(idHa71 (29 SaSa71)0a71’a71(Ra71’a71) by (116)
= ma—l(idHa_l ® SaSa71)0a71,a71(S;_11g0a71 & S;_ll)(R%a) by (114)
= S;—ll(ba)sa(<ﬁa(aa))
and so
G 'S, -184(00(aa))ba
= Sa—l(S;,ll(ba)Sa(gDa(aa))Ga—l) by (1.29)
= Safl(ugilGafl)
St (B )
6. by (1.25),

we have that:

J (9 -

\ ba Gor1S0-150(aa)ba o180 (a1 (aa))ba
o

We can conclude by remarking that ¢, (0,) = 04 = @a-1(04) by (1.26) and so that:

We can show similarly that:

Oa

01
@)

-6
3f?:
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It’s then easy to verify the invariance under the last move of V,:

o/ © ® ®

9(19;1 =1, =

PTSTe T

This completes the proof of Theorem 2.3.

2.6. Basic properties of Inv (3. Throughout this subsection H = {Ha}aenr
will denote a ribbon Hopf 7-coalgebra endowed with a m-trace tr = (tra)aex-

Let (L, z,g) be a H-compatible 7-link. Fix o € w. Then (L, z,aga™1) is clearly
a H-compatible 7-link.

Lemma 2.5. InV{Hytr}(Lz,agofl) =Invig (L, 2, 9).

When «a € Im(g), this follows from the invariance of Invy 1,y under the moves
of Figure 2.

Proof. The lemma follows directly from the facts that, for all «, 5,y € 7, the @,
are algebra isomorphisms, R,ga-1,0va-1 = (Pa ® ©a)(Ra,), Sapa-1Pa = $aSs,
©0a(Gp) = Gopa-1, and trage-19q = tra. O

Let (L, z,g) be a H-compatible 7-link. Suppose that L is the disjoint union of
two framed links L; and Ly. Since Ly and Lo are contained in two disjoint 3-balls in
S3, by the Van Kampen theorem, there exist two morphisms gy : 71 (S%\ L1, 2) — 7
and gy : m1(S3\ La,2) — 7 such that the diagram of Figure 12 is commutative,
where the horizontal arrows are induced by the embeddings (S?\ L, 2) < (S3\ Ly, 2)
and (S3\ L,2) — (S®\ La, 2). It is straightforward that (L1, z,91) and (La, 2, g2)
are H-compatible.

11 (83 \ L1, 2) <— m(S3\ L, 2) — m1(S3\ Lo, 2)

% g

FIGURE 12

Lemma 2.6. Invg (L, 2,9) = Invig oy (L1, 2, 91) Invig oy (L2, 2, g2).

Proof. Choose a m-colored diagram for (L, z, g) such that the diagrams for L; and
Lo are disjoint. It suffices then to remark that the m-colored sub-diagram consisting
in L; (i=1,2) is a m-colored diagram for (L;, z, g;)- O

2.7. Examples. In this subsection, we give some examples of computations of the
invariant Invg ¢,y of Theorem 2.3 which show that Invp ¢,y is not trivial.

Ezample 2.7. Fix an integer n > 2, set m = Z/nZ, and define a bicharacter ¢ :
7 x 1 — C* of by setting c¢(a (mod nZ),b(mod nZ)) = ¢* . Let us consider
the ribbon Hopf m-coalgebra H = C¢ (see Example 1.3) endowed with the 7-trace
tr = (id¢)aer. Let Op C S® be the framed trivial knot with framing k& € Z

and let z; € S3\ O. For any [ € Z, define g; : m(S®\ Oy, 21) 2 7 — 7 by
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g1(1) =l (mod nZ). The 7-link (O, 2k, gi) is clearly H-compatible (since m = Z/nZ
is commutative and the crossing of H = C¢ is trivial). One easily gets that

Invig a3 (O, 26, 91) = trga (Gg,h ek )
= ¢(l(mod n2),! (mod nZ))*
2imki?
= (& n

In particular Invyg 1}(01, 21,90) = 1 # e = Inv ¢ 7,413 (01, 21, 91)-

Ezample 2.8. Consider the trefoil T as in Figure 13(a). The Wirtinger presentation
of the group of T'is m (T) = (z,y,z |2y = yz = zx). Let g : m1(T) — 7. Denote o =
g(x), B =g(y), and v = g(2). The coloration by g of the diagram of T is depicted
in Figure 13(b). Let H = {H, }aex be a ribbon Hopf m-coalgebra endowed with a
trace tr. Suppose that the w-trefoil represented by Figure 13(b) is H-compatible.
Write Rg-14-1 = 32,0 @by, Rya = 32;¢;®d;, and Rag = > ex ® fr. The
detailed application of Steps (B) and (C) of Section 2.4 is given in Figure 13(c).
Therefore we get that

Invig o3 (T, 9) Z tra( aapv_ngl(aiS[;ll (fk-))djek;sa—l(bi)sa—lwﬁsfy(c]’)>.
0.5,k
Fix an integer n > 2, set # = Z/nZ, and consider the ribbon Hopf 7-coalgebra
H = C¢ (see Example 1.3), where ¢ : m x m — C* is the bicharacter of 7 given by
c(a (mod nZ),b(mod nZ)) = e, The family tr = (id¢)aer is a 7-trace for H.
Note that all 7-links are H-compatible (since 7 = Z/nZ is commutative and the

crossing of H = C¢ is trivial). For [ € Z/nZ, we define
o { m(T) = (z,y,z|ey =yz = zx) — Z/nZ
/S

L, Y, z =
Then

Giml?
v (ce oy (T, 1) = (L, =) e(l, 1) (1, 1) = exp( )

For example, for n = 6, we get that Invyy y (T, g0) =1 # —1 = Invyg 1 (T, g1).

3. INVARIANTS OF 7m-MANIFOLDS

Our goal in this section is to normalize the invariant of m-links constructed in
the previous section to an invariant of principal m-bundles over 3-manifolds.

3.1. m-manifolds. Recall that 7 is a discrete group. Following [18], a w-manifold
is a couple (M,¢) where M is a closed, connected, and oriented 3-manifold and
§ is a principal m-bundle over M, that is, since 7 is discrete, a regular covering
M — M with group of automorphisms . The space M (resp. M) is called the
total space (resp. base space) of {. Two m-manifolds (M, §) and (M’,¢’) are said to
be equivalent if there exists an homeomorphism h: M — M’ which preserves the
action of m and induces an orientation-preserving homeomorphism h : M — M’.

A m-manifold (M, €) is said to be pointed when the total space M of £ is endowed
with a base point & € M. Two pointed m-manifolds (M, %) and (M’ ¢',7') are
said to be equivalent if there exists an equivalence h: M — M’ between them such
that h(z) = h(Z').

Let (M, &, %) be a pointed m-manifold. Denote by = € M the image of & € M
under the covering M — M. We can associate to the pointed 7-manifold (M, ¢, %)
a morphism f : m(M,xz) — m, called monodromy of £ at &, by the following
procedure: any loop v in (M, z) uniquely lifts to a path 4 in M beginning at
Z. The path 4 ends at « - & for a unique o € 7. The monodromy is defined by
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P15 (@S5 (fr))djerSa1 (bi)Sa—1955,(c;)
(c)

FIGURE 13

f(v]) = a, where [y] denotes the homotopy class in 71 (M, x) of the loop 7. This
leads to the triple (M, z, f).

Conversely, a triple (M,x, f) where M is a closed, connected, and oriented
3-manifold, z € M, and f : m(M,z) — 7 is a group homomorphism leads to
a pointed m-manifold uniquely determined up to equivalence (see [6, Proposition
14.1]). When convenient, we will adopt this second point of view. In particular,
under this point of view, two pointed m-manifolds (M, z, f) and (M’ 2/, f') are
equivalent if there exists an orientation-preserving homeomorphism h : M — M’
such that h(z) = 2’ and f' o h, = f, where h, : m(M,z) — m (M’ 2’) is the
induced group isomorphism.

3.2. Surgery along 7-links. For any framed link L in S, we will denote by S% the
3-manifold obtained from S® by surgery along L (see [12]) and by iy, : S3\ L — S3
the (canonical) embedding. A pointed m-manifold (M, z, f) is said to be obtained
from S3 by surgery along a w-link (L, z,g) if there exists an orientation-preserving
homeomorphism h : S3 — M such that iy(z) = h™'(z) and g = f o hy o (i),
where h, : 71 (53, h7 (z)) — m (M, x) and (i)« : m1(S*\ L, 2) — m1(S%,i(2)) are
the induced group homomorphisms.

Lemma 3.1. Every pointed m-manifold can be obtained from S by surgery along
a T-link.

Proof. Let (M, z, f) be a pointed m-manifold. Since M is a closed, connected, and
oriented 3-manifold, it can be obtained from S® by (integer) surgery, i.e., there exist
a framed link L C S® and an orientation-preserving homeomorphism h : S3 — M.
Moreover L can always be chosen such that h=1(z) € iy (S®\ L). Let z € S®\ L
such that i (2) = h™!(x). Set g = f o hs o (ir)«. Hence (M, z, f) is obtained from
S3 by surgery along (L, 2, g). O

3.3. Invariants of m-manifolds. Let H = {H,}oex be a finite type unimodular
ribbon Hopf 7-coalgebra and A = (Ay)aer be a (non-zero) right m-integral for H



HKR-TYPE INVARIANTS OF FLAT BUNDLES OVER 3-MANIFOLDS 21

such that Ay (61) # 0 and A\ (67 ") # 0, where 6 = {04 }aer denotes the twist of H.
By Theorem 1.2, tr* = (x € H, — tr)(2) = Ao (Ga®) € K)aer is a m-trace for H,
where G = (G, )aenr is the spherical m-grouplike element of H.

Lemma 3.2. If (M, z, f) is a pointed m-manifold obtained from S* by surgery along
a w-link (L, z,g), then (L, z,g) is H-compatible.

Proof. Let C be a component of L, v be a path in S3\ L connecting z to C and
v be an orientation of C. By definition of the surgery, ZL(é) bounds a disk in
S3. Therefore [iL('y)_liL(é)iL(’y)] =11in m(S3,i(2)), that is, (i)« (Ny)) = 1,
where A\(,,) = [y"1C] € (53 \ L, z) (here the oriented circle C is viewed as a
loop based on the point v(1)). Since (M, z, f) is obtained from S? by surgery along
(L, z,g), there exists an orientation-preserving homeomorphism h : S7 — M such
that is(z) = h'(z) and g = fohso(ir)«. Then g(A(y,.)) = fohwo(in)s(Ay) =
fohi(1) =1 and hence g(A(,,.)) € Z(7) and @40, ) = ¢1 = id. O

Let (M, &) be a m-manifold. Choose a point Z in the total space M of €. Denote
by z the projection of Z under the covering M — M and by f : m(M,z) - 7
the monodromy of £ at . By Lemma 3.1, we can present the pointed m-manifold
(M, z, f) by a surgery along a w-link (L, z, g). Set

T (M, €) = A(01)"- B Ay (071) 70 B Inv gy 40y (L, 2, 9),

where b_ (L) is the number of strictly negative eigenvalues of the linking matrix of
the framed link L (with framing numbers on the diagonal) and ny, is the number
of components of L. Note that this scalar is well-defined since A (61) and \; (")
are supposed to be non-zero and (L, z, g) is H-compatible (by Lemma 3.2).

Theorem 3.3. Let H = {H,}aer be a finite type unimodular ribbon Hopf 7-coal-
gebra and X = (Aa)aer be a right m-integral for H such that A1(01) # 0 and
)\1(9fl) # 0, where 0 = {0, }aer denotes the twist of H. Then Ty is an invariant
of mw-manifolds.

The theorem is proven in Section 3.4.

Recall that the space of right m-integrals for H is one-dimensional and remark
that the invariant 7y remains unchanged if we replace A by a scalar multiple kA,
with k& € k*. Therefore 7y does not depend of the choice of the (non-zero) right
m-integral for H used to compute it.

When 7 = 1, for any closed, connected, and oriented 3-manifold M, 7 (M, M)
is equal to (A (671)/A1(01))2 M H1(M) times the Hennings’ invariant of M (in the
Kauffman-Radford formulation of [10]) calculated from the ribbon Hopf algebra
H{P? (endowed with the R-matrix Ry} and the twist 6; ") and the right integral A;.
Note that here a square root of A;(671)/\1(6;) is assumed to exist.

Recall that, given a topological group G, a principal G-bundle is called flat
when its transition functions are locally constant. Therefore equivalence class of
flat principal G-bundle are in one-to-one correspondence with equivalence class of
principal Gg4-bundle, where G4 denotes the group G endowed with the discrete
topology. Hence, when the group 7 is not discrete, the invariant 77 may be viewed
as an invariant of flat principal m-bundles over 3-manifolds.

The next example shows that the invariant 7z is not trivial.

Ezample 3.4. Consider the ribbon Hopf (+7)/Z-coalgebra A = {Aatac(22)/2
of Example 1.4, where N > 1, which is studied in Appendix A. We restrict to
the case 7 = 2. Let us denote by (Aa)ae(1z)/z the right (%72)/Z-integral of
Lemma A.1. Fix p > 1 and let £ be a principal m-bundle over the lens space
L(p,1). Denote by f : m(L(p,1)) = Z/pZ — (%Z)/Z the monodromy of £ and set
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o = f(1) € (£2)/Z. Note that pac = 0. Since the lens space L(p, 1) is obtained by
surgery of S? along the trivial knot with framing p, we have that

TA(L(pa 1)75) = /\0(90)_1 )\oc(eg)'

By Lemma A.4, A\g(6p) = —% and Ao (8) = —Lpif a = 0 and A\, (6%) = 0 otherwise.
Therefore

p if € is the trivial bundle,
TalL(p 1),€) = {0 otherwise

To obtain more interesting examples (from the topological point of view), one
may start from ribbon Hopf m-coalgebras with non-trivial crossing. To produce
examples of such Hopf m-coalgebras (in particular for m non abelian), it would be
useful to define and study crossed Lie (co)algebras, their enveloping (co)algebras,
and their quantum deformations in a similar way as the machinery of quantum
groups (see, e.g., [9, 16]).

3.4. Proof of Theorem 3.3. Let us first show that 77 (M, &) does not depend
on the choice of the base point Z in the total space M of the m-manifold (M,§).
Let &’ be another point in M. Denote by x (resp. ') the projection of & (resp.
#) under the covering M — M and by f : m (M, z) — 7 (vesp. f' : m (M, z') —
m) the monodromy of ¢ at & (resp. Z'). Let (L,z,g) a w-link along which the
pointed m-manifold (M, z, f) is obtained by a surgery. Recall that there exists an
orientation-preserving homeomorphism h : S3 — M such that ir,(z) = h~!(x) and
g = fohio(ir)., where i, : S®\ L — S? is the (canonical) embedding and (i)« and
h. are the homomorphisms induced in homotopy by ¢, and h respectively. Without
loss of generality, we can assume that 2’ € hoir(S*\ L). Let 2/ € S\ L such that
ir(2') = h=1(z'). Since S\ L is connected, there exists a path v : [0,1] — S3\ L
connecting z = v(0) to 2/ = y(1). Define ¢, : 71 (S®\L,2") — m1(S\L, z) by setting
&~ ([¢])) = [y ¢7] for any loop £ in (S*\ L, 2’). Set ¢’ = go ¢, : m(S*\ L,2') — .
Note that the w-links (L, z,¢g) and (L,2’,g’) are equivalent: they are ambiently
isotopic via an isotopy of the identity map idgs which pushes z along ~ and is
constant in a neighborhood of L. The path p = hoiy oy : [0,1] — M connects
the point p(0) = h(ir(z)) = x to the point p(1) = h(ir(z")) = «’. Define ¢, :
w1 (M,z") — m (M, z) by setting ¢,([¢]) = [p~£p] for any loop ¢ in (M,z’). Note
that, by construction,
Gpohyo(ir)s =hyo(ir)sody:m(S*\ L,2") — m (M, ).

Then ¢ = go ¢y = foh,o(ir)s0¢y = (fo¢,)ohyo(ir). and so the pointed
m-manifold (M, 2’, f o ¢,) is obtained by surgery along the w-link (L, 2, ¢"). Since
7 is a discrete group, the path p : [0,1] — M uniquely lifts to a path 5 : [0,1] — M
such that p(0) = Z. Since Z’ and p(1) belong to the same fiber (over a’), there

exists o € 7 such that p(1) = a - #’. Using the definition of the monodromy, we
obtain that f' = a=!(f o ¢,) a. Therefore

a~lga=(a" (fod,)a)oh.o (i) = foh.o(ir)
and so the pointed m-manifold (M, z’, f') is obtained by surgery along the m-link
(L,7',a~tg'a). Finally, recalling that (L, z, g) and (L, 2’, ¢’) are equivalent ( H-com-
patible) 7-links, we have

Inv g gy (L, 2/, a"lga) vy (L, 2", 9")  Lemma 2.5

= Invyg iy (L,2,9) by Theorem 2.3.
Hence 75 (M, €) does not depend on the choice of the base point Z in M.

It remains to show that 7y is an invariant of pointed m-manifolds. Let us de-
scribe the Kirby moves (in the form of Fenn and Rourke) in terms of 7-colored link
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diagrams. Two 7-links are said to be related by a Kirby 1-move (resp. a special
Kirby (£1)-move) if they may be presented by m-colored diagrams which can be ob-
tained one from the other by interchanging the m-colored tangle diagram K, .. q,
of Figure 14(a) with the m-colored tangle diagram I, ., of Figure 14(b), where
n>1and ay,...,q, €7 (resp. by adding or deleting a disjoint diagram of a circle
with framing +1 whose vertical segments are colored by the neutral element 1 of

a2 @z az
ay @ aq . R aq Qn
Q

\

4 8"

(d) (e)

FIGURE 14. 7-colored Kirby moves

Lemma 3.5. Let (M, x, f) and (M',2', f') be two equivalent pointed 7-manifolds.
Suppose that (L,z,g) and (L', 2',¢") are two w-links along which (M,x, f) and
(M', ', f') are respectively obtained from S® by surgery. Then there exists a finite
sequence (Lo, 20,90)s- - (Lny 2n, gn) of m-links such that (Lo, z0,90) = (L, z2,9),
(Lny 2nygn) = (L', 2',¢") and, for any 1 < i < n, (L;i—1,2i-1,9i—1) and (L;, 2i,9;)
are equivalent w-links or are related by a Kirby 1-move or a special Kirby (£1)-
move.

Proof. Since (M, x, f) and (M',z’, f') are obtained from S® by surgery along (L, z, g)
or (L',2',g"), there exist two orientation-preserving homeomorphisms h : S3 — M
and B’ : 83, — M’ such that iy (z) = h™*(z), i/ (z)) = '~ (&), g = fohso(iL)s,
and ¢’ = f'ohl o (i)« Since (M, z, f) and (M',2’, f') are equivalent, there exists
an orientation-preserving homeomorphism ¢ : M — M’ such that ¢(z) = 2’ and
f'o¢. = f. It is implicit in the proof given in [11] of the Kirby theorem, refined in [5]
and [15], that the (orientation-preserving) homeomorphism h'~' o ¢oh : §3 — 3,
can be decomposed into isotopies, Kirby 1-moves, and special Kirby (41)-moves,
i.e., that there exist a finite sequence Lo = L, Lq,...,L, = L’ of framed links in
53 and a finite sequence hy : S} — S} ,...,hn : S} | — S} of orientation-

preserving homeomorphisms such that h’ 1o ¢oh = hyo---ohy and h; comes from
an isotopy, a Kirby 1-move or a special Kirby (+1)-move between L;_; and L;.

Without loss of generality, we can assume that h;o---ohjoh™t(z) € ir,(S*\ L;)
for any 1 <i <mn. Let z; € S3\ L; such that iy, (z;) = hjo---ohjoh™!(z). Note that
2 = z,. Set (Lo, 20, 90) = (L, 2, g) and define g; = foh,o(hy).o---o(h;!).o(ir,)s :
71 (S®\ L;, 2;) — « for any 1 < i < n. Since

gn = fohio(hi')wo---o(hy ) o(ir,)s = fo¢r ohlo(ip). = fohio(iv). =g
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we have that (L, z,,9n) = (L', 2/, 4").

Fix 1 < i < n. If h; comes from an isotopy of S between L;_; and L;, then
it is straightforward that (L;—1,2;—1,¢9i—1) and (L;, 2;,¢;) are equivalent 7-links.
Suppose that h; comes from a Kirby move between L; ; and L;. Then there
exists a open 3-ball U in S® (inside which the Kirby move is performed) such
that Sg \ (Lz U U) = 53 \ (Li,1 @] U) and iLi|53\(L,3UU) = hz o Z‘Lri71|53\(Li71UU)'
Moreover U can be chosen so that z; € S° \ (L; UU). Then z;_; = z; since
ir,(2;) = hjo---ohyoh™Y(x) = hi(ir, ,(2i_1)) = ir,(2i_1). Therefore the following
diagram is commutative:

ﬂl(SS\(Li_lLJU),Zi_l) Wl(SB\(LiUU),Zi)
| | | |
Wl(SS\LZ‘_l,ZZ‘_l) gi—1 ™ 9: 7T1(S3 \Li,zi)

Hence (L;—1,2i—1,¢9:—1) and (L;, z;, g;) can be presented by m-colored link diagrams
which are identical except for pieces shown in Figure 14(c), 14(d), or 14(e), where
n>landay,...,a,, B8 €m B €m or B3’ €. Now,since g;_1 and g; vanish on the
(homotopy) longitudes (see the proof of Lemma 3.2), we have that a1 - a,8 =1
and so 8 = (a;---a,)" % B =1, or 8’ = 1. Therefore (L;_1,2;_1,9;—1) and
(L;, zi, g;) are related by a Kirby 1-move or a special Kirby (£1)-move. O

By Lemma 3.5, it remains to show that if (L, z,g) and (L', 2’, ¢') are two H-com-
patible 7-links which are equivalent, related by a special Kirby (41)-move, or re-
lated by a Kirby 1-move, then we have that

Au(00)" =7 X (07 B v 0y (L 2,9)
(3.1) = X000 a0 ) ) Ty ey (U2 o).

When (L, z,¢g) and (L', 2, ¢’) are equivalent H-compatible 7-links, (3.1) follows
directly from Theorem 2.3 and from the facts that b_(L) = b_(L’) and ny = ng
(since L and L' are in particular isotopic framed links).

Suppose that a m-colored diagram of (L', 2/, ¢’) is obtained from one of (L, z, g)
by adding an unknotted circle C¥ with framing v = +1, unlinked with the other
components of L, whose vertical segments are colored by the neutral element 1
of 7. Using the computations of Figure 15, we obtain that Inv¢y (L, 2", g") =
AL(07) Inv g 0y (L, 2, 9). Since npr = npner = ng +1and b_(L') = b_(L 1L C")
equals b_(L) if v =1 or b_(L) + 1 if v = —1, we get the equality (3.1).

1
v=+41: <>) >
1
v=—1: - @9_1 tr) (GO = (00
1

FIGURE 15

tr) (G7101) = M\ (6y)

>
[

/!

Suppose that a m-colored diagram of (L, z, g) is obtained from one of (L', 2/, ¢') by
replacing the m-colored tangle diagram K, .., of Figure 14(a) with the m-colored
tangle diagram I, .., of Figure 14(b) for some n > 1 and a1,...,a, € 7. In
this case b_(L') = b_(L) and nys = nz + 1. Therefore we have to show that
Invig oy (L2, 9") = A(01) Inv g 0y (L, 2, g). Hence it suffices to verify that:

(3.2) Koy, 7 Ai(01) *1‘“ *1%

Qn
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Let us show (3.2) by induction on n > 1. For n =1, let o € 7. Write R, -1 =
o ® bo-1 and Ry-1 4 = €4-1 ® dq. Since
tra—1 (G 0alba-1)0n-1Ca-1) GaPa-1(da)ba
= Ap—1(0q-1bg-1¢4-1) Oapa(aq)ds by (1.24)
= ()‘ofl ® idHu>((0a*1 Y aa) : (Uoz,oﬁl(‘pa & idHa,1 )(Roc,a’l)) : Roﬁl,a)
= (Ao ®@idp,)As-1,4(01)
= M(01)1a by (14),

we have the equalities depicted in Figure 16. Hence (3.2) is true for n = 1.

Palba1)0a-1C0 s

AaPa—1 (da)ea

tI‘:\Y,l (G;}N:Da(boﬁl)'ga*lcafl) AaPa-1 (da)ery

FIGURE 16

Suppose that (3.2) is true for n > 1 and let a1, ...,a,4+1 € 7. Denote by C the
component of the 7-colored (n,n)-tangle diagram Ko, ... a,a,., colored by a1
and by C’ (resp. C"') the component of the m-colored (n + 1,n + 1)-tangle diagram
Ka,....an,an, colored by oy, (resp. au,41). Note that if @ and 3 are the colors of
two parallel vertical segments of C’ and C”, then the color of the corresponding
vertical segment of C' is either a8 or Sa depending if the segment of C” is on the
left or on the right of the segment of C”. Using the hypothesis of induction and
since Aa, ans: (lapans:) = la, ® la,,,, we have that (3.2) for n + 1 follows from
the next lemma.

Lemma 3.6. The flat diagram obtained from Ka, ... an,any, con be deduced from
the one obtained from Ko, ... .anans: 0Y the following splitting procedure:
(a) the algebraic decoration and the labelled discs of the components other than
C' remain unchanged;
(b) a segment of C' containing some algebraic element is split as follows:

af a |B Ba 6 |«
a Y a(l‘a) a(zﬁ) or a NS> (l(lﬂ) a<2‘,1>
C C1/ C// C C// C/

(¢) a segment of C containing a labelled disc is split as follows:

R A

Moreover, these splitting rules are compatible with the rules of Figure 5.
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Proof. Fix a crossing c¢ of the m-colored tangle diagram K,, . We have
to consider three cases: any, one, or two strands of the crossing c is part of the
component C. Firstly, if any of the two strands of ¢ belongs to C, then ¢ remains
unchanged in Ko, ... a,,ansi- Suppose secondly that only one strand of ¢ is part
of C. There is height cases to consider (depending of the type of the crossing, the
position of C'in ¢, and the relative position of C" and C” in K, .., an.,). For
example, if the position of C' in ¢ is from bottom-left to upper-right, the four cases
are depicted in Figure 17.

\ C \C’ c” \ C \C” c’
— / — /
aff \ 5 a/ B \ 5 Ba 5y 8/« 5y

y C/ c” C CV/ c’
A
;34/ 5y

/
/

L
3

N
S

( 5 Ba / o'

FIGURE 17

The compatibility of the splitting rules with Step (B) of Section 2.4 follows from
the quasitriangularity of Hopf m-coalgebra H. For example, for the first case of
Figure 17, if we write Ropg~y = Tap®5,, Ra gyg-1 = 0a®bgyg-1, and Rg , = cg@d.,
then
TaB(1,a) ® Tap(2,8) ® 8y = Ga ® cg @ @g-1(bgyp-1)d, by (1.9)

and so the diagram of Figure 18 is commutative. The others cases of Figure 17 can
be done similarly. Suppose thirdly that the two strands of ¢ are part of C'. There is
also height cases to consider (depending of the type of the crossing and the relative
positions of C’ and C”). Here the compatibility with the splitting can be formally
done by decomposing through the previous case. For example:

C C C C/ C// C/ C// C/ C//
AN N AN
NS ~ AN <
af \ o' B o/ 3 \ o3 o/ B3\ \ g

Finally, the compatibility of the splitting rules with the ones of Figure 5 comes
from the anti-(co)multiplicativity of the antipode S and the (co)multiplicativity of
the crossing . For example, let o, 3,7 € 7 and a,b € Hap. Since Sap(a)q,g-1) ®
Sap(a)2,a-1) = 5p(a2,6)®5a(aq,a)); (aD)(1,0)@(ab)(2,5) = a(1,0)0(1,0) D2, b2,
and @ (a(1,0)) ® ¥4 (a2,8)) = ©4(a)(1,0) @ ¢, (a)2,5), the diagrams of Figure 19 are
commutative. g

3.5. Basic properties of 7. Throughout this subsection H will denote a finite
type unimodular ribbon Hopf 7-coalgebra and A = (Ay)aer a right m-integral for
H such that A\;(6;) # 0 and A\ (671) # 0, where 8 = {04 }aer denotes the twist of
H.

Let (My,&1) and (M, &) be two m-manifolds. Choosing base points of their
total spaces leads to two pointed m-manifolds (M7, x1, f1) and (Ma, z2, f2). Take
closed 3-balls By C M; and By C M, such that 21 € 0B and 2o € 9By. Glue
M \ IntB; and M \ IntBy along a homeomorphism h : By — 9By chosen so
that h(x1) = z2 and that the orientations in M; \ IntB; and My \ Int By induced
by those in My, M, are compatible. This gluing yields a closed, connected, and
oriented 3-manifold M;#M> endowed with a base point © = h(z1) = z2. By
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A |_>
aff \ o
I i
@ splitting =
Tag Sy Teaf(1,0) 4 Sy Qg cg W/ifl(bﬂwﬂ")dV
TaB(2,8)
FIGURE 18
splitting
aﬁ _Spatung a(1,0) @
af al g
" 1]
S splitting
ﬂ aﬁ(a) — o 5 Sﬁ(a(Zﬁ)) Sa((l(l,a))
af ol 8
splitting a®  gplitting a(1,a) a(2,0)
a 4(1,0) 4(2.8) be () bes)
af al B af al B
1] 1 1] 1]
wy(a) a) (1,71 )27
abe ab ab
sphttmg m) e o

af aB o B

FIGURE 19

the Van Kampen theorem, since dBs = h(0Bjp) is simply-connected, there ex-
ists an unique group homomorphism f : m (M1#Ms,2) — 7 such that the di-
agram of Figure 20(a) is commutative, where the horizontal arrows are induced
by the embeddings (My,z1) — (Mi#Ms,x) and (M, x2) — (M,z). We de-

(]Wl,zl — T J\Il#]\{27 -~ T ]\12,12 SS\Ll7 -~ 7T1 S \ L1 HL2 — TI'1(S \Lz7 )

N2

FIGURE 20

note by (My#Ms,&1#E€>) the underlying m-manifold of the pointed w-manifold
(My#Ms, x, f).

Lemma 3.7. 7y (Mi#Ms, &i#&2) = ma(Mi, &) T (M, &2).
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Proof. Let (L1, 21,91) and (La, 22, ¢g2) be two m-links along which (M1, 21, f1) and
(Ma, 22, f2) are respectively obtained from S3 by surgery. Without loss of general-
ity, we can suppose that L; and Ly are disjoint (in S3) and that 2; = z9. Set z =
21 = zg and let w; : m1(S3\ Ly, 2) — 71 (S3\L111Lo, 2). Asin Lemma 2.6, there exists
an unique group homomorphism g : 71(S3\ L1 IT Lo, 2) — 7 such that the diagram
of Figure 20(b) is commutative, where the horizontal arrows are induced by the em-
beddings (S3\ L1 I La, z) < (S3\ L1, 2) and (S?\ L1 1T L, 2) < (S3\ La, 2). Then
(L111Ly, 2, g) is a 7r-link along which (M;# Ma, z, f) is obtained from S* by surgery.
One easily concludes using the facts that b_ (L1 I Ly) = b_(L1)+b_(L2), np,1ur, =
np, +nry, and vy oy (L1 M Lo, 2, 9) = Invg 4y (L1, 2, 91) Inv g 4y (L2, 2, g2) (by
Lemma 2.6). O

APPENDIX A

In this appendix, we give some results concerning the Hopf (%Z) /Z-coalgebra
A= {Aa}ae(%Z)/Z of Example 1.4. They are used for topological purpose in
Section 3.4.

Fix N > 1 and 7 > 2 and set ¢ = exp(4X) and ¢ = t? = exp(“Z). Recall (see
Example 1. 4) that, for any a € (%:2)/Z, A, is the associative algebra over C with
generators aN, e, and f, subject to the following relations:

¢Vea¥  a¥f=q ¥ fa¥  ef —fe=ziy

fr =0 a4r — t—4ra.

1
N

IS
o

o
I
<

r

The family A = {A, }aer is a Hopf m-coalgebra by setting:

1

Appla™)=av @av Agple)=e@a'+a®e Agp(f)=f@a'4a®f
e(a):ll 1 ():() e(f) =0
Sa(a¥) =a™x Sa(e) = Sa(f) = —a .

When A4 = {A, }a€ 7))z is endowed with the trivial crossing (that is, pgla, =
ida, ), it is a ribbon Hopf (%Z)/Z-coalgebra with R-matrix

(a—q )"
Z Z q—dq t—(l+a)n+(k—[3)(l+a—n)—nfnak—6 ® ena—(l-i-oz)

73 - [n]'

n=0k,l€Z/4rZ

and twist 0, = aQ(T_l)ugl, where the u, are the Drinfeld elements of A.
Note that {a™e"f! |0 < k,l <r, m € +Z, 0 < m < 4r} is a basis for Aq.

Lemma A.1. For any a € (1Z)/Z, set Ao = a?("—Ver=1 fr=1 where the bar over
the expression denotes the characteristic function of this element of the algebra A,,.
Then (Aa)ae(Lz)/z is a Tight (%Z)/Z-integral for A.

Proof. We first recall that, if , y are elements of an associative C-algebra such that
yx = wzy for some w € C\ {1}, then, for any n > 1,
(A1)
n __ - n n—k, k _ w" —1
(x +v) —’;jk]wx y", where [n], = — and [k

Fix 0<k, ]l <randm € %Z with 0 < m < 4r. For any «, 3 € 7, using (A.1), we
have

k k
Ay p(e¥) = (e@a +ame)k Z (e®@a Y (ame)t = Z m 2 eF il @al T e!
i=0

1=0 7
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and

l l
Aap(f') = (a@f+foa™) =Y [] 2 @®) 7 (fea™! =[] ,d T pefa.

j=0 j=0

Therefore

k l
Aa”g(amekfl) — Z Z Bﬂ] - [j] , amek—iai-‘rl—jfj ® am+i—k€ifl—ja—j

q

k1
— ZZ [k] ) [l] , qf(kfi)(iJrlfj)fj(lfj)Jrij am+i+l7j6k7ifj ® aerifkfjeiflfj'
, LR VRN

Since 0 < j <l <r—land0<k—-i <k <r—1, anecessary condition
for \o(a it oh— if7) = (a2(r—Der—1fr=1)(gmtiti=iegk=i i) to be non-zero is
that j =l =r—1,k=r—1and i = 0, and so m = 2(r — 1). Thus (\y ®
ida,)Aagla™er f1) equals a?(r=DHO=(r=D=(r=De0 f(r=D=(r=1) = 15 if m = 2(r —
1), k =r—1,and | = r—1 and equals 0 otherwise. Hence (Aq®ida,)Aq s(a™e" f!) =
Aapla™e® )15 and so (Aa)ac(L7)/z s a right (%7)/Z-integral for A. O

We fix a € (3;Z)/Z and denote by c the unique element of +Z N[0, 1] such that
a =cmod 1. For any i € Z/4rZ, we set
o 1 i+c)j ,J
AY = | >t € A,
JEZ/ArZ

Lemma A.2. In A,, we have that a" = Z t_n(“'i)A;-JZ for anyn € Z.
€7 [ArZ

Proof. Let n € Z. Write n = 4rq + p where ¢,p € Z and 0 < p < 4r. Then

S pnlerine = ks S nleryitig)
i€Z/4rZ ar €7 /4rZ
4r—1 1 4r—1
= =Py =aracyG=plegi  gince ¢4 = 1
; 4r
7=0 i=0
4r—1
— 4—drac Z Sip td—pleyi
=0
= 74 qP = @" since @' =t~

O

By Lemma A.2 and the fact that A7AY = d; ; Af, where 0, ; is the Kronecker

symbol, we obtain that the set {A$ | @ € Z/4rZ} forms a basis of orthogonal
idempotents for the algebra C{a) C A,.

r—1 _ ,—1\n
Lemma A.3. 0, = T I, a?r—1-2¢ Z wt"ZM" a" e f where Ty =

—  [n]!
ST oA

JEZ/ArZ
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Proof. Recall that o = ¢ mod 1. By (1.16), we have
ul = ma(ida, ® S_aSa)0a,a(Raa)

@
1 = (q_q—l)n —(l+a)n+(k—a)(l+a—n)—n n  —(l+«a) n_ _k—a
= EZ Z Tt e"a S_aSa(fra”")

n=0k,l€Z /4rZ ’

1 <« (q_q—l)n —(l+a)n+(k—a)(l+a—n)+3n n  —(l+a) pn k—a
S N ot g

[n]!
n=0k,lcZ/4rZ

1 r—1 ( _ 71)71
_ Z Z Z qa—4q t(l+a)n+(k7a)(l+a7n)+3n ak7l72ocenfn
r

|
n=0k,l€Z/4rZ [n]!

(j=l—-n,i=k—142n)

_ i S Z (q - q_l)n tj2+n2+3n—o¢2+i(j+a) ai—2n—2aenfn
4y [n]!
n=04j€Z/4rZ

_ Z (¢ — q:l)ntn2+3n_02 Z tj2(i Z t(j+c)iai) a—2n—2cenfn
n=0 [n]! JEZ/ArZ " i€Z/4rZ
r—1

_ (q - qjl)ntn2+3n702( Z thA?) a72n72cenfn
n=0 [n] JEZ/4rZ
r—1

= t_C2 Fa a—ZC Z (q _[ q]:l)n tn2+3n a—Qnenfn.
ni.

n=0
We conclude by using the fact that 6, = a2(""Du 1. O
Lemma A.4. Suppose that r = 2. Let a € (%Z)/Z and p > 1 with pae = 0. Then

Aalory =47 Fo=0

0 otherwise.
Proof. Note that ¢ = exp(%’) = 4. Recall that a = ¢+ Z. Since pa = 0, we have
that pc € Z. By Lemma A.3, we have

0, =t T, a®> (14 (i — i YHtta %ef) = <"1, a®>7%(1 — 2ia~*X),

where X = a?ef. Note that aX = Xa. Since

2 _ -2
X2 :a26fa26f _ a4€f€f :a4e(ef—a.7a
7 —

i1 )= _i%(—aﬁef%—cﬂef) = %(I_GAL)X?

and so X" = %X for any n > 1, we obtain that

g = PP 22pe(] _ 2jq 4 X)P
p
t—pc2 Fﬁ a2p—2pc(1 + Z (Z)(—Qi)”a_‘l"X")
n=1
p 4\n—1
_ —pc? 2p—2pc p -n—4n(1_a)
= t7P Fgap p(l—FTLz::l(n)(—QZ) a W )
= Ua + VaXa
where U, =t T'? 2P=20¢ ¢ C(a) and
p

n

V,=—-2i t=pe re a?P—2rc Z (p)a_4”(1 — a4)”_1 € C{a).

n=1
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Since {A§ | j € Z/8Z} is a set of orthogonal idempotents and by using Lemma A.2,
we have

(Y sap= Y et

JEZ/B8Z JEZ/BZ

q2p—2pc _ Z t—(2p—2p6)(c+j)A?7
j€Z/87

jez/8z

and (1 —a*)" ! = ( > oa- t_4(c+j))A§‘)n_1 D R e e )

jez/sz jez/sz
Therefore
V, = —2itP Z Z tm —(@p=2pe)(ctj)Han(ets) (] _ g Het)yn—1 AY
n= 1162/82
(A2) = —2itP° *=2pe Z Z ) P = (2p- 2pe)j+an(ety) (] — g=4lets)yn=1 AS
n= 1762/82

Remark that if we write Vo = >, 7 57 v; A} with v; € C, then

)\a(egz) = )‘a(Ua)"‘)‘a(VaX)
= 0+ Z vj)\a(AJO»‘X) since U, € C(a)

j€z/8z

1 .
_ . - (74+o)k k
= E vj )\Q(S E tY a”X)
JEZ/8Z kez/8z

= 5 Y R TE e

j,kez /82
1
i

jez/8z

Hence, using (A.2),

Aa(07)

. P
_ Y ype?—2pe Z Z (p) tij—(Qp—Qpc)j+4n(c+j)(1 _ t—4(c+j))n—1
1 jez/8zn=1

. b
= _Yypet2pe 3 4p3” = (2p—2pc)j 3 () (D) (1 — gy
4 jez/8z n=1
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If o = 0 (that is, ¢ = 0), then

M) = -5 S —QWZ 1 (L= (1)

j€7/87
— ( S it e Z ot S gpitor Z yron— 1)
jGZ/SZjeven Jj€Z/8Z,5 odd
- (X e ety o)
JEZ/8Z,j even JEZ/8Z,j odd n=1
= _% (p Z pi*=2pj 4 (1) — 1) Z tpj2—2pj)
JEZ/8Z,j even JEZ/8Z,5 odd
= é (p(l F LA 4 20P) 4 ((—1)P — 1) (¢P 7P 4 19P 4 t35p))
i
= 3 (4p +27P((-1)P -1 (1 + (*l)p))
_ W
= 5

Suppose that o # 0 (that is, ¢ # 0). For any j € Z/8Z, set x; = t=4eti) =
(—1)7 exp(—imc) # £1. Then

P P
Z t4(c+] (1 — t74(c+j))n71 _ Z (1= z,)" 1
n=1 n=1
P
= 2P =)™ (B) ()P — )"
n=1
_ _ 1— gj,_p
= ;" (1) 1(11’—9”?):_17:;-.
Hence
) —p
)\a or = tPC 2 _9pc tpj27(2p 2pc)]7
o) = 4 > -
j€EZ/8Z
= itp62—2pc (ﬂ Z tpj2—(2p—2pc)j
4 1—xzo :
JEZ/8Z,j even
+ M Z tPJZ*(ZP*ZPC)j)
14+ 2o ) )
j€Z/827,5 odd
. g
= itpc2_2pc (1_7‘@(1 + tipe + 18p+8pc + t24p+12pc)
+ M(tﬂﬂﬂpc + $3p+6pc + 415p+10pe + t35p+14pc))
1 + i)
Z 1 -P 1 — (_xo)_p
= _¢pe 2 _2pc (7 1 — V0 4-p2peq o —p )
2 g L2+ — (1+ (—20)7")
_92 _9
= i tPC2—2pc (1 — %o ! + t—p+2pcl ) p)
2 1- Zo 1 -+ o)

2p

= 0 since pc € Z and so z, ¥ = exp(2impc) = 1.

This completes the proof of the lemma. O
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