Unsteady ows modeling and computation

Franck Nicoud
University Montpellier 1l and ISM-CNRS UMR 5149, France
franck.nicoud@univ-montp2.fr

November 19, 2007

Contents
1 Introduction 3
2 The governing equations 5
3 Large-Eddy Simulations 7
3.1 TheLES Concept . . . . . . . . . . . . . e 7
3.2 The Governing Equations . . . . . . . . . ... . ... 8
3.3 Modelsfor sgs . . . . . . e 10
3.3.1 Staticmodels . . ... ... ... 10
3.3.2 Transport model . . ... .. .. .. .. ... 12
3.3.3 Dynamic procedure . . . . .. ... e 13
4 Boundary Conditions 17
4.1 General formalism . . . ... .. 18
4.1.1 Fullresidual approach . . . . . ... ... ... ... . ... 22
4.1.2 Normal approach . . . ... ... ... .. ... . ... . .. ..., 22
4.1.3 Non-re ecting boundary conditions . . . . ... ... ... .. .. 22
4.1.4 Aboutthe Riemanninvariants . . . . . . . ... ... ... ..... 2
4.2 Comparison of non-reectingBC . . . ... ... ... ... ....... 24
4.2.1 One-dimensionalcases . . .. .. ... .. .. ..., 25
4.2.2 Two-dimensional shear-layer . . . . . ... ... ... ... ..... 26
4.2.3 Two-dimensional vortex . . . . . . .. . ... ... ... 28
4.3 More about BC treatments .. . . . . . . . . . .. ... 32
4.3.1 Linearrelaxation . . . . .. .. ... ... 32
4.3.2 Approximate boundary conditions . . . . .. ... ... ... ... 35
4.3.3 Integral boundary conditions . . . . ... ... ... .. ... .. 39

Some parts of this course have been adapted from the Handbook of the AVBP code develegp at
CERFACS (http://lwww.cerfacs.fr/cfd/softwares.php). The author would li ke to acknowledge all the
contributors to this handbook, and especially T. Poinsot, L. Gicquel, G. Sta elbach, T. Schenfeld, G.
Lartigue, O. Colin

VKI

-1-



CONTENTS CONTENTS
4.3.4 Advanced non-re ecting conditions . . . . .. ... ... ... .. 40
5 Numerical issues 43
5.1 Eective wave number . . . .. .. . ... 3
5.2 Handling stability issues . . . . . . . ... 4
5.2.1 Kinetic energy conservation . . .. .. ... .. ... .. ... .. 48
5.2.2 Articialviscosity . . . . . . . ... 51
A Governing equations for a multi-species, reacting gaseou S mixture 61
A.1 Thermodynamical variables . . . . . ... ... ... ... ........ 62
A.2 Theequationofstate . . . . . ... .. .. ... ... . ... ... ... 62
A.3 Conservation of Mass: Species diusion ux . . .. .. .......... 63
A4 ViSCOUS SIreSStensor . . . . . . . . v v i e e 64
A5 Heat uxvector . . . . ... .. .. 64
A6 Transport coecients . . . . . . . . . e e 64

VKI -2-



1 INTRODUCTION

1 Introduction

Over the last decades, algorithmic improvements and increasé abmputational power
have led to solvers with higher levels of accuracy. A major sudat for industrial com-
putation has been, and still is, steady state ow. It is importantto converge rapidly to
steady state, and it has been recognized that dissipative schentedp, but detriment the
accuracy.

In some cases, the average quantities are not relevant to the ophysics. Consider
for example the time evolution of temperaturel at a position where a ame is moving
back and forth. To the rst order, T is alternatively equal to the burnt gas temperature,
T, = 1500 K say, and to the fresh gas temperaturel, = 300 K say. A perfect assess-
ment of the average temperature would lead toTg + T,)=2, viz. 900 K in the example.
Clearly enough this value is not relevant to the thermodynain state of the gas and only
an unsteady computation could really provide useful inform&in. More generally, accu-
rate computation of unsteady compressible ow is needed in aeamoustics, self-sustained
instabilities and combustion instabilities, combustion noise,ame dynamics description,
etc ...

time

Figure 1: Principle of the DNS, RANS and LES approaches. Typicalme evolutions of
velocity that these three methods would provide downstream & trailing edge at large
angle of attack.

Typical approaches are:

Direct Numerical Simulation (DNS): the Navier-Stokes equatios are solved without
additional modeling. Due to the scale separation in turbulentows, this approach
would require a huge amount of grid points for practical appdations. Since only
averaged quantities can be compared or used for modeling pasges, a statistical
treatment of the 3D unsteady solution is required after the simation has been
completed. The DNS approach provides all the ow details (seegure 1) but it
is only suitable to perform fundamental studies of academic egurations with

moderate Reynolds number. See Moin and Mahesh (1998) for aaetcreview,

Reynolds-Averaged Navier-Stokes equations (RANS): a statisticakatment is ap-
plied to the Navier-Stokes equations which are then solved taoqvide average quan-
tities (see gure 1) directly. In doing so, the small scales are hgresent in the
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1 INTRODUCTION

equations and less demand is put on the numerical method and sherequirement.
This is the method mostly used in modern design chain to reducegmumber of
experimental testing. The price to pay is the need to model theorrelations which
appear when averaging the non-linear terms of the basic eqiats. This task proves
extremely di cult and it is nowadays accepted that no generaturbulence model
exists, limiting the generality and the predictive potentialof the RANS approach,

Large Eddy Simulation (LES): the Navier-Stokes equations arlow-pass lItered
before the numerical solution is sought. In doing so, only the sithacales must be
modeled, the largest ones being computed directly (see gurg.1This approach
can be thought as an intermediate between the DNS and the RANS amaches.
It put more demand on the numerics than the RANS approach does, brequires
less modeling e ort because the small scales are more universahature. It has
already been used quite often in place of DNS to address fundartanssues in
simple con gurations (Mendez and Nicoud, 2008); it also has thgreatest potential
for practical use in the industry (Schmitt et al., 2007).

The objective of this course is to address some of the issues whidseawhen designing
tools for unsteady ows. The basic governing equations for theompressible ow of an
homogeneous gas are recall in sectigk and some details about the Large Eddy Simulation
approach are given in sectior3. The theory of characteristic-based boundary conditions is
given in sectionx4.1 while the importance of their numerical implementations illustrated
in sectionx4.2. The last part is more devoted to numerical issues: the spedtanalysis
of numerical schemes is described in sectigh.1 and techniques for the stabilization of
computations based on low-dissipative schemes are discussed inisects.2 for both the
incompressible and the compressible ow equations.

VKI 4 -



2 THE GOVERNING EQUATIONS

2 The governing equations

Throughout this document, the index notation is adopted fothe description of the gov-
erning equations. Summation rule is henceforth implied oveepeated indices (Einstein's
rule of summation). For sake of simplicity, only the simple case @h homogeneous gas is
considered in the main text. The governing equations for thease of a chemically react-
ing multi-species mixture are more relevant to combustion inabilities; they are given in

annex for completeness.
The set of conservation equation describing the evolution of @mpressible ow reads:

@y @ _ @ ) T
et Tax VT @t b (1)
@QE @ _ @ i} ) -
@"‘ @—?(( Euj)= —@?([u, (P j i)t ql; (@)
@ @ -n-

Equations 1-3 correspond to the conservation of momentum, &tenergy and mass re-
spectively, and , u; and E denote density, the velocity vector, the total energy per uni

mass.
It is usual to decompose the ux tensor into an inviscid and a viscaucomponent. The

inviscid part reads:

0 1
uju +P i
@(E+P j)uy A (4)
uj

where the hydrostatic pressurd® is given by the equation of state for a perfect gas, viz.
P = rT , wherer is the gas constant of the mixturey = Vﬂv, W being the mean molecular
weight and R = 8.3143 J/mol.K the universal gas constant. The adiabatic expnent is
given by = C,=C;:

The components of the viscous ux tensor take the form:

0 1
j
@ (u j)+qA (5)
0
The stress tensor j; is given by the following relations:
1
i =2 (S 30 Si); (6)
and 1 @y, @u
Sij = =(==+ —); 7
Eq. 6 may also be written:
W= L% G 8y = (B B
w= 526 ox @2 = (gt & (8)
= 2_(2@2 Qu @y (@v+ @;\9
2z 3\Caw @x @y’ Y? @z @
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2 THE GOVERNING EQUATIONS

where is the shear viscosity.
The heat ux is given by
QT
Q@x
where is the heat conduction coe cient of the gas.
The molecular viscosity is often assumed to be given by the classical Sutherland law:

(9)

T3=2 Tref + G
=c 10
Tre T 0

wherec; and ¢, must be determined so as to t the real viscosity of the mixture. Foair
at Tos =273 K, ¢, = 1.71e-5 kg/m.s andc, = 110.4 K (see White (1999)). A second law
is sometimes preferred, called Power law:

T b
Tref

with b typically ranging between 0.5 and 1.0. For example = 0.76 for air. The heat
conduction coe cient can be computed by introducing the maécular Prandtl number :

(11)

(12)

Note that P, is usually supposed as constant in time and space.
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3 LARGE-EDDY SIMULATIONS

3 Large-Eddy Simulations

3.1 The LES Concept

In comparison to the more classical Reynolds Averaged Navier-8s (RANS) method-
ologies, Large Eddy Simulation (LES) (Sagaut, 1998; Pope, @) is nowadays recognized
as the approach with the highest potential as far as unsteady ves are concerned. Al-
though conceptually very di erent, these two approaches aimat providing new systems
of governing equations to mimic the characteristics of turdaent ows.

The new governing equations are obtained by introducing opsors to be applied
to the set of compressible Navier-Stokes equations. Unclosed terarsse from these
manipulations and models need to be supplied for the problero be solved. The major
di erences between RANS and LES come from the operator emplayé the derivation.
In RANS the operation consists of a temporal or ensemble averagepa set of realizations
of the studied ow (Pope, 2002; Chassaing, 2000). The unclosedrtes are representative
of the physics taking place over the entire range of frequepsi present in the ensemble
of realizations under consideration. In LES, the operator ia spatially localized time
independent Iter of given size,4 , to be applied to a single realization of the studied
ow. Resulting from this spatial Itering is a separation between the large (greater than
the lIter size) and small (smaller than the Iter size) scales. In LES, the unclosed terms
are representative of the physics associated with the smallest sttures (with highest
frequencies) present in the ow. Figure 2 illustrates the conpeéual di erences between
(&) RANS and (b) LES when applied to a homogeneous isotropic tunkent eld.

—5/3
7

% i ? Resolved field

£ Information g esolved fie

= to be modeled

Info.
to be modeled
Frequency domain
(a) Frequency domain (b) qustg&m'

Figure 2: Conceptual representation of (a) RANS and (b) LES apjgld to a homogeneous
isotropic turbulent eld.

Due to the ltering approach, LES allows a dynamic representan of the large scale
motions whose contributions are critical in complex geome#s. The LES predictions of
complex turbulent ows are henceforth closer to the physics sie large scale phenomena
such as large vortex shedding and acoustic waves are embeddeth& set of governing
equations.

For the reasons presented above, LES has a clear potential inegicting turbulent
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3 LARGE-EDDY SIMULATIONS 3.1

ows encountered in industrial applications. Such possibiligs are however restricted by
the hypothesis introduced while constructing LES models.

3.2 The Governing Equations

The ltered quantity f is resolved in the numerical simulation whereak®= f f is the
subgrid scale part due to the unresolved ow motion. For varial@d density , a mass-
weighted Favre ltering is introduced such as:

=1 (13)

The balance equations for large eddy simulations are obtamhéy Itering the instan-
taneous balance equations 1, 2 and 3:

Qe @,_ _ @= 4.
@*’ @_?(( & lﬂ-‘]‘)— @_?([P i ij j b (14)
@E @, _ @ — - - t1-
@*'@_?( Eg)= @—?([u, (P )T q+ql (15)
@ @, ._..
@ o W0 4o

where a repeated index implies summation over this index (Estein’s rule of summation).
The cut-o scale usually corresponds to the mesh size (implicit tering); moreover, one
often assumes that the Iter operator and the partial derivatve commute.

In Egs. 14, 15 and 16, the ux tensor can be divided in three partghe inviscid part,
the viscous part and the subgrid scale turbulent part.

The three spatial components of the inviscid ux tensor are the sae as in DNS but
based on the Itered quantities:

@g+P
g
The components of the viscous ux tensor take the form:
0 o 1
|
@ @ g’)+ 7 A (18)

Filtering the balance equations leads to unclosed quantisewhich need to be modeled.
The components of the turbulent subgrid scale ux take the form

0 1

—t

@ gt A (19)
0

The Itered di usion terms are approximated in the following way :
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3.2 3 LARGE-EDDY SIMULATIONS

=2(Si 3iS);
] i 3 20
2(8 1S (20)
and
1@ @
S (= = : 21
In full, equation 20 may also be written:
=R E R T gp
K3 A N N “
2 56 ox e v (et @y
Regarding the ltered heat ux, one may write:
= @T _g (23)
@x @x

These forms assume that the spatial variations of molecular digion uxes are negli-
gible and can be modeled through simple gradient assumptions.

The Itered compressible Navier-Stokes equations exhibit sugrd scale (SGS) tensors
and vectors describing the interaction between the non-reseld and resolved motions. The
in uence of the SGS on the resolved motion must be taken into acant by a SGS model.
At this stage, it is common use to rely on the SGS eddy-viscosity meept (Boussinesq

assumption) to model the di erent contributions:

the Reynolds tensor is :

T T(gup eg) 27 ses(Sj i Si); (24)

Wl =

where the SGS eddy-viscositysgs Will be modelled in sectionx 3.3.

the subgrid scale heat ux vector is:

g'= (9E aB) SGS g(i (25)

with

Co
SGS = Ssts E. (26)
r

The turbulent Prandtl number is usually xed in the range 0.590.9.
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3 LARGE-EDDY SIMULATIONS 3.3 Models for sgs

3.3 Models for sSGS
3.3.1 Static models

The rst SGS model was proposed by Smagorinsky (1963) and has begeavily tested
for multiple ow con gurations in the last decades. In this mocel, the eddy-viscosity is
assumed to be proportional to the subgrid characteristic lengthcale and to a charac-
teristic turbulent velocity taken as the local strain rate S :

q
ses=(Cs) 2 S ; S = 258 (27)
Following Lilly Lilly (1992), the constant Cs may be obtained by assuming that the
cut-o wave numberk., = = lieswithina k > Kolmogorov cascade for the energy spec-

trum E(k) = Cx 22k > and requiring that the ensemble-averaged subgrid dissipation
is identical to . An approximate value for the constant is then:

oo 1 3G =
S

For a Kolmogorov constant ofCx ' 1.4, this yields Cs ' 0:18. However, this con-
stant value often leads to a signi cant over-estimation of the GS dissipation and ad hoc
procedure must be used in order to handle wall bounded ows.

Note that the choice of the local strain rate to de ne the velody scale at the cut-o
is quite arbitrary. If one considers that the velocity gradiat tensor is a good candidate
to describe the turbulent uctuations, other invariants basedon this tensor could be
used for de ning the velocity scale needed for the eddy-viscositsgs. The aim of this
latter quantity is to mimic the energy transfer from the resoled scales to the subgrid
ones through the subgrid dissipation (which is proportional to sgs). Thus by de ning
the eddy-viscosity from the local strain rate, one relates the bgrid dissipation to the
strain rate of the smallest resolved scales of motion. This choienot in agreement with
the results from Wray and Hunt (1989) on the kinematic and dyname properties of the
turbulent structures. From direct numerical simulations of istropic turbulence, these
authors have shown that energy is concentrated in the stream#d energy dissipation
in eddies and convergence zones. Clearly the classical Smagy formulation does not
account for the contribution of the former which are regionsvhere vorticity dominates
irrotational strain. On the other hand the dominant deformaiton in convergence zones
is irrotational strain so that the strain rate could be a good mesure of their dissipative
activity. Thus a better subgrid scale model should be based on BotS and the rotational
rate. This requirement is met by the structure function modeMetais and Lesieur (1992)
which reads:

q_
secs= C K3:2 Fo; (28)
whereF , is the second order velocity structure function of the Iteredeld:
f2(')(; ) = jja(')(, t) E('X"' * t)jj2 ji€i= :
and is a constant which can be xed from energetic considerations. e¥¥ good
results have been obtained with this model for isotropic homegeous turbulence Lesieur
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3.3 Models for sgs 3 LARGE-EDDY SIMULATIONS

and Metais (1996). Other formulations have been proposed tassess the subgrid scale
stress, based on the local strain and rotation rate tensors and pnacts of themLund and
Novikov (1992).

An important point in LES is the behavior of the eddy-viscosity mar solid walls.
By construction, the Smagorinsky model gives a non-zero valug sgs as soon as a
velocity gradient exists. Near a wall, however, all turbulent uctuations are damped
so that sgs should be zero. This is the reason why the Van Driest Van Driest (18)
exponential damping function 1 exp( y*=A") with A* =25, was used widely in early
LES studies. This standard modi cation improves the results dnaatically and is very
easy to implement for simple geometries. However, it is ad hocmodi cation based on
the distance to the wall. This is di cult to implement in the general case for complex
geometries. It also requires the use of a smaller value for the Synansky constant
(Cs = 0:1) in order to sustain turbulence in a channel ow Moin and Kim (BP82). Note
also that depending on the damping function used it may not practe the proper near-
wall scaling for the eddy-viscosity. The above-mentioned Vanri2st damping produces

ses = O(Y?) instead of O(y3). Neither is the classical structure function model well-
suited for wall bounded ows. Indeed, theF , function is of order O(1) near a wall when
computed as a local statistical average of square velocity drences between the current
position and the six closest surrounding points on the (structurgccomputational grid. A
possible remedy for this is to comput& , by using only the four closest points parallel to
a given plane. If the plane is parallel to the wallF, is of order O(y) and better results
are obtained in a boundary layer Comte et al. (1994); Ducrog al. (1996). Another way
to produce zero eddy-viscosity at the wall is to modify the conant of the model C; for
the Smagorinsky model) in such a way as to enfor€g ' 0 when turbulence activity is
reduced. This is done dynamically by the procedure proposeg Bermano et al. (1991) ,
in which the variable C = CZ2 appears in ve independent equations. More details about
the dynamic procedure are provided in sectior3.3.3.

All the above discussed models may be written in the generic form:

ses = Cm ZOP(xt); (29)

where C,, is the constant of the model, is the subgrid characteristic lemgth scale
(in practice the size of the mesh) an@®P is an operator of space and time, homogeneous
to a frequency, and de ned from the resolved elds. An operator eeting the following
properties would be a good candidate for SGS modeling purpese

it is invariant to any coordinate translation or rotation,
it can be easily assessed on any kind of computational grid,

it is a function of both the strain and the rotation rates, in ageement with re-
cent ndings concerning the contribution of the turbulent structures to the global
dissipation,

it goes naturally to zero at the wall so that neither damping faction nor dynamic
procedure are needed to reproduce the e ect of the no-slip abtion.
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3 LARGE-EDDY SIMULATIONS 3.3 Models for sgs

The WALE (Wall-Adapting Local Eddy-viscosity) model meets all the above require-
ments (Nicoud and Ducros, 1999). It reads:

1 1
Si(jj =5 (gu2 + gjzi) 3 i i (30)
(sil s )32
ses = (Cw4)? L (31)

(8 S )52+( Sicji Sff =X
where4 denotes the lter characteristic length (cube-root of the ciévolume), C, = 0:5

is the model constant andg; denotes the resolved velocity gradient. This model is based
on a tensor invariant and reproduces the proper scaling at thealt ( sgs = O(y3)). Itis
also well-suited for LES in complex geometries with structuredr unstructured methods
because no explicit Itering is needed and only local informin is required to build the
eddy-viscosity. Finally, it is sensitive to both the strain and tte rotation rate of the small
turbulent structures.

Note that C,, is considered here as a true constant, assessed from the canonic oase
isotropic homogeneous turbulence. A potential improvememdf the WALE model could
be to use the dynamic procedure (see sectia.3.3) to compute this constant. It seems
that this option has never been investigated so far although nmajor issue are expected
related to the writing of the dynamic WALE model.

3.3.2 Transport model

A drawback of the above models is that they directly relate ta level of turbulent viscosity
to the local instantaneous resolved velocity gradients. Thuséy cannot account for cases
where local levels of sub-grid scale energy are high in regiafdow resolved gradients,
because the kinetic energy has been convected from regionthwigh sub-grid turbulence.
To overcome this di culty, one possibility is to assume that the S5S viscosity is deduced
from the transported sub-grid scale turbulent kinetic energ¥sgs.

ses = Ci4 kegs (32)

whereCy is a model constant4 denotes the Iter characteristic length (cube-root of the
cell volume) andksgs is the subgrid-scale turbulent kinetic energy de ned as:

1
ksgs = é(g Ui 8, Bi) (33)
The ltered transport equation for Ksgs reads:

@< sgs @< sgsaj @ @L(gs 2 @i k§’§§
+ = + 2 . —k - = T
@t @?( @?( t @?( t i 3 Sgs ij @?(
where the terms on the left-hand side represent the turbulenti dision of Ksgs, its produc-
tion and its dissipation.
The model constantsCx and C can be shown to depend as follows from the standard

Smagorinsky constantCs :

(34)

[N

2
3Ck

Cy= 3 (Cs)s ; C = (35)
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3.3 Models for sgs 3 LARGE-EDDY SIMULATIONS

yielding the following values for the standard values o€s = 0;18 for a Homogeneous
Isotropic Turbulence (HIT) without shear and Cs = 0; 1 for a pure shear layer:

Cs | C G

0;18| 1,03 (@10
0;10| 1,03 GQO5

The drawback of the approach is the necessity to solve one morarisport equation.

3.3.3 Dynamic procedure

Most of the SGS models used in practical simulation rely on the s@lled Boussinesq
approximation and thus the key point in the SGS modeling is talevise an appropriate
expression of the SGS eddy-viscosity. As mentioned earlier, amdrh a simple dimensional
argument, such model for sgs should read (see equation 29):

ses = Cm ZOP(xt); (36)

whereC,, is the constant, is the subgrid characteristic length scale (inpractice the size
of the local cell in the mesh) andDP is an operator of space and time, homogeneous to a
frequency, and de ned from the resolved elds. If one acceptiat the size of the local cell

is the proper SGS characteristic length scale, there are onlwad ways of improving the
model for sgs: either improve the constant valueC,,, or improve the frequency operator
OP; the latter option has been discussed in sectioxB.3.1. This is the purpose of the
dynamic procedure to provide the best possible value f@,.

The dynamic procedure is rather general but it will be preseat thereafter for the
Smagorinsky model only, equation 27. The key point of this poedure is the so-called
Germano identity which was discovered in the 90's (Germano at., 1991). Recall that if
a spatial Itering operation is applied to the ow motion equations, a SGS contribution
appears which must be modeled (see equation 24). For sake of sioiyl let us consider
here the case of an incompressible uid. If the spatial Iter= (characteristic length )
is applied to the momentum equation:

Qu, @ 1 @
“at @?(( Ui Uj) = [P i il (37)
the following LES equation is obtained (assuming no Iter-devative commutative error):
@i @ - 1 @5 _
@t ( ig)= - @([P i 0 ) (38)

sgs

where ;=" is the SGS stress tensor de ned as:

sgs _

ij (W Uiy ) (39)

Let us de ne a second spatial Itering, notedb (characteristic length § and let us apply
it to equation 38. This results in the following double Itered momentum equation:

@;—i @<tr o) = }@—Ci[? i S 9 (40)
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3 LARGE-EDDY SIMULATIONS 3.3 Models for sgs

where Oi'jsgs is given by:

¢o= gy o (41)
Now, let us combine the two previous lters in order to de neb- = e and let us apply
this latter Iter to equation 37; this leads to:

@, @, .. 1@
@"‘@—?((@uﬁ)— @x

whereT;%° is the SGS stress tensor associated to this third Itee and is de ned as:

® . fi T (42)

%= (gu eg)= g Bw (43)

Recalling that b- = e, equations 40 and 42 can be combined to establish the following
relationship betweendijSgs and T;9%:

Tooe= e [+ By (44)

This equation is known as the Germano identity and can be used dynamically adapt
the constant of any SGS model. As an illustration, its use to deterine the Smagorinky
constant is detailed in the following.

Recall rst that the Smagorinsky (1963) model for the SGS eddyiscosity correspond-
ing to the Iter — of width reads:

q
ses=(Cs) S ; S = 2555 (45)
so that the corresponding SGS stress tensor is:
1 9 — _
S9s — >9s 2 (CS) 2 2Sij Sij Sij; (46)

j 3 i
Assuming that the same constant modeCs holds if the - Iter is used instead, and

noting bthe corresponding lter width, one obtains the following expression forTingS'

q
1
Ty 3 T 2 (Ch? 255 5 (47)
Applying the b Iter to equation 46 one obtains also:
q
1 X _
dijSgs 3 dos 2 (Cs) 2 2SS Sy (48)
Injecting equations 47 and 48 into the Germano identity 44,ree obtains:

q .
2S5 Sij Sij + % & o+ o

(49)
Equation 49 corresponds to ve independent scalar equationsvolving the Smagorisnky
model Cs. Most of the time, this indeterminacy is dealt with by choosinghe value of Cq

q
2 (CH 2 2§ij §ij §ij + ;_L), jTi=2 (Cs) 2
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3.3 Models for sgs 3 LARGE-EDDY SIMULATIONS

(as a function of space and time) that best satis es this over-detminated system Lilly
(1992). Recasting equation 49 in the form:

CSZM j = Nij (50)
one obtains the following expression foCs:

2_ NjMj

Cs M M (51)
This procedure often leads to a signi cant fraction of negate values forC?, and

thus may generate numerical instabilities. A common remedy wolves averagingCs over
space but this approach is restricted/justi ed to simple geometes since the existence of
direction of ow homogeneity is required (as in a channel oy A Lagrangian version of
the dynamic Smaogorinsky model has been proposed by Menevetaale(1996) to allow
the computation of complex con gurations without direction of ow homogeneity. Very
good results have been obtained with this formulation whichequires the resolution of
two other transport equations Meneveau et al. (1996). The dymic localization models
(constrained or with a transport equation for the kinetic enegy) proposed by Ghosal
et al. (1995) are in principle applicable to general inhomegeous ows and do not require
spatial averaging. Still, the dynamic procedure is based onéhenergy transfer between
the resolved eld and low-pass Iltered eld. Practically, the width of the Iter is for
the rst eld and for the second ( ' 2 is often used). In simple geometries, the
Itering operations can be performed very precisely in Fouer space but de ning a test

Iter of width 2 in complex geometries may prove to be an issue &nsen (1994). Note
however that e cient Iters with good commutativity proper ties can be developed in an
unstructured environment (Vasilyev et al., 1998; Marsden et gl2002; Haselbacher and
Vasilyev, 2003). At last recall that the dynamic procedure is@neral and can virtually be
applied to any SGS model to adjust its constant. Notably, it can & applied to any model
for the SGS heat ux (see e.g. equation 25) in order to determén sgs without assuming
a (constant) value for the SGS Prandtl number as in sectior3.2.
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4 BOUNDARY CONDITIONS

4 Boundary Conditions

Unsteady computations have to reproduce all the wave propagat phenomena, and
dissipative schemes are out of the question from the start. With me accurate schemes,
higher demands are put on the boundary conditions and the ngés evident of boundary
conditions which permit waves to leave the domain without umanted re ections. Some
studies indicate that re ections may be of numerical origin.

Practical applications need various in ow and out ow boundary conditions like non-
re ecting inlet or outlet, unsteady inlet with uctuating ve locity elds, as well as wall
conditions. These conditions should meet the following criter.

The right number of constrains has to be imposed at a given bouax to ensure
well-posedness. This number can be derived analytically (Kesi, 1970; Engquist
and Majda, 1977; Higdon, 1986; Gustafsson and Sundstrom, 1978).

The physics of the problem has to be properly translated into # wave/boundary
interactions. For example, with a pressure imposed outlet, an agstic wave leaving
the domain should be transformed into an ingoing one of the samenplitude.

A numerical implementation of the mathematical and physicastatements has to be
chosen so as to minimize the numerical perturbations generdtat the boundaries.
There is clear experimental evidence that backward propatjag acoustic waves may
trigger an hydrodynamic instability of the Kelvin-Helmholtz type (Rockwell and
Naudascher, 1979). If the acoustic wave comes from any physicalisd generation
process, this interaction leads to a feedback instability. Hower, if the acoustic
wave is induced by an improper boundary treatment, the obtaied feedback loop
has no physical meaning (Buell and Huerre, 1988; Tam and AuridulL996).

The properties of the initial ow eld should become unimportant after a charac-

teristic time of the problem has been computed. This requireemt seems obvious
for any unsteady or steady computation, but may not be met by cé&in advanced

boundary conditions.

Di erent boundary condition treatments based on the charaaristic approach have
been proposed in the literature (Chakravarthy, 1983; Thompsn 1987; Poinsot and Lele,
1991; Hirsh, 1990), which handle in various degree the abovejugements. Several au-
thors focused essentially on the best way to write a non-re ectinboundary condition
for the Euler equations (Giles, 1990; Hayder and Turkel, 199B8¢kins and Casper, 1994,
Rudy and Strikwerda, 1980). See Givoli (1991) for a reviewt is now commonly accepted
(Colonius et al., 1993; Ta'asan and Nark, 1995; Freund, 199'H4t a perfect formulation is
not reachable for the non-linear case and it has been found eesary to add non physical
exit zones onto the computation domain. The objective of tki section is to clarify the
common points of some characteristic boundary conditions fod in literature, as well
as the way they dier from an analytical point of view. We wantto show on simple
unsteady test cases how these formal di erences change the resulA general procedure
for comparing boundary conditions is provided to explain tb numerically observed di er-
ences. Sectiox 4.1 presents the general ideas behind the characteristic appch for the
boundary conditions as well as di erent formulations alredy available in the literature.
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4 BOUNDARY CONDITIONS 4.1 General formalism

It will be shown that a key di erence is the method used to interpet the variation of the
characteristic variables (also called the amplitude or the sténgth of the waves). Some
ideas are presented about the implementation of these charadstic methods in a gen-
eral unstructured code. Sectiorx 4.2 shows to what extent the quality of the results for
unsteady computations is improved or damaged by the choice thie de nition for these
variations.

4.1 General formalism

For hyperbolic equations, most advanced boundary treatmentaake use of the character-
istic approach, which is described in many basic articles or tibooks (Hirsh, 1990). Char-
acteristic boundary conditions are based on distinguishing ioghg and outgoing waves at
the boundary of the domain. Information carried by outgoingwaves is left untouched,
while the boundary condition must supply information correspiding to the ingoing waves.
This can take the form of e.g. prescribing the strength of ingog waves, or extrapolating
characteristic variables, or Riemann invariants.

The time dependent Euler equations are hyperbolic, and careleformulated in a set of
characteristic advection equations. Let us consider the 3D Earl equations in quasi-linear
form:

(AN ARy ATy (52)

@t @x @y @z

In this equation, V = ( ;u;v;w;P )T is the vector of the primitive variables and the
matricesA, B and C are de ned as:

2 3 2 3 2 3
u v o - w
©ou 1= v W
A= u B=2:: v ! 1= £C= w ;
u oLV w 1=
P u o Porwv P w
(53)
where , ,¥=(u;v;w)" and P represent the isentropic coe cient, the density, the

velocity vector and the static pressure respectively. Each of éhmatricesA, B and C has
its own complete set of real eigenvalues and of right and lefigenvectors, which di er
from one matrix to the other. The matrix E, de ned asAn, + Bny + Cn; is introduced,
wheref is an arbitrary unit vector. The eigenvalues matrix obtain€e by diagonalizingE,
reads as:

n=LaEqL b =diag( }; 2 35 4 2)=diag(Un;Un;Un;Un + Gy ©);  (54)

where u, = #:A and c is the speed of sound. The matrices with left (resp. right)
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eigenvectors as rows (resp. columnk), and L ,* are given by

1 0 1
1 O 0 0 1=¢ 1 0 0 =2 =2

0 si S1y Si1z 0 0 six Sp hy=2 ny,=2
Lhn=BO sSx Sy Sz 0 ;andR, =L,'=RBO sy Sy Ny=2 ny=2:
Ny Ny n, 1=c S1; Sy N,=2 n,=2

0 ny Ny n, 1=c O 0 O c=2 «c=2
(55)

They relate variations of the characteristic variable®V , to the variations of the prim-
itive vector V by:

S, Wi+ s, Wi+ 922_(er W)
C
S (Wi+ W)

W,=L,V V=L1W,; (56)
or in full :
2 .3 2 1p 3
Wi 3
W 2 S
W,=0 W24= S (57)
W +R:H + %P
W Ad+ L P
C
and
2 3
2 3 Wi+ 5e( Wi+ WY)
n
Vh=8 VvV £ =0 55y W2+ 5y W2+ D2¥(Wr‘," Wp2) 7: (58)
w
P

Unit vectors s, and s, are such that they form with At an orthonormal basis f; §; $).
Note that for each unit vector f, a di erent set of characteristic variables is obtained.
Also the choice of right and left eigenvectors in uences the daag of the characteristic
variables. The rst characteristic variation is proportional to entropy variations, the
second and third are related to variations in shear velocity,ral the last two represent
acoustic disturbances.

The ve characteristic variables satisfy a set of convection e@tions, the compatibility
equations, with the speed of propagation given by Eq. (54) andithr source terms related
to pressure and velocity variations in the §;,%)-plane. These equations are obtained by
multiplying Eq. (52) with L, :
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QW 1
+4rW;=0;
@t
QW _ -
“at +‘t:IrW2+ZC‘51 FWe+ W2 =0;
@@Vﬁ+urw3+ cg: FWH+rW? =0; (59)
@@Vﬂ+(u+ ch)FWr+c s W2+ s:r W2 =0;
@wW

—+(ti ) FW2+c s W2+ W2 =0:

In general, these equations are decoupled only in 1D, whereethecond and third line
vanish, with 5, = 5 = 0. In the case of the Navier-Stokes equations, additional source

terms appear which are related to the viscous e ects.

For boundary conditions,f1is chosen normal to the considered boundary, either inward
or outward. In the following, we take the normal outward, whth means that negative
speed represents information convected into the computatiahdomain. Positive speed
correspond to information leaving the domain, independentfahe physical boundary
condition. However, the decomposition of the Euler equatioriato a set of waves withf
normal to the boundary is a crude and sometimes inadequate assuiton (Mazaheri and

Roe, 1997).

The ingoing information depends on the physical boundary cdition, the numerical
evaluation of outgoing waves, the truncation error in the baodary approximation chosen
and the way relevant boundary variables are updated. Sevérmethods can be used,

which can be classi ed in di erent ways. Without being completewe distinguish:

Extrapolation methods. Space, time or space-time extrapolan of the conserva-
tive/primitive (Gri n and Anderson, 1977; Gottlieb and Turke |, 1978) or charac-
teristic (Yee et al., 1982) variables. This includes e.g. a synatry condition by

annihilating normal velocity, or a wall boundary conditionwhich sets the speed to
zero for Navier Stokes equations. Characteristic extrapolain includes the use of
Riemann invariants which we will discuss and test here (see secisox 4.1.4 and
x4.2.1).

Application of boundary conditions at the level of the partid di erential equa-
tions. This category makes use of information about the chartesistics, present in
the problem. This can be done in the compatibility relationgHirsh, 1990), or in
the equations of motion (Poinsot and Lele, 1991), with a oneel®d discretization.
This latter technique is more appropriate for the Navier-Stkes equations, when the
boundary conditions have to be separated from the viscous tesmin the following,
we will focus on this category, which has in common that the lhmdary conditions
act on variations, rather than the variables themselves. It means that the streniy
of incoming waves is calculated as a function of the physicabbndary conditions
imposed and the strength of the outgoing waves.

Applying an Euler explicit time discretization to Eq. (52), the update of primitive

variables can be written as:
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4.1 4 BOUNDARY CONDITIONS

— n+1 n _— - @/ @/ @/
V=V Vv tR t A @x+ B @y+ C @2 (60)

For a given boundary with normals, the full residual R in Eg. (60) can be split into a
normal part R, (involving only normal derivatives) and a tangential partR ¢ (involving
only derivatives alongs, and ). E.g., in casen = (1;0;0)!, that is n aligned with the
x-axis,R, = A @=@xand Rs= B @ =@y C @ =@z

Let us callV " the boundary value at time leveln, V" the predicted boundary update
due to the interior scheme, before application of the boundgconditions, V! the part of

VP to which the boundary conditions will be applied, andVY = VP VP the part of

the boundary update which is not a ected by the characteristt boundary conditions. As
an example, in methods which identify waves only using termsommal to the boundary,
and in the casen = (|:Ir :0; 0), vavi is the predicted value of tR, = tA @/ =@»and

VVisequalto t B %ﬂ' C%Z . Note that VY could also contain other contributions

like the di usive terms in the case of the Navier-Stokes equatns or the heat release for
combustion. The boundary conditions are then applied as folls:

1. Decide the part V| of the residual to which the boundary conditions are going to
be applied to. If it is the full residual, then V| = tR and VY =0.

2. Using Eqg. (57), decomposeV !, into characteristic variations W ™P and W o4
due to ingoing and outgoing waves, with corresponding primite variations V In:P
and V3.

3. Modify the amplitude of the incoming wave(s)W ™P corresponding to the physical
requirements at the boundary. This gives corrected amplities, W ™€ . Note that
the outgoing waves W 2" must be kept as they are. As an example, consider a
pressure imposed subsonic outlet? = 0. The characteristic speedsi, and u, + ¢
are positive, and the only wave to be aected by the boundary culition is the
ingoing acoustic with speedi, c. Eq. (58) states that P = W%+ W2, which
gives W>¢ = W2

4. Combine the wavesW "¢ and W °“, and transform back to primitive variables
usingL !, Eq. (58). This gives V ¢. The boundary point is then updated according
to

Vn+1 :Vn+ VU+ VVC\,:Vn"' VU+ Vin;C + Vout

The decomposition of the Euler equations into a set of waves tr@ing normally to
the boundary provides us with a theoretical basis to derive pper boundary condition
treatments. However the theory says nothing on the best choicerfde ning the part of
the update related to the waves (V). It seems that only the full residual approach
(Thompson, 1990) (VF = VP) and the normal approach (Thompson, 1987) (V! =

tR,) have been proposed in the literature as a basis of a general gedure to derive
boundary conditions for the Euler equations.
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4.1.1 Full residual approach

Applying the boundary conditions to thefull residual, we have VP = tR= VP and
VY =0, which means that the update become¥ "*! = V"+ VT = v+ yvinC 4 yout
As soon as the evaluation oR by the interior scheme leads tdR = 0, the strengths of the
waves vanish. Therefore, the boundary point does not vary ampre, and steady state
is reached. This boundary conditions has been tested with ar¢ge variety of physical
boundary inlet and outlet conditions, and in a wide range of & cases. Its behavior
is very satisfactory. One undesirable side-e ect has been foundth the simplest non-
re ecting boundary condition, Eqg. (61), for the case of a sheapw leaving the domain

(see sectiorx 4.2.2).

4.1.2 Normal approach

Here, the boundary conditions are applied to the part of the sdual related to the normal
derivatives, V! = tR,. It has been proposed by Thompson (1987) for the non-
re ecting condition and by Poinsot and Lele (1991) as a basis af general procedure to
derive boundary conditions for the Navier-Stokes equation# part of the residual ( V V)
is not touched by the boundary conditions, and therefore, andalitional non-characteristic
correction is needed.

When the interior scheme evaluation leads t&R = O, the strengths of the waves do
not vanish anymore. Take the example of a pressure imposed outlend assume that
the boundary is at the prescribed pressure. If the normal residug non-zero (as it is
for a Blasius boundary layer, sinc%g is not zero), decomposition results in an outgoing
characteristic, which has to be matched by an ingoing charaaistic to keep the pressure
constant.

4.1.3 Non-re ecting boundary conditions

It is straightforward to derive the strength of the incoming waes for physical boundary
conditions like an outlet where pressure or Mach number is imped. Likewise, an in-
let with total pressure and temperature and the ow angles, or ttal temperature and
mass ux poses no problem. It is more complicated to design a noa-ecting boundary
condition.

The simplest form of this condition is to set the strength of the inoming wave to zero.
In 2D, with W*# the ingoing characteristic for a subsonic outlet, théull residual approach
gives (Chakravarthy, 1983; Hayder and Turkel, 1995, 1993; ®mpson, 1990):

@
= = 1
ot~ ° (61)
whereas thenormal approach leads to (Thompson, 1987; Poinsot and Lele, 1991):
W
n 9= =0 62

Hirsh (1990) argues that the simple non-re ecting condition, &s to be applied to the
advection terms of the bicharacteristic equations:

@w, oW _
@n @s
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4.1 4 BOUNDARY CONDITIONS

A more elaborate analysis is performed by Engquist and Majda 9I7), and trans-
lated for practical implementation by Giles (1990). The anlgsis for the linearized Euler
equations is based on a Fourier decomposition of the solution tite boundary, that is
decomposition of plane waves in arbitrary directions. Now, thstrength of each ingoing
Fourier component is set to zero, and consequently, the ingginvaves in the space-time
domain are nite. This introduces a dependency of the incomg characteristic on the
tangential derivatives at the boundary. For one-dimensiortaow, Eq. (61) is recovered.
Here we consider the approximate, two-dimensional unsteady foulation Giles (1990),
which for a 2D outlet gives:

QW _ @wW ew,
whereu, and us are the normal and tangential velocity at the boundary, and@ =@d&notes
the tangential derivative.

Eg. (61), (62), (63) and (64) are all non-re ecting boundaryconditions based on
characteristic analysis. They do not produce the same results hever. This may be
explained by formulating all of them in the same framework: itheed, any (non-re ecting)
boundary condition can be written either in terms of time dewatives (temporal form) or in
terms of normal derivative §patial form). These two forms are linked by the compatibility
relations, Eq. (59), and imposing a boundary condition on theimme derivative can be
translated into a condition on the normal derivative and viceversa. An overview of the
presented conditions written in their two equivalent forms femporal and spatial) is given
in table 1. A key reference is used to name each boundary comgiit The conversion
between the two forms may be obtained with the 2D version of theompatibility relations
which for the ingoing characteristic reduces to:

(64)

B 9% w08 -0 e
| Name \ temporal form \ spatial form
n 0
Thompson (1990) ew -0 Eq. (61) aw = Ll y@¥. cew
w T ow W w
Poinsot and Lele (1991) @¥t = Us 9% + 8 ev =0 Eq. (62)
Hirsh (1990) @ = gt o= ug%s Ea. (63)
. M = u @V\F u @V\I4 E .
Giles (1990) ( é@i) n“@s YsTes 4 ow - aw

Table 1. Correspondence between théemporal and the spatial form for some non-
re ecting boundary conditions. 2D case.

This table provides a way to formally compare these boundaryoaditions. Of course,
the results of a computation depends only on the choice of th@bndary (the rows in the
table) and not on the form under which it is written (the colunms in the table). It is
straightforward to derive the 3D version of these corresponders:
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4 BOUNDARY CONDITIONS 4.2 Comparison of non-re ecting BC

\ Name of the BC | temporal form \ spatial form
oW @@Wﬁ — Us1 @@V\P Uso @@V\P
QW — n Uuh C@% _Un C @s
Thompson (1990) =0 c @W c @W
un C @§ un C @5
Gr = uaGy UGy aw
. t $ 8 =
Poinsot and Lele (1991) W ow an =0
@s @s
. QW _ QW @w @wW _ Usy @W usz  @W
Hirsh (1990) “et - Ca@s Cas @n (Un 0 @8 (un 0 @s
ew = oy, g% e W _ aw , @w
. t $ E) =
Giles (1990) U @ QW @n - @s ' @s
sl @s 2 @s

Table 2: Correspondence between théemporal and the spatial form for some non-
re ecting boundary conditions. 3D case.

4.1.4 About the Riemann invariants

The Riemann invariants is the name given to the integrated 1@haracteristics variables,
under the assumption of isentropic ow (Hirsh, 1990; Anderson, 1982They are:

Rt = P
2

R? = up+ —= (66)
2c

These quantities are constant along the characteristick=dt = u,, dx=dt = u,+ cand
dx=dt= u, crespectively. A main di erence in the application of bounday conditions
to the Riemann invariants is that the boundary conditions ae now imposed on variables
rather than on variations. These treatments use directly the mdicted and the previous
values of the primitive vector to build its corrected value. Another dierence is the
assumption of isentropic ow which is not made in the treatmentslescribed in the previous
subsections. An example of the e ect of this hypothesis is given the next section.

4.2 Comparison of non-re ecting BC

As an illustration of the sensibility of unsteady calculations tathe boundary conditions
used, the non-re ecting formulations described in the previss sections are tested for
di erent academic test cases (see gure 3):

a 1D acoustic or entropy wave leaving the computation domainhtough a non-
re ecting outlet (section x 4.2.1),

the establishment of a 2D shear layer in a domain with no velocitgt the initial
time (sectionx 4.2.2),
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a two-dimensional vortex leaving the computation domain thwugh a non-re ecting
outlet (section x 4.2.3).

The tested formulations are designed as Riemann invariants, I (Giles, 1990),
Poinsot (Poinsot and Lele, 1991), Hirsh (Hirsh, 1990) and Thompsoi lfjompson, 1990)
(see table 1 for the de nition of these conditions). Except othavise stated, all the fol-
lowing computations are performed with a second-order cengel scheme in space and a
third order explicit Runge-Kutta time stepping. No arti cial viscosity is used.

Test cases Tested conditions

- Riemann invariants
- Thompson (1990)

- Poinsot and Lele (1991)
/\ .| - Hirsh (1990)
- | - Giles (1990)

- Thompson (1990)

1 - Poinsot and Lele (1991)
| - Hirsh (1990)

- Giles (1990)

YY YV y l
Yy

- Poinsot and Lele (1991)
- Hirsh (1990)
- Giles (1990)

Figure 3: Academic test cases for the non-re ecting outlet bowlary conditions. The
dashed line corresponds to the tested boundary.

4.2.1 One-dimensional cases

A Gaussian perturbation of small amplitude is superimposed to theniform density eld
and the other variables are initialized so as to keep energyamly one mode of propagation,
either the progressive acoustic one or the entropy one. The meltach number is set to
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4 BOUNDARY CONDITIONS 4.2

0:25 in both cases and the number of grid points is 201 (uniform i®). Figures 4 and
5 show the convection of the acoustic perturbation through thevolution of the density
at di erent simulation times. The perturbation leaves the conputation domain for t =
0:5L=(Uy + ¢), where L is the length of the domain andJ, is the mean convection velocity.
The bottom parts of the gures show that the wave leaves the doain in producing
a small amount of numerical perturbation. These sawtooth instalities have a non-
physical negative group velocity of order Uy ¢, in agreement with theoretical analysis
(Vichnevetsky and Bowles, 1982). The amplitude of the re ectederturbation is of order
of 0:05% of the strength of the outgoing wave, showing that both the fompson and
the Riemann invariants approaches are e cient in this case. iBilar results are obtained
with the other characteristic treatments cited above. The rsults for the entropy wave
are shown in gures 6 and 7. The characteristic approach prodes the same type of
result as for the acoustic wave, with the group velocity for thee ected numerical waves
which is now of order Up. The use of the Riemann condition leads to the formation of a
regressive acoustic wavd)y c¢) when the entropic wave leaves the computation domain.
The density perturbation associated with the re ected wave iswen larger than the one
related to the outgoing wave. This unacceptable behavior die Riemann condition is a
direct consequence of the isentropic ow assumption used to degithe invariants: this
formulation should be used only for isentropic ows. Only charderistic treatments based
on the variations of the primitive/characteristic vector will be considered in the following
subsections.

4.2.2 Two-dimensional shear-layer

Consider the computation domain dened by O< x < 1 and O0<y < 1. The initial
condition is uniform for the density and the static pressure, zerfor the velocity in the
y-direction. For the streamwise velocity, we imposa(x;y) = Up(1:5+ tanh(10(y 0:5)))
for x = 0, u(y) = O elsewhere. Uy corresponds to @5 for the Mach number, so that
the ow is subsonic everywhere. The Thompson (full residual) clacteristic approach
is used at the inlet to impose the velocity components and the ngerature while a
non-re ecting condition is tested at the outlet. The Poinsot ron-re ecting characteristic
condition is used for bothy = 0 and y = 1 to allow acoustic disturbances in they-
direction to leave the domain. The velocity pro le is expead to propagate downstream
during the computation. The steady solution is obviouslyu(x;y) = u(0;y) for all x-
values. Numerically, several convective times of propagaticare simulated before the
results are examined. Typical velocity pro les obtained wh the Thompson formulation
of the outlet boundary are shown in gure 8. Clearly the outletcondition prevents the
hyperbolic tangent pro le from propagating along thex-direction. Instead, theu-velocity
tends to be uniform near the exit. In fact this result is due to he formulation which, by
imposing @VW=@*t 0, forces the temporal evolutions of the streamwise velocitgnd the
pressure to remain nearly proportional. At the initial time, both quantities are uniform
at the exit, so that their pro les keep the same shape during theamputation if 1=c
does not depend oty. This feature of the boundary is well recovered by the compation
(see gure 9) but is not compatible with the present physical coguration. Instead, the
pressure pro le should remain uniform and theu-pro le should start from zero and tend
to the imposed hyperbolic tangent pro le at the inlet. The use bthe Poinsot's approach

VKI - 26 -



4.2 4 BOUNDARY CONDITIONS

1.020 ‘ \
| —t=0
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Figure 4: Spatial evolution of density before and after the auistic wave leaves the domain
through the Thompson (1990) (full residual) non-re ecting cadition.

for the outlet leads to the correct behavior for the velocitypro les, as shown in gure
10. Indeed, the constraint on the ingoing acoustic wave is nowritten in terms of spatial
gradients, so that the temporal evolutions of the pressure and ¢hvelocity at the exit are
no more proportional (see table 1). The correct behavior iss® obtained for the other
characteristic treatments cited above. However the computeghysical time needed to
reach the steady solution has been found to be greater for thel€ condition than for
both the Poinsot and the Hirsh formulations. By comparing these hmdary conditions
in table 1, it appears that three di erent terms appear in theright-hand-side of their
temporal forms A = u,@% B = ¢c@¥ and C = u, &% At least one term is needed to
make a boundary condition able to reach the correct steady s&t The Poinsot's and the
Hirsh's conditions leading to equivalent results, théA term above seems not critical for
the present test case (this term is the di erence between two badary conditions which
give the same results, see table 1). Thus thB term is responsible for the success of
the computations with those conditions. One observes also thahbé C term in the Giles
condition is nothing but “2B, smaller than B because the test case is subsonic. Thus
the observed numerical result (longer relaxation time to the shdy state with the Giles
treatment) is consistent with the formal comparison of the di &ent boundary conditions.
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1.020 ‘ ‘
T ,
1.015 - ——-t=025L/(U,+c) |
|~ — t=050L/(U,+0) ]
1.010 - . p
1.005 )
1.000 2 N
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Figure 5: Spatial evolution of density before and after the atistic wave leaves the domain
through a non-re ecting condition based on the Riemann invaants.

Only the formulations proposed by Giles, Poinsot and Hirsh have ba retained for the
next test case.

4.2.3 Two-dimensional vortex

Consider the computation domain de ned by 6 x < 1 and O<y < 1 and the following
stream function:

2 2
(X;y;t - O) - e ((x_xo0) ;(y yo)?) (67)
The corresponding velocity eldu = %y andv = %X de nes a steady vortex with
center atx = X, andy = Yy, with no vorticity at in nity. o and a are related to the
strength and the size of the vortex respectively. The pressure elassociated with this
owis P = P, 2=g2. To de ne the initial eld, a uniform ow ( M = 0:25) in the
streamwise direction is superimposed to the previous vortex owith X, = y, = 0:5. Two
cases (A and B) have been computed.
Table 3 gives the numerical values of the initial stream fun@in ,, the size of the
vortex a and its strength, de ned as! axa=W.
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Figure 6: Spatial evolution of density before and after the émopy wave leaves the domain
through the Thompson (1990) (full residual) non-re ecting cadition.

Case A corresponds to a weak vortex for which the induced veltycis only 1 % of the
mean convection velocityJy. The second case B stands for a strong vortex for which the
induced velocity is 90 % otJ,. Note that the absolute velocity is always positive for both
cases so that the sectiom = 1 is always a subsonic outlet. The Poinsot's non-re ecting
characteristic condition is used for botly = 0 and y = 1 to allow the acoustic disturbances
in the y-direction to leave the domain. It is also used fox = 0 while the tested non-
re ecting boundary condition is used forx = 1. The vortex is convected downstream
during the computation and leaves the domain at time& = 0:5L=U,, whereL is the length
of the computation domain. With the above presented charactistic formulations for the
outlet, the vortex leaves the domain and no vorticity pertubation is produced near the
exit.

|Case] , | a |[strength|
A 0.0005| 0.106 0.09
B 0.05 | 0.159 2.82

Table 3: Strength and size of the computed vortices.
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Figure 7: Spatial evolution of density before and after the érmopy wave leaves the domain
through a non-re ecting condition based on the Riemann invaants.

Figures 11, 12, 13 and 14 show the root-mean-square value oftbtbte vorticity (! ms)
and the divergence div,ns) in the computation domain for Cases A and B. In the rst
stage of the simulation, both quantities show a plateau becausket vortex is still in the
domain and there is no dissipation. Around = 0:25, the vortex starts its interaction with
the outlet boundary so that the divergence increases. At= 0:5, the center of vortex
leaves the computation domain and the level df,,s sharply decreases. The acoustic per-
turbations propagate upstream and leave the domain throughe di erent non-re ecting
boundaries at the inlet and both the top and the bottom. Aftert ' 1, the level of
divergence falls to its initial value.

Figures 11 and 12 show the results for the Case A (weak vortex) Wwithe outlet section
treated with the (Poinsot and Lele, 1991) and the Giles (199Gprmulation respectively.
! For both formulations, the computed time evolution of! ;. compares well with the
analytical one. This latter is the solution of the simple lineaconvection problem which

lthe non-re ecting boundary condition given by Hirsh (1990) produced results very similr to those
obtained with the approach of Poinsot so that the corresponding plots are not shan for clarity.
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Figure 8: Velocity pro les at di erent abscissa for the Thompson(1990) (full residual)
non-re ecting outlet boudary condition.

is valid as far as the velocity induced by the vortex is small copared to the convection
velocity. On the other hand, the treatments produce an amoumf dilatation which may be
related to the amplitude of the re ected acoustic wave when # vortex leaves the domain
(Colonius et al., 1993). A coe cient of acoustic re ection my be de ned as the ratio
of the maximum of divergence in the computation domain durig the exit process to the
maximum of vorticity in the incident vortex. It is much smaller for the Giles formulation
than for the other one (4 %). Note that for the vortex strength anl the spatial resolution
considered in Case A, the amount of divergence produced by thel&€si exit boundary is
of the same order than the initial level of divergence which ielated to the truncation
error of the second-order spatial scheme used for the computaiso As a consequence
the re exion coe cient for this case can hardly be measured expt if the resolution is
drastically increased. Instead, we preferred to increase thecacacy of the numerical
method to check the behavior of the Giles condition in the l@ar range. Indeed, this
condition is exact for the linearized Euler equations (Gie 1990). It is a second order
condition so that the vorticity-acoustic re exion coe cient should tend to zero as the
strength of the vortex does. On the other hand, the rst order Paisot condition should
produce a nearly constant re exion coe cient. These featurehave been well recovered
in the present study (see gure 15) by using a sixth-order compact lseme and a third
order Runge-Kutta formulation for the time steping.
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Figure 9: Comparison of the shape of the streamwise velocity andast pressure pro les
at the exit plane. The shape ofjisdened as @ Omean)=(9 Omean)max » Wheregmean IS
the mean value ofg at the exit.

Figures 13 and 14 correspond to the case B. Even for the non-knesortex, the de-
crease of the vorticity in the computation domain is well repgduced by both boundary
treatments. Note that the 'exact’ solution in these gures corrgpond to a simulation with
a domain of length 2, the root-mean-square of vorticity beingomputed over the rst half
of it. In terms of re ected acoustic wave, the di erence betwen the two boundary treat-
ments decreases when the strength of the vortex increases, as sstgd by gure 15. For
case B, both conditions lead to the same order of re exion coeient (around 4 % for
both). This is due to non-linear e ects which are not propest accounted for, whatever
the boundary formulation. A way to overcome this di culty is to insert a bu er region
before the exit section, so as to make the perturbation linearelfore it interacts with the
boundary (Colonius et al., 1993).

4.3 More about BC treatments
4.3.1 Linear relaxation

The classical characteristic formulation is widely used since pirovides a theoretical basis
to derive proper boundary condition treatments, following e steps described in section
x4.1. Consider the case of a subsonic outlet where the static pressig&nown. Such a
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Figure 10: Velocity pro les at di erent abscissa for the Poinsotand Lele (1991) non-
re ecting outlet boundary condition.

condition must be based on the relationship between the pressurariations P and the
variations of the characteristics variablesw } and W 2. From Egs. (58) one obtains:

P = (Wit W) (68)

which may be rewritten as: 5
W= W2+ <P (69)

Note that this boundary condition is fully re ecting acoustically: any physical or numerical
perturbation generated during the calculation cannot leavthe computational domain. To
ensure the stability of the simulation, one often makes use of digative schemes in order
to damp the perturbations that cannot be evacuated throughhe boundaries. However,
using dissipative numerical schemes for calculating unsteadyws may lead to erroneous
results (Colin and Rudgyard, 2000). Experience proves thatinay be su cient, and safer
numerically, to use a boundary treatment that is not fully re ecting. In order to built an
essentially non-re ecting boundary condition where the ingag wave does not depend on
the outgoing wave, we write, instead of Eq. (69) :

2
W§=+€P (70)
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Figure 11: Time evolutions of the rms of vorticity and divergnce during the exit of a
linear vortex through a non-re ecting subsonic outlet condibn. Case A - Treatment of
Poinsot.

In the case of a fully non-re ecting condition, we would have macoustic wave entering
the domain, that is W > = 0. However, it turns out that such condition is ill-posed and
might lead to very large uncontrolled pressure drift. To avoidhis, one relaxes the pressure
at the boundary P® toward the target value P' by choosing P = (P! PB), leading
to :

2
Wp="5_(P" P (71)

In order to make the e ect of the dimensionless relaxation pameter 5 independent on
the time step t, it is preferable to take instead :

2
W= PE(Pt P®) t (72)

where the relaxation parameter p is homogeneous to a frequency. In absence of wave
re exion from the domain (that is if W * = 0), this choice for the variation of the ingoing
characteristic variable W > has the e ect to move the pressure at the boundary from the
valueP® to the valuePB+ (P! PB) t, whichis closer to the target valueP' provided
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Figure 12: Time evolutions of the rms of vorticity and divergnce during the exit of a
linear vortex through a non-re ecting subsonic outlet condibn. Case A - Treatment of
Giles.

the relaxation coe cient is not too large. The net e ect is to avoid large pressure drift
if p is large enough (to compensate the causes of the drift). This sgmilar to what
proposed Rudy and Strikwerda (1980). They showed that the retation coe cient is
related to the characteristic size of the domain and the chartsristic Mach number. The
condition (72) is virtually non-re ecting if P® is close toP! but prevents the computed
pressure from being too dierent from the reference. Note thatcontrary to the full
re ecting formulation (69), equation (72) does not guarant that PB is strictly equal to
P!. It can be shown that the inclusion of a relaxation term as in eqition 72 makes
the boundary transparent only for perturbation whose frequeay is larger than a cut-o
frequencyf. which can be related to the relaxation coe cient p. A simple analytical
model allows to show thatf. = p=4 (Selle et al., 2004).

4.3.2 Approximate boundary conditions

The purpose of any characteristic boundary condition is to pseribe proper value(s) of
the ingoing characteristic variable(s) so that the expected pisical boundary condition is
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Figure 13: Time evolutions of the rms of vorticity and divergnce during the exit of a
non-linear vortex through a non-re ecting subsonic outlet codition. Case B - Treatment
of Poinsot.

obtained. The linear relaxation methodology described abewvcan be used to construct
any kind of (well-posed) inlet/outlet boundary condition. A few examples are provided
below

Mass ow rate 'imposed’ outlet : One assumes that the normal mass ow rate
u, is known at a subsonic outlet. From Egs. (58) and (57) one obtains:

un=§(1+|v|n)wg‘ 5(1 Mn) W3+ u, W} (73)

which may be rewritten as:

2 2
WS = A+ M)WH+ Zu,Wr Sy, (74)

1 M,
In these equationsM, stands for the normal Mach normal at the boundary. Note
that for an outlet, u, is positive and M, could tend toward 1 for high subsonic
ows. As a consequence, this boundary condition becomes ill-g®a in the transonic

VKI

-36 -



4.3

4 BOUNDARY CONDITIONS

10

10

10

10

U — w__-Giles
----div,_ - Giles
10° | +w,. . - Exact ]
1| o J/ k
//
/
! ~
2| // e
; / +
7// N
3 ‘ ! ‘ JrrF ‘
0.0 0.5 1.0 1.5
time (L/U,)

Figure 14: Time evolutions of the rms of vorticity and divergnce during the exit of a
non-linear vortex through a non-re ecting subsonic outlet codition. Case B - Treatment
of Giles.

regime (which could have been expected since the ow rate thrgh a choked nozzle
is imposed from the upstream conditions only). As in sectiox4.3.1, the essentially
non-re ecting outlet with relaxation toward the target value ul is obtained by
assuming that the incoming wave does not depend on the outgoinbaracteristics:

W= s ul ) (75)

Inlets with velocity and temperature ‘imposed’ . It is common use to impose
the velocity vector and static temperature at subsonic inlets. .&h condition should
be based on the relationships between the velocity and tempéree variations and
the variations of the characteristics variables. From Egs. (5and (58) one obtains
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Figure 15: Coe cient of acoustic re ection as a function of the amplitude of the incident
vortex. Comparison between a rst order (Poinsot, Hirsh) and a seodl order (Giles)
condition in the linear range. Results from a code based on a dixbrder compact scheme.

(using the state equation to expressT = TdeltaP=P T = ):

2 Wi 3 2 (1 . 3
”2 [ CT cup+cW(]
V5 I
Wr13 - utz (76)
WIS W4 2u,

The essentially non-re ecting inlet relaxation toward the taget valuesuy, u,, U,
and T' is obtained by making the incoming waves independent on theitgoing one

(W7):
2 32y 3
Wy - Cp r(T" T®) cy(uy u3) t
BwWil_8 a(ut, Up) :
= t 77
w2 w(ul, uB) t (77)
Inlets with mass ow rate and total temperature 'imposed’ . This is a

variant of the previous condition. Similarly, the starting point is the relationships
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between the mass ow rate and total temperature variations ash the variations of
the characteristics variables. From Egs. (57) and (58) one ohite (using the state
equation to expressT ):

2 3
2, 8 AT MW 6 W
g ung B S, B R :
Uy 2 h W 3+ U, Wa+ sM (Wi + W) i
2
T, & Un Wi+ U, W S5 Wt 3(C+ un) Wi+ 3¢ un) Wy

(78)
where M, and M., are the Mach numbers in thet; and t; directions respectively.
With some algebra, Egs. (78) can be inverted to provide the follving expressions
for the ingoing waves :

3 2 , i
w ! iwwrﬁ.sl
2
W%Z:E L[ M, Wi+ S z (79)
Wa L[ M, Wi+ S
Wi L@+ Mo+ HIMAYOWI+ )]
where =1 M, +( 1)M ? and the termsS;, S,, S; and S, are equal to :
2 h
233 Tﬁ 1 M) 2Ty Myug, Mgug (I My M2 Mg)uni
1
B 7. LOODMy 2T+ Mo M) un (@ Ma+( DM Uy,
> PO DM P TH@ My M) un @ Ma+( DM U,
A
2 M 1) ETe Mg uy My ug @+ DM u,

(80)
whereMZ = M2 + M2.

4.3.3 Integral boundary conditions

The above mentioned boundary treatments require thpointwiseknowledge of the physical
guantity to be imposed at the boundary. For example, considernaisentropic subsonic
inlet where the velocity is prescribed, the tangential compwnt being zero. Following the
previous reasoning, the following relationship should be used tompute the incoming
acoustic wave if the approximate boundary is to be used:

W2= 2, u u (81)

However, pointwise information aboutu! is not always available and the knowledge of the
bulk velocity uf,, is often less challenging. Integrating the RHS of equation (Bbver
the boundary B one obtains an integral, approximate boundary condition (Mioud and

Schenfeld, 2002): 7
1
we= 2, S & UrdSs  Upuk & (82)
where Sy is the area ofB. In this formulation, the incoming acoustic wave depends oyl

on time and drives the total ow rate entering the domain throughB. The shape of
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the velocity pro le comes out from the terms not modi ed by the boundary treatment,
i.,e. VVYin sectionx4.1. Note that the integral term in (82) should be assessed at each
iteration of the simulation and the input uy, is a function of time only.

The performance of the above treatment is illustrated in gue 4.3.3. which displays
the results from an unsteady Poiseuille ow computation. The araged bulk Reynolds
number is Re, = 870 with h half the channel cross section. The length of the straight
channel is 40. a‘he_unsteady ow is pulsated at frequencies de ned by the Wonmsley
numberWo= h != =15with ! the pulsation of the ow rate variation. The maximal
amplitude is 45% of the mean ow rate. At the channel inlet theintegral values of both
the ow rate and the temperature are imposed, while at the oudt only the integral
value of the ow rate is imposed. The velocity pro les at the irtet and outlet sections
at three di erent instances are displayed in gure 4.3.3. The elocities are scaled by the
mean ow velocity < Uy >. The CFD results are compared to the analytical solution
(Womersley, 1955) obtained by assuming no dependence in the atrevise direction in a
channel submitted to a pressure gradient of the form P = r Py + r P;exp(j!t ), that is:

wyin= SR e R I 1 SRS

wherey is the normal coordinate and = Wo exp(3j = 4).

From the results, it appears that the application of sucking ouét conditions is simpler
to realize than imposing 'blowing' inlet conditions. This is lecause the time scale of the
di usion terms in the normal (to the wall) direction is larger than the time scale of
the unsteadiness (the Womersley number is a measure of the ratietlveen these two
characteristic times). For smaller values ofV o, this is no longer the case and the results
at the inlet improve. In the limit Wo! O, the integral boundary treatment allows to
recover exactly the parabolic (Poiseuille) pro le.

The concept of integral boundary condition can easily be extded to any well-posed
subsonic inlet or outlet characteristic based boundary conddn, such as those described
in section x4.3.2. For example, it is possible to control the bulk pressure @ subsonic
outlet boundary, a feature which proves useful when computnswirled ows where the
static pressure in planes normal to the main stream is not constant

4.3.4 Advanced non-re ecting conditions

The formalism presented in sectiox 4.1 constitutes the basis of the characteristic-based
boundary treatments. Given the sensibility of the results to thedetails' of the boundary
conditions (see sectiorx4.2), many studies have been published in the recent years to
propose improvements. One issue that is often addressed is relatedhe spurious pres-
sure oscillations that the standard non-re ecting boundary caditions create when applied
to turbulent ows. For example, Politke et al. (2006) proposedo identify plane waves
and a slight modi cation of the relaxation term (as in equatia 81) in order to make the
approximate non-re ecting condition exactly transparent or all the frequencies, at least
for plane waves traveling normally to the boundary. Prosser (®5) performs an analysis
of the characteristics used to de ne non-re ecting boundary anditions. The analysis is
conducted in terms of a low Mach number asymptotic series andi@ks a better under-
standing of the reason why spurious pressure oscillations are gated. From the Mach
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Figure 16: Velocity pro les for steady (left column) and unstady (right column) Poiseuille
ow, at inlet (top row) and outlet (bottom row). Lines indica te CFD calculations, symbols
correspond to the analytical solution. Three di erent phases(, 70 and 180 degrees) are
shown for the caséV o= 15.

number expansion, and related scale separation, an improvedunalary treatment can be

formulated, which is virtually transparent to acoustic wavesand allows the prescription of
turbulent vortical uctuations. Characteristic-based boundary treatments have also been
proposed to handle more complex situations such as the subsoniav @f multi-species

gaseous mixtures (Baum et al., 1994; Okong'o and Bellan, 2002oureau et al., 2004)
with the inclusion of chemical source terms (Sutherland and Kaedy, 2003).
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5 Numerical issues

5.1 E ective wave number

In many cases, turbulence results from the development, amptiation and saturation
of unstable hydrodynamic modes of the main ow. Thus, any numearal method used to
compute such ow must be able to represent the growth of these majeviz. it must not be
too dissipative. Besides, since the scale separation can be largéigh-Reynolds number
ows (the integral to Kolmogorov length scale ratio behaveske R3, with R = k?=( ),
wherek is the turbulent kinetic energy, the cinematic viscosity and the rate of energy
dissipation), it is worth minimizing the number of grid point necessary to represent the
smallest scales. Moreover, the e ective dissipation at the Kolmogov scale level must not
be overestimated if the actual Reynolds number of the ow is tdbe accounted for (with
R = k2?=( ), any extra dissipation decreaseR). Thus an important constraint put on
the numerics is that the numerical dissipation is as small as posk for all the length
scales present in the ow. This is the reason why spectral methotiave been considered,
till the early 90's, as the only appropriate methods for perfoning direct or large-eddy
simulations of turbulent ows.

These methods have been introduced by Orszag (1969). Their manterest is that
there is no dispersion/dissipation error associated to the estimanh of spatial deriva-
tives until the cut-o wave number = is reached, with the mesh size. A Fourier
decomposition is used most often in homogeneous directions lhChebishev polynoms
are preferred when periodicity cannot be assumed. The main arback of fully spectral
methods is related to the non-linear term (convection) of th Navier-Stokes equations.
Compute these terms in the frequency space requires assessing aloition products by
triadic summation, a rather CPU consuming process. This has metited the development
of pseudo-spectral methods where only the di usive and pressurerins are computed in
the frequency space, the physical space being used for assessing @dheective contribu-
tion. Of course this approach requires a fast and accurate wag pass from one space
to the other since such transformation is done twice per iterain. Note that spectral
methods are not exact, even if there is no error in the assessmehttte spatial deriva-
tives. The aliasing error is related to the non-linear terms ahfrom scales which cannot
be represented on the computational grid. Such scale can pdiafly appear when two
small (but resolved) scales are multiplied together (simply baase cos sin / sin2 ).
In spectral methods, these errors are usually avoided thanks thd 2/3 rule which consists
in using information from only a part of the Fourier modes thatcan be represented on the
computational grid. In spite of this limitation, spectral methods are certainly the method
of choice for performing large-eddy or direct simulations afimple con gurations (e.g.
incompressible ow, with 2 or 3 homogeneous directions). Howeyalespite some work
about spectral elements (Orszag and Patera, 1984; Henderson afardianakis, 1995;
Chu and Karniadakis, 1993), spectral methods are not well sudeo complex geometries.
More details about spectral methods can be found in Canuto et.41988).

In the case of complex geometries or boundary conditions, spattmethods cannot
be used and the simulations must be based on either a nite voluma, nite element or a
nite di erence method. In the nite volume method, volume integrals of the conservative
equations are taken over each cell of the mesh and convertedstarface integrals, using
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the divergence theorem. These terms are then evaluated as es<at the faces of each
nite volume. Because the ux entering a given volume is iderntal to that leaving the
adjacent volume, these methods are conservative in nature. time nite element method,
the ow motion equation are rst written in the weak form. The best approximation of
the corresponding solution is then sought for in the linear spaspanned by a set of basis
functions related to the computational mesh. Finding this bgt approximation amounts to
determining its components in the basis function, viz. solvima set of ordinary di erential
equations. The order of accuracy of the method can be made drhrily large (at least
theoretically) by using higher order elements (e.g.: replawy piecewise linear elements
by piecewise quadratic elements). Eventually, the nite di @ence method consists in
approximating each partial derivatives of the ow equatiors by nite di erence formula
which are obtained by combining Taylor series of the nodal unlbwns. This results in a
system of algebraic equations whose unknown are the nodal valug the ow quantities
(velocity, pressure, ...).

The three methods mentioned above can be used for performingsteady simulation as
long as appropriate spatial scheme and temporal time steppingqeedure are used. The
nite volume and nite elements methodologies are well suitg to complex geometries
since they can be formulated within an unstructured mesh framewk. Finite di erences
are more intuitive but only appropriate to simple geometriesince the computational grid
must be cartesian. Note that in 1D, the three methods are equivait so that the nite
di erence framework is often used for analysing numerical sames.

As mentioned earlier in this section, the numerical error musté controlled and min-
imized for all the length scales present in the unsteady ow to beomputed. This means
that the accuracy of a numerical scheme cannot be only reductalits order of accuracy.
This is di erent from the case of the numerical methods devoteto steady ow compu-
tations for which higher order usually means higher overallcauracy. As far as unsteady
ow computations are concerned, it is necessary to perform a welength based numerical
analysis. In the spectral analysis, one considers an harmonic pelation of the form
f (x) = exp(jkx) and compares how the discrete and the exact derivatives opé& on
this perturbation. For example, consider the rst spatial dervative and its second order
centered approximation: 4 . f

i+1 i1

&(X,) T2 x

where X is the distance (supposed constant) between two consecutive nedadf; stands
for f (x;). Injecting f (x) = exp(jkx) into equation 83 leads to:

(83)

sin(k x)
X

where k is the e ective wavenumber of the perturbation once its devative is assessed

by the nite di erence formula 83. The e ective-to-exact wavenumber ratio can then be

used to quantify the errors related to the numerical scheme. line above example this
ratio is:

%(xi) jk Yexp(kx ): with k0= (84)

ko sink x)

k= k x (85)
Consider the simple linear convection equation:

@f @f _

@t+ uo@x— 0 (86)
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From equation 84, solving equation 86 with perfect time integtion and nite di erence
83 is equivalent to solve exactly the following equation:

@f+ y sin(k x) @f:
ot Kk X @x

Thus the k®k ratio can also be interpreted as the error in the speed of propatipn of a
perturbation of wavelengthk. In the general case, the&k®™k ratio can be written in the
form k%>k= E(k x)= E;(k x)+ jE;(k x) and the e ective equation is:

@f

=+

@t

Assuming that the initial condition is f (x;t = 0) = exp(jkx), the exact solution of
equation 88, viz. the numerical solution of equation 86, is sty:

(87)

UoE (k x)%ﬁ(z 0 (88)

f(x;t> 0)=exp(jk (x E(k x)ugt)) =exp(KEj(k x)upt) exp(jk (x Ej(k X)ugt))

(89)
When k x tends to zero the number of grid point per wavelength tends tn nity,
the k%k = E(k x) tends to unity and the exact solution of equation 86 is recoved,
viz. exp(k (x ugt)). In the case where the imaginary part ofk*k is not zero, viz.
Ei(k x) 6 0, the amplitude of the harmonic perturbation is not consered; it is damped
if Ej(k x) < 0 and it becomes unbounded iE;j(k Xx) > 0. The e ective-to-exact wave-
length ratios relative to some classical nite di erence schenseare reported in table 4
and plotted in gure 17.

The centered nite di erence schemes have pure re&®k ratio and thus are non
dissipative, whatever their order is. This property is not sham by the biased schemes
which all introduce an amount of dissipation. Comparing the aalysis for the 2nd order
centered and upwind schemes it is clear that the order of acaay is not enough to qualify
the properties of a scheme; the centered one is non dissipativeereas the second one
dissipates energy. Actually one can show that the order of accusais related to the
behavior ofE(k x) whenk x goes to zero, namelfe(k x) 1/ (k x)Pif the scheme
is of orderp. Note also that a property shared by all the nite di erence scheras is that
they cannot propagate wiggles accurately|( ) = 0).

As an illustration of the e ect of the above described numericaérrors, the results
obtained for di erent schemes applied to equation 86 withug =1 m/s and f (x;t =0) =
exp( x2=4a?) with a = 0:2 m are presented in gure 18. Three di erent resolutions are
compared for the four schemes discussed above. The computatia@mnain is taken wide

| FD \ name \ E \ E;
nlis 1st order upwind snlle x) cosk 9 1
f Tia 2nd order centered sk x) 0
3f; 4f2i )1<+fi 2 2nd order upWind smk(kxx)(z COSQ( X)) cos(2k X)|<+4>((:08(k x) 3
fisp +8F;+ 8f; fi in(k
28l 80 112 | gth order centered| Y23 X (4 cosk X)) 0

Table 4: Classical nite di erence formula for the spatial rst derivative and associated

error.
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Figure 17: E ective-to-exact wavelength ratios for the schees displayed in table 4. The
imaginary part (right plot) is zero for centered schemes. Thest order upwind and the
2nd order centered schemes share the same real part (left ploffhese graphs can be
interpreted as the e ective-to-exact convection velocityatio, or as the e ective-to-exact
rst derivative ratio.

enough to avoid spurious boundary e ects; the time step has beehosen small enough
to consider that the numerical errors are only related to the sial discretization. The
dissipative nature of the upwind schemes appear clearly in thigure (rst row) which
also demonstrate that two schemes with the same order of accuracgn lead to very
di erent unsteady results (compare the 2nd and 3rd rows). Note @t the decrease of
signal amplitude observed for the 2nd order centered scheme sldooot be associated to
a dissipation of energy; it is actually a dispersive e ect, viz. He di erent Fourier modes
which constitute the initial Gaussian perturbation are not conected at the same velocity
because thek®k ratio depends onk x. For this scheme, this ratio is less than unity
(see gure 17) and the signal tends to be delayed (see gure 18, sed row). On the
contrary, the real part of the k%k ratio is greater than unity for the 2nd order upwind
scheme (see gure 17) and consistently the computed pulse tendsi® in advance at time
t=5 s (see gure 18, third row). Note that the 1st order upwind schene su ers from the
same dispersive error than the 2nd order scheme (they have the sareal part of k%=K);
however, the dissipative error for this scheme is so large thatdtsignal distortion is not
appearant in the rst row of gure 18.

The same kind of analysis can be done for analysing second deiivatformula. The
k®=k? ratios corresponding to two di erent 2nd order centered schees are displayed in
gure 19. The two schemes considered are the 3-point stencil sofe

of fivg 2f+ 1 4

W(Xi) 2 (90)
and the 5-point stencil scheme:

d2f fi+2 2fi + fi 2

W(Xi) 4 x2 (91)

The rst scheme can be obtained from Taylor series written at nogli. The latter one
is obtained by two successive applications of the 2nd order ceréd scheme 83 for the
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Figure 18: Numerical convection of a Gaussian pulse with the rat di erence schemes
presented in table 4. The vertical line indicates the theoretal position of the maximum
of the Gaussian perturbation.

rst derivative. This way of discretizing second derivativess often chosen in 3D codes for
complex geometries because of its simplicity. Although both sawd order accurate, these
two schemes have di erent spectral responses, as illustrated inuge 19. The limiting
behaviors whenk x ! 0 are of course the same since these schemes share the same
order of accuracy. However, whek x ! the 3-point stencil scheme is much more
accurate that the 5-point scheme. For this latter one, the e etive di usion coe cient
tends to zero near the cut-o wavenumber. It is important to rote that such a numerical
behavior is not acceptable for LES of turbulent ows (Nicoud eal., 1998). Indeed, the
e ective energy dissipation at the small scales is always close zero, whatever the SGS
model is. As a result, the energy ux from the largest to the smallesscales cannot
be balanced and there is an energy accumulation at the smallagsisolved scales. This
behavior is illustrated in gure 20.

5.2 Handling stability issues

A key issue when performing LES of turbulent ows is the necessitto use virtually
non-dissipative schemes to handle ow elds which contain a lobf energy at large wave
numbers. Since numerical errors are large for the smallest ssalthe risk for such com-
putation to run unstable is real. Thus some kind of stabilizatio technique must be used,
especially when the LES is performed on a complex geometry. édent approaches can
be used, depending on the nature of the equation solved. Note ththe stability issues
that are dealt with in this section are related to the non-linarity of the ow equations. In
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AN

Figure 19: E ective-to-exact wavelength ratios for the 3-pint and 5-point stencil (real
part). These graphs can be interpreted as the e ective-to-ext di usion coe cient ratio,
or as the e ective-to-exact second derivative ratio.

other words, we are talking about instabilities arising from simlations based oninearly
stableschemes. As such, these issues are out of reach of a classical stabitigfysis (for
example the Von Neumann analysis).

5.2.1 Kinetic energy conservation

As far as incompressible Navier-Stokes equations are concerregerience has shown that
the kinetic energy must be conserved if a stable and dissipatiore¢ numerical method
is sought. Indeed, such property ensures that the sum of the squaoé the velocities
cannot grow, even through non-linear interactions betweemodes. As a consequence, a
numerical scheme which conserves kinetic energy cannot be @aide¢. Moreover, it makes
unnecessary the use of numerical stabilization through up-wimdy which is known to
introduce too much arti cial damping in DNS/LES computations. Morinishi et al. (1998)
developed a set of fully conservative (mass, momentum and kiretnergy) high order
schemes for incompressible ow. A formulation adapted to cyldrical coordinates was
proposed by Morinishi et al. (2004) and a generalization to leoMach number ows was
proposed by Nicoud (2000). A key ingredient in such approach isé use of a skew-
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Figure 20: Time evolution of the turbulent kinetic energy spetrum from a LES of ho-
mogeneous isotropic turbulence performed with a 5-point steihscheme for the di usive
terms.

symmetric form of the non-linear term. This latter reads:

Ou, 1ew;
@x 2 @x
and is neither equal, in the discrete sense, to the divergen@ (u; =@}y nor the convective
(u; @LF@) form, even if, the ow being incompressible, the velocity diergence is zero
(@p=@ix= 0). Discuss the details of such kinetic energy conserving scheffioe the low-

Mach number or incompressible Navier-Stokes equations is odttbe scope of this course.
All the details can be found in the references cited above; ses@mMahesh et al. (2004)
for a second order accurate implementation appropriate fomstructured meshes. To give
a avor of the importance of the form used to represent the nonfear term, the case of
the 1D Burgers equation is discussed in the following. One consid solving

@Qu,_@t_
@t @x
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over a 1D periodic domain G< x <L .gMultiplying equation 93 by u and integrating over
space, the overall kinetic energK = u2dx=2 follows the following equation:

x=0
Z

dK L @d
— = —d 94
dt «=0 N @x X (94)

The RHS can be readily integrated as follows:
Z, Z L
@t L ,@u us

u—adx =2 u“—dx=2 — 95
x=0 @X x=0 @X 3 0 ( )

which is zero since L-periodicity is assumed. Thus the overalinietic energy should be
conserved, whatever the initial condition is.

Suppose a random periodic eld is used to initialize the compation over a uniform
mesh. Suppose also that no signi cant error is introducedey therhe integration. The nu-
merical test consists in computing a few turn over timek="K (t = 0) and check whether
a) the computation is stable and b)K remains constant. Several spatial schemes have

Figure 21: Time evolution of the overall kinetic energy fronthe Burgers equation in the
L-periodic domain. Only the mixed scheme of equation 98 lead the expected constant
evolution.

tested (see table 5) and the results are plotted in gure 21. As ergted, the 1st order up-
wind leads to a stable computation but introduces a signi cantenergy dissipation. With
the centered schemes based on the divergence and the advedtivens, the kinetic energy
tends to increase over time, especially with the divergencerio which proved unstable in
many cases. These formulations are indeed not conservative foetkinetic energy, as it
is appearant when multiplying the non-linear term at node by the nodal velocity value
u; at the same place and summing all the contributions. For the divgence form one
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] name \ form of the convective term\ FD scheme \
- @3 uf u?
UpW|nd %u ﬁ
H CUivl i 1
advective 2ug, 2u,2—2 x
i @d Uha U4
divergence o Tx
; 4, . @uy 1@4 Ui+l Ui 1 Uiy U7
mixed 3Uext 3°6x i~ 55—+ o>

Table 5: Finite di erence schemes tested for solving the Burgerequation 93.

obtains:
Nodei 2: :
. u?2 u?
Nodei 1: Ui 15—
Nodei : uZ, U g
odei : Ui —5——
1 . ui2+2 ui2
Nodei +1: Ui+t 5
Nodei + 2 : n
2 X Sum: i+ H 1u‘2{z u; u? }L+ Fiuiz+1 {Zui+1u-}2+::: (96)
whereas for the advective form:
Nodei 2:
Nodei 1: 7 2
Nodei : 2ui2—“‘+12 :‘ L
Nodei +1: 2u3, 2
Nodei +2: n
X Sum: i+ |J,2 1Uj . u?u; }1+ tjizuiﬂ z ui2+1L?+::: (97)

Note that the errors in the kinetic energy associated to the divgence and advective
schemes have similar forms and it is thus possible to combine thés®e discretizations to
generate a kinetic energy conserving scheme. Namely, compgreguations 96 and 97, it
is clear that the following scheme:

2 1. _  Us U 1, Ua U?y
éadv+ édlv = 4u; 5 x + 5 x (98)
should be conservative. This result is nicely supported by the merical result of gure
21.

It should be noted that the concept of kinetic energy conserviain is only valid for
incompressible or low-Mach number ows. Since there is no exton of this principle to
compressible situations, one should rely on numerical stabilizah via arti cial viscosity
to stabilize LES of such ow.

5.2.2 Arti cial viscosity

In order to minimize numerical dissipation, the spatial schemessed for LES are often
essentially centered. An example of such scheme is provided ini@and Rudgyard (2000)
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(see also Moureau et al. (2005) for its extension to moving gridsjhese authors developed
a Taylor Galerkin scheme (Donea et al., 1987) suitable for LES&r unstructured meshes
and third order accurate in both time and space. An interestingefature of this scheme
is that, besides being essentially non-dissipative, its dispersi@rror was minimized by
tuning the free parameters of the general two-steps method.

When a non-dissipative scheme is used, the (unavoidable) nunoali perturbations
generated throughout the computational domain are not dangd e ciently, especially
when high Reynolds number ows are considered. When the ow dwain is unbounded
(as in external aerodynamics for example), one can deal withis issue, at least partly,
by using non-re ecting boundary conditions which let the unpysical perturbations leave
the domain. Regarding wall bounded ows (as in combustors faxample), the situation
is more critical since the unphysical perturbations can neigr be damped nor evacuated
through boundaries. This is why it is common practice to add a scalled arti cial vis-
cosity (AV) term to the discrete equations, to avoid spurious osddtions (also known
as \wiggles") and in order to smooth very strong gradients. We desbe here di erent
methods which can be used and which proved useful in practicg@ications.

These AV models are characterized by the 'linear preservingrgperty which leaves
unmodi ed a linear solution on any type of element. The modelare based on a combi-
nation of a\shock capturing” term (called 2¢ order AV) and a\background dissipation"”
term (called 4" order AV). Adding AV in a code is done in two steps:

rst a sensor detects if AV is necessary, as a function of the ow chacteristics,

then a certain amount of 29 and 4" AV is applied, depending on the sensor value
and on user-de ned parameters.

Classical Sensors:

A sensor | is a scaled parameter which is de ned for every cell; of the domain and
which takes values from zero to one; ; = 0 means that the solution is well resolved and
that no AV should be applied while , = 1 signi es that the solution has strong local
variations and that AV must be applied. This sensor is obtainedycomparing di erent
evaluations (on di erent stencils) of the gradient of a given sdar (pressure, total energy,
mass fractions, ...). If these gradients are identical, then ésolution is locally linear
and the sensor is zero. On the contrary, if these two estimationseadi erent, local non-
linearities are present, and the sensor is activated. The key ipbis to nd a suitable
sensor-function that is non-zero only at places where stabiliproblems occur. A widely
used sensor is the one proposed by Jameson et al. (1981).

For every cell ;, the Jameson ceII-sensor’j is the maximum over all cell vertices of
the Jameson vertex-sensor, :
J - J
- = max 99
] k2 i k ( )

Denoting S the scalar quantity the sensor is based on (usually S iset pressure), the

Jameson vertex-sensor is:

_ it
LRSI TEEY

? (100)
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Where the % and % functions are de ned as:

k=S S K=(FS(*, %) (101)

I

where thek subscript denotes cell-vertex values while; is the subscript for cell-averaged
values. " S) is the gradient of S at node k. X measures the variation ofS inside
the cell ; (using only quantities de ned on this cell). % is an estimation of the same
variation but on a wider stencil (using all the neighboring cé¢lof the nodek).

For example, on a 1D uniform mesh, of mesh sizex and for the cell Kk x;(k+1) x],
the % and ¥ functions are estimated as follows:

K _ X Sk+1 Sk K _ X Sk+1 Sk 1
= — = ——— 102
U2 X 252 2 x (102)
The numerator of eq. (100) is then
. . X2 .S 2S¢+ S¢ 1. X2 .
1 s T i = ) S (103)

F'DX is exactly the classical FD Laplacian operator evaluated at viex k and of size x.
The Jameson sensor is thus proportional to the second derivatigéS, which is zero when
S is linear and which is maximum when the gradient o6 varies rapidly. This is what
happens for example on each side of a front or when wiggles accu

The Jameson sensor is smooth and was initially derived for steadiate computations:
it is roughly proportional to the amplitude of the deviation from linearity. For most
unsteady turbulent computations it is however necessary to hava sharper sensor, which
is very small when the ow is su ciently resolved, and which is narly maximum when
a certain level of non-linearities occurs. Useful propertiesifa sensor Cj adapted to
unsteady calculations can be summarized as follows:

Cj is very small when both & and % are small compared t5 ;- This corresponds

to low amplitude numerical errors (when ¥ and & have opposite signs) or smooth
gradients that are well resolved by the scheme (whenX and & have the same

sign).

C, is small when & and X have the same sign and the same order of magnitude,
even if they are quite Iarge This corresponds to sti gradiemst well resolved by the
scheme.

C. is big when % and % have opposite signs and one of the two term is large
compared to the other. ThIS corresponds to a high-amplitudeumerical oscillation.

Cj is big when either % or & is of the same order of magnitude aS ;. This

corresponds to a non-physical situation that originates from aumerical problem.

The following sensor (proposed by O. Colin during his PhD work &EERFACS) meets
the above mentioned properties:

c =1 1 4tann % 1+tanh —2 (104)

T2
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with: )
— . J
= mlng 0; j—"j ¥ .5 (105)
“=j % 5 fmaxj i léj (106)

max j fj;j %

K= 1 AR AL 107
2 T Ki+i 5+ S (107)

Possible numerical values are:
0=2:10 2 =1:10 2 1=1:10 2 ,=0:95 3=0:5 (108)

Arti cial viscosity model:
Arti cial viscosity can be used in many dierent ways in a CFD code The term
\model" denotes a combination of several parameters:

the choice of the sensor and the variable which is used for the senso
the way the 2 order and the 4" order operators are combined,
and nally on which variables the operators are applied.

A classical implementation uses the 'Jameson' sensor, equation @@plied to the static
pressure.

JAM  — Jj (P) (109)

The amount of 29 order AV that is applied is directly proportional to this sense and
to the user parametersmu2 The amount of 4" order AV also depends on the sensor.
Actually, the input parameter smud4is replaced by:

JAM

smué = max(0; smu4 smul (110)

This formulation allows to put 4" order AV only where the sensor is small (as well as the
amount of 29 order AV). On the other hand, if the sensor is large, it is no use toyp 4™
order AV, because the ™ order AV operates fully and overcomes most of the problems.
Both operators are applied on all variables (momentum, engy and species).

This model was originally proposed by Jameson et al. (1981). i& very well suited for
\aerodynamics" con gurations, with shocks and without combusibn, solved with a RANS
solver. However it appears that for reacting LES, this model iswuch too dissipative and
must only be used during transient phases. It allows to stabilize amputation when non-
physical processes of high amplitudes happen (at the initiatiion phase for example).
An AV implementation based on the Colin sensor described above,uadgion 104 proved
more suitable for unsteady calculations. Moreover, the experice shows that it is often
useful to apply the 4" order AV term only to the mass and energy equations. In doing
S0, no arti cial damping is added to the momentum equation an@ signi cant part of the
resolved kinetic energy can be a ected to the smallest scales, &ssi expected in LES.
More details about this implementation can be found in Colir{2000).
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A GOVERNING EQUATIONS FOR A MULTI-SPECIES, REACTING GASEOUS
MIXTURE

A Governing equations for a multi-species, reacting
gaseous mixture

Throughout the rst part of this document, the index notation is adopted for the de-
scription of the governing equations. Summation rule is henfoeth implied over repeated
indices (Einstein's rule of summation). Note however that indek is reserved to refer to
the k" speciespand will not follow the summation rule unless speci cglimentioned or
implied by the  sign.

The set of conservation equation describing the evolution of @mpressible ow with
chemical reactions of thermodynamically active scalars res,

@u, 6 @ . e,
ot + @_?(( uiu)= @_?([P i il (111)
@E @ @
E-'- @((EUj): @—?([Ui(P i ij)+q]+!_T+Qr; (112)
%kt"' @—@?(( K Uj) = @—@?([Jj;k]"‘ Ly (113)

In Eqs 111-113 respectively corresponding to the conservatilauvs for momentum, total
energy and species, the following symbols denote respectivelyu;, E, «, density, the
velocity vector, the total energy per unit mass andy = Y, fork = 1to N (N is
the total number of species). The source term in the total energgquation, Eq. 112,
is decomposed for convenience into a chemical source term anchdiative source term
such that: S=1! 1 + Q,. Corresponding source terms in the species transport equations,
Eq. 113, are noted! .

It is usual to decompose the ux tensor into an inviscid and a viscaicomponent.
They are respectively noted for the three conservation equatis:

Inviscid terms:

0 1
Uin+P i
@(E + P ij)UjA (114)
k U

where the hydrostatic pressurd® is given by the equation of state for a perfect gas (Eq.
122).

Viscous terms:

The components of the viscous ux tensor take the form:

0 1
i
@ (u j)+q A (115)
Jik
Ji is the di usive ux of species k and is presented in sectior A.3 (Eq. 133). The

stress tensor j is explicited in sectionx A.4 (Eq. 134). Finally, sectionx A.5 is devoted
to the heat ux vector ¢ (Eq. 137).
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A GOVERNING EQUATIONS FOR A MULTI-SPECIES, REACTING GASEOUS
MIXTURE A.1 Thermodynamical variables

A.1  Thermodynamical variables

The standard reference state we used By = 1 bar and Tp = 0 K. The sensible mass
enthalpies (sx) and entropies §) for each species are tabulated for 51 values of the
temperature (T; with i = 1:::51) ranging from OK to 5000K with a step of 100K. Therefore
these variables can be evaluated by:
z Ti m : m
hs«(Ti) = CpxdT = e (1) hs;k(TO);
To=0K Wi

sk (Ti)  s¢(To).
Wi ’
The superscriptm corresponds to molar values. The tabulated values fbx.(T;) and
sk(Ti) can be found in the JANAF tables (Stull and Prophet, 1971). Withthis assumption,
the sensible energy for each species can be reconstructed usirgftiiowing expression :
ya
es;k(Ti) = Cv;de = hs;k(Ti) rkTi i = 1,51 (118)

To=0K

and (116)

sk(Ti) =

withi=1;51 (117)

Note that the mass heat capacities at constant pressugg, and volumec, are sup-
posed constant betweerl; and Tj;; = T; + 100. They are de ned as the slope of the
sensible enthalpy Cpy = @@i#) and sensible energy Gy = @@%) The sensible energy
henceforth varies continuously with the temperature and ishdained by using a linear

interpolation:

Esk(Tiv1)  &sk(Ti)

&k(T) = esx(T)+(T T) (119)
Tier T
The sensible energy and enthalpy of the mixture may then be exgssed as:
X X
€s= k€sik = Yk€sik (120)
k=1 k=1
X X
h s — khs;k = Ykhs;k (121)
k=1 k=1
A.2 The equation of state
The equation of state for an ideal gas mixture writes:
P=rT (122)

wherer is the gas constant of the mixture dependent on time and space:= % where
W is the mean molecular weight of the mixture:

= X (123)
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A GOVERNING EQUATIONS FOR A MULTI-SPECIES, REACTING GASEOUS
A.3 Conservation of Mass: Species di usion ux MIXTURE

The gas constantr and the heat capacities of the gas mixture depend on the locghs
composition as:

R Xy X
r= —= —R = Y Ik (124)
W W k=1
X
Cp = Yk Cp;k (125)
k=1
X
k=1
where R = 8.3143 J/mol.K is the universal gas constant. The adiabatic @onent for
the mixture is given by = C,=C,: Thus, the gas constant, the heat capacities and

the adiabatic exponent are no longer constant. Indeed, theyegend on the local gas
composition as expressed by the local mass fractiorgx; t):

r=r(xt);,  Cp=Cyxt); Cy=Cy(xt); and = (xt) (127)

The temperature is deduced from the the sensible energy, usingsE 119 and 120.
Finally boundary conditions make use of the speed of sound of timexture ¢ which is
given by:

= rT (128)

A.3  Conservation of Mass: Species di usion ux

In multi-species ows the total mass conservation implies that

Y.VKk=0 (129)
k=1

where V¥ are the components in directions (i=1,2,3) of the di usion viocity of species
k. They are often expressed as a function of the species gradiemsing the Hirschfelder
Curtis approximation:

Dk—@)&;

@x
where X is the molar fraction of speciek : X, = Y\W=W. In terms of mass fraction,
the approximation 130 may be expressed as:

Wi @X.
W @x’

Summing Eq. 131 over alk's shows that the approximation 131 does not necessarily
comply with equation 129 that expresses mass conservation. Inder to achieve this, a
correction di usion velocity V¢ is added to the convection velocity to ensure global mass
conservation (Poinsot and Veynante, 2001) as:

Xy VK = (130)

Yok = Dy (131)
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MIXTURE A.4  Viscous stress tensor
X w @
V¢ = D Tk : 132
| o1 k W @x’ ( 3 )
and computing the di usive species ux for each specids as:
Wi @X% .
Ji;k = DkW@ Yk\/ic , (133)

Here, D¢ are the di usion coe cients for each speciek in the mixture (see section
x A.6). Using Eq. 133 to determine the di usive species ux implicity veri es Eq. 129.

A4 Viscous stress tensor

The stress tensor j; is given by the following relations:

1
i =2 (S 30 Si); (134)
and

1@y @u

Si = Z(=2f+ =) 135
Eq. 134 may also be written:

- 2 . -

yy = ?(Zgy %x g‘g), xz = (gz"' g‘;\) (136)
2= 3200 ox o) v~ (&f o)

where is the shear viscosity (see sectianA.6).

A5 Heat ux vector

For multi-species ows, an additional heat ux term appears inthe di usive heat ux.
This term is due to heat transport by species di usion. The totalheat ux vector then
writes:

@T X Wy @% @t X
g = Dy YkViC hs;k = — +t Jik hs;k;
|—{Q}( | k=1 W {?x } @x k=1

Heat conduction Heat ux through species di usion

(137)
where is the heat conduction coe cient of the mixture (see sectionx A.6).

A.6  Transport coe cients

In CFD codes for multi-species ows the molecular viscosity is often assumed to be
independent of the gas composition and close to that of &iso that the classical Sutherland

2This introduces errors that are less important than those related to the thermodynamic properties.
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A.6  Transport coe cients MIXTURE

law can be used: -
T2 Tt + C
= L (138)
T+ C2 Tref

wherec; and ¢, must be determined so as to t the real viscosity of the mixture. Foair
at Ts = 273 K, ¢ = 1.71e-5 kg/m.s andc, = 110.4 K (White, 1999). A second law is
sometimes preferred, called Power law:

T
Tref
with b typically ranging between 0.5 and 1.0. For example= 0.76 for air.

The heat conduction coe cient of the gas mixture can then be @mputed by introduc-
ing the molecular Prandtl number of the mixture as:

)° (139)

= Cl(

(140)

with P, supposed as constant in time and space.

The computation of the species di usion coe cientsDy is a specic issue. These
coe cients should be expressed as a function of the binary coeients D;; obtained from
kinetic theory (Hirschfelder et al., 1954). The mixture di usion coe cient for species Kk,
Dy, is computed as (Bird et al., 1960):

1Y,
Dk= Py (141)
jek Xj=Dik

The Djj are complex functions of collision integrals and thermodymaic variables. For
a DNS code using complex chemistry, using Eq. 141 makes sense. Homiev@ost cases,
DNS uses a simpli ed chemical scheme and modeling di usivity in arpcise way is not
needed so that this approach is much less attractive. Thereta simpli ed approximation
is often used forDy. The Schmidt numbersS. of the species are supposed to be constant
so that the binary di usion coe cient for each species is computd as:

Dy = 142
<= 5 (142)
Note that the Schmidt number for each speciek is assumed to be constant in time
and space.P, and S.x model the laminar (thermal and molecular) di usion. Usual vales
of Schmidt and Prandtl numbers for premixed ames are those yn by PREMIX in the
burnt gas.
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