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Abstra
tSeveral 
hara
teristi
s-based boundary 
onditions for the unsteadyEuler equations are written in a uni�ed framework to underline their
ommon features as well as their di�eren
es. Their extension to theNavier-Stokes equations is then dis
ussed. Various model test 
asesare used to illustrate the sensitivity of unsteady 
ows to the boundary
onditions. Finally, more 
omplex 
omputations involving 
ow insta-bilities are dis
ussed from the perspe
tive of the boundary treatment.
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1 Introdu
tionOver the last de
ades, algorithmi
 improvements and in
rease of 
om-putational power have led to solvers with higher levels of a

ura
y.A

urate 
omputation of unsteady 
ompressible 
ow is needed in e.g.aeroa
ousti
s, self-sustained instabilities and 
ombustion instabilities.Typi
al approa
hes are Dire
t Numeri
al Simulation (DNS), LargeEddy Simulation (LES), Reynolds-averaged Navier-Stokes equations,or even simpler models like the Euler equations. A major subje
t forindustrial 
omputation has been, and still is, steady state 
ow. It is im-portant to 
onverge rapidly to steady state, and it has been re
ognizedthat dissipative s
hemes help, but a�e
t the a

ura
y. Unsteady 
om-putations have to reprodu
e wave propagation, and dissipative s
hemesare out of the question from the start. With more a

urate s
hemes,higher demands are put on the boundary 
onditions whi
h must permitwaves to leave the domain without unwanted re
e
tions. Some studiesindi
ate that re
e
tions may be of numeri
al origin.Pra
ti
al appli
ations need various in
ow and out
ow boundary
onditions like non-re
e
ting inlet or outlet, unsteady inlet with 
u
-tuating velo
ity �elds, as well as wall 
onditions. These 
onditionsshould meet the following 
riteria:� The right number of 
onstraints has to be imposed at a givenboundary to ensure well-posedness. This number 
an be derivedanalyti
ally [1, 2, 3, 4℄.� The physi
s of the problem has to be properly translated intothe wave/boundary intera
tions. For example, with a pressureimposed outlet, an a
ousti
 wave leaving the domain should betransformed into an ingoing one of the same amplitude.� A numeri
al implementation of the mathemati
al and physi
alstatements has to be 
hosen so as to minimize the numeri
alperturbations generated at the boundaries. There is 
lear exper-imental eviden
e that ba
kward propagating a
ousti
 waves maytrigger an hydrodynami
 instability of the Kelvin-Helmholtz type[5℄. If the a
ousti
 wave 
omes from any physi
al sound gener-ation pro
ess, this intera
tion leads to a feedba
k instability.However, if the a
ousti
 wave is indu
ed by an improper bound-ary treatment, the obtained feedba
k loop has no physi
al mean-ing [6, 7℄.� The properties of the initial 
ow�eld should be
ome unimpor-tant after a 
hara
teristi
 time of the problem has been 
om-puted. This requirement seems obvious for any unsteady or2



steady 
omputation, but may not be met by 
ertain advan
edboundary 
onditions.Di�erent boundary 
ondition treatments based on the 
hara
teris-ti
 approa
h have been proposed in the literature [8, 9, 10, 11℄, whi
hsatisfy in various degrees the above requirements. Several authors fo-
used essentially on the best way to write a non-re
e
ting boundary
ondition for the Euler equations [12, 13, 14, 15℄ (see Givoli [16℄ for a
omplete review). It is now 
ommonly a

epted [17, 18, 19℄ that a per-fe
t formulation is not rea
hable for the non-linear 
ase and it has beenfound ne
essary to add non physi
al exit zones onto the 
omputationdomain. This paper is not 
on
erned with these zonal formulationsbe
ause of their la
k of 
exibility and be
ause the additional 
ost maybe high [17℄. Its obje
tive is to 
larify the 
ommon points of some
hara
teristi
 boundary 
onditions found in literature, as well as theway they di�er from an analyti
al point of view. We also show onsimple unsteady test 
ases how these formal di�eren
es 
hange the re-sults. Se
tion 2 presents the general ideas behind the 
hara
teristi
approa
h for the boundary 
onditions. The parti
ular 
ase of pres
rib-ing a non-re
e
ting 
ondition is dis
ussed in Se
tion 3 and a generalpro
edure to a

ount for the vis
ous terms in presented in Se
tion 4.Se
tion 5 shows to what extent the quality of the results for unsteady
omputations is improved or damaged by the 
hoi
e of the boundary
ondition.2 The Chara
teristi
 Boundary ConditionsFor hyperboli
 equations, most advan
ed boundary treatments makeuse of the 
hara
teristi
 approa
h, whi
h is des
ribed in many basi
 ar-ti
les or textbooks [11℄. Chara
teristi
 boundary 
onditions are basedon distinguishing ingoing and outgoing waves at the boundary of thedomain. Information 
arried by outgoing waves is left untou
hed, whilethe boundary 
ondition must supply information 
orresponding to theingoing waves. This 
an take the form of e.g. pres
ribing the strengthof ingoing waves, or extrapolating 
hara
teristi
 variables, or Riemanninvariants.The time dependent Euler equations are hyperboli
, and 
an bereformulated in a set of 
hara
teristi
 adve
tion equations. Let us
onsider the 3D Euler equations in quasi-linear form:�V�t +A�V�x +B�V�y +C�V�z = 0 : (1)In this equation, V = (�; u; v; w; P )T is the ve
tor of the primitive3



variables and the matri
es A, B and C are de�ned as:A = 266664 u � : : :: u : : 1=�: : u : :: : : u :: 
P : : u 377775B = 266664 v : � : :: v : : :: : v : 1=�: : : v :: : 
P : v 377775C = 266664 w : : � :: w : : :: : w : :: : : w 1=�: : : 
P w 377775 ;(2)where 
, �, ~v = (u; v; w)T and P represent the isentropi
 
oeÆ
ient,the density, the velo
ity ve
tor and the stati
 pressure respe
tively.Ea
h of the matri
es A, B and C has its own 
omplete set of realeigenvalues and of right and left eigenve
tors, whi
h di�er from onematrix to the other. The matrix En de�ned as Anx + Bny + Cnzis introdu
ed, where ~n is an arbitrary unit ve
tor. The eigenvaluesmatrix obtained by diagonalizing En reads as:�n = LnEnL�1n = diag (�1n; �2n; �3n; �4n; �5n) = diag (un; un; un; un+
; un�
) ;(3)where un = ~u:~n and 
 is the speed of sound. The matri
es with left(resp. right) eigenve
tors as rows (resp. 
olumns) Ln and L�1n aregiven byLn = 0BBB� 1 0 0 0 �1=
20 s1x s1y s1z 00 s2x s2y s2z 00 nx ny nz 1=�
0 �nx �ny �nz 1=�
 1CCCA ; andRn = L�1n = 0BBB� 1 0 0 �=2
 �=2
0 s1x s2x nx=2 �nx=20 s1y s2y ny=2 �ny=20 s1z s2z nz=2 �nz=20 0 0 �
=2 �
=2 1CCCA :(4)They relate variations of the 
hara
teristi
 variables Wn to thevariations of the primitive ve
tor V by:ÆWn = LnÆV ÆV = L�1n ÆWn ; (5)or : ÆWn = 266664 ÆW 1nÆW 2nÆW 3nÆW 4nÆW 5n 377775 = 26666664 Æ�� 1
2 ÆP~s1:Æ~u~s2:Æ~u+~n:Æ~u+ 1�
ÆP�~n:Æ~u+ 1�
ÆP
37777775 (6)and
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ÆVn = 266664 Æ�ÆuÆvÆwÆP 377775 = 26666666664
ÆW 1n + �2
(ÆW 4n + ÆW 5n)s1xÆW 2n + s2xÆW 3n + nx2 (ÆW 4n � ÆW 5n)s1yÆW 2n + s2yÆW 3n + ny2 (ÆW 4n � ÆW 5n)s1zÆW 2n + s2zÆW 3n + nz2 (ÆW 4n � ÆW 5n)�
2 (ÆW 4n + ÆW 5n)

37777777775 : (7)
Unit ve
tors ~s1 and ~s2 are su
h that they form with ~n an orthonor-mal basis (~n; ~s1; ~s2). Note that for ea
h unit ve
tor ~n, a di�erent setof 
hara
teristi
 variables is obtained. Also the 
hoi
e of right andleft eigenve
tors in
uen
es the s
aling of the 
hara
teristi
 variables.Every author has his/her own preferen
es, but this is not importantfor the remainder of this paper. The �rst 
hara
teristi
 variation isproportional to entropy variations, the se
ond and third are related tovariations in shear velo
ity, and the last two represent a
ousti
 distur-ban
es.The �ve 
hara
teristi
 variables satisfy a set of 
onve
tion equa-tions, the 
ompatibility equations, with the speed of propagation givenby Eq. (3) and with sour
e terms related to pressure and velo
ity vari-ations in the (~s1,~s2)-plane. These equations are obtained by premulti-plying Eq. (1) with Ln :�W 1n�t + ~u:~rW 1n = 0 ;�W 2n�t + ~u:~rW 2n + 12
~s1:�~rW 4n + ~rW 5n� = 0 ;�W 3n�t + ~u:~rW 3n + 12
~s2:�~rW 4n + ~rW 5n� = 0 ;�W 4n�t + (~u+ 
~n) :~rW 4n + 
�~s1:~rW 2n + ~s2:~rW 3n� = 0 ;�W 5n�t + (~u� 
~n) :~rW 5n + 
�~s1:~rW 2n + ~s2:~rW 3n� = 0 : (8)
In general, these equations are de
oupled only in 1D, where these
ond and third line vanish, with ~s1 = ~s2 = ~0. In the 
ase of theNavier-Stokes equations, additional sour
e terms appear.For boundary 
onditions, ~n is 
hosen normal to the 
onsideredboundary, either inward or outward. In the following, we take the nor-mal outward, whi
h means that negative speed represents information5




onve
ted into the 
omputational domain. Positive speeds 
orrespondto information leaving the domain, independent of the physi
al bound-ary 
ondition. However, the de
omposition of the Euler equations intoa set of waves with ~n normal to the boundary is a 
rude and sometimesinadequate assumption [20℄.The ingoing information depends on the physi
al boundary 
ondi-tion, the numeri
al evaluation of outgoing waves, the trun
ation errorin the boundary approximation 
hosen and the way relevant boundaryvariables are updated. Several methods 
an be used, whi
h 
an be
lassi�ed in di�erent ways. Without being 
omplete, we distinguish:� Extrapolation methods. Spa
e, time or spa
e-time extrapola-tion of the 
onservative/primitive [21, 22℄ or 
hara
teristi
 [23℄variables are used. This in
ludes e.g. a symmetry 
ondition byannihilating normal velo
ity, or a wall boundary 
ondition whi
hsets the speed to zero for Navier Stokes equations. Chara
teris-ti
 extrapolation in
ludes the use of Riemann invariants whi
hwe will dis
uss and test here (see se
tions 3.3 and 3.4.1).� Appli
ation of boundary 
onditions at the level of the partialdi�erential equations. This 
an be done in the 
ompatibility re-lations [11℄, or in the equations of motion [10℄, with a one-sideddis
retization. This latter te
hnique is more appropriate for theNavier-Stokes equations, when the boundary 
onditions have tobe separated from the vis
ous terms. In this paper, we will fo
uson this 
ategory, whi
h has in 
ommon that the boundary 
ondi-tions a
t on variations, rather than on the variables themselves.It means that the strength of in
oming waves is 
al
ulated as afun
tion of the physi
al boundary 
onditions imposed and thestrength of the outgoing waves.Applying an Euler expli
it time dis
retization to Eq. (1), the up-date of primitive variables 
an be written as:�V = Vn+1 �Vn = ��tR = ��t �A�V�x +B�V�y +C�V�z � (9)For a given boundary with normal ~n, the full residual R in Eq. (9)
an be split into a normal part Rn (involving only normal derivatives)and a tangential part Rs (involving only derivatives along ~s1 and ~s2)so that R = Rn +Rs. E.g., if ~n = (1; 0; 0)t, that is ~n aligned with thex-axis, Rn = A �V=�x and Rs = B �V=�y +C �V=�z.Let us 
all Vn the boundary value at time level n, ÆVP the pre-di
ted boundary update due to the interior s
heme, before appli
ationof the boundary 
onditions, ÆVPw the part of ÆVP to whi
h the bound-ary 
onditions will be applied, and ÆVU = ÆVP � ÆVPw the part of the6



boundary update whi
h is not a�e
ted by the 
hara
teristi
 bound-ary 
onditions. As an example, in methods whi
h identify waves onlyusing terms normal to the boundary, ÆVPw is the predi
ted value of��tRn and ÆVU is equal to ��t hB�V�y +C�V�z i. Note that ÆVU
ould also 
ontain other 
ontributions like the di�usive terms in the
ase of the Navier-Stokes equations or the heat release for 
ombustion.The boundary 
onditions are then applied as follows:1. De
ide the part ÆVPw of the residual to whi
h the boundary 
on-ditions are going to be applied to. If it is the full residual, thenÆVU = 0.2. Using Eq. (6), de
ompose ÆVPw , into 
hara
teristi
 variationsÆW in;Pn and ÆW outn due to ingoing and outgoing waves, with
orresponding primitive variations ÆVin;Pw and ÆVoutw .3. Modify the amplitude of the in
oming wave(s) ÆW in;Pn 
orre-sponding to the physi
al requirements at the boundary. Thisgives 
orre
ted amplitudes, ÆW in;Cn . Keep the outgoing wavesÆW outn or ÆVoutw as they are. As an example, 
onsider a pressureimposed subsoni
 outlet, ÆP = 0. The 
hara
teristi
 speeds unand un+ 
 are positive, and the only wave to be a�e
ted by theboundary 
ondition is the ingoing a
ousti
 with speed un�
. Eq.(7) states that ÆP = ÆW 4n + ÆW 5n , whi
h gives ÆW 5;Cn = �ÆW 4n .4. Combine the waves ÆW in;Cn and ÆW outn , and transform ba
k toprimitive variables using L�1n , Eq. (7). This gives ÆVCw . Theboundary point is then updated a

ording toVn+1 = Vn + ÆVU + ÆVCw = Vn + ÆVU + ÆVin;C + ÆVoutThe de
omposition of the Euler equations into a set of waves trav-eling normally to the boundary provides us with a theoreti
al basisto derive proper boundary 
ondition treatments. However the the-ory says nothing on the best 
hoi
e for de�ning the part of the up-date related to the waves (ÆVPw). In what we 
all the full residualapproa
h [24℄ the boundary 
onditions are applied to the full resid-ual, viz. ÆVP = ��tR = ÆVPw . In this 
ase the update be
omesVn+1 = Vn + ÆVCw = Vn + ÆVin;C + ÆVout. An alternative is thenormal approa
h where ÆVPw = ��tRn. It has been proposed byThompson [9℄ for the non-re
e
ting 
ondition and by Poinsot and Lele[10℄ as a basis of a general pro
edure to derive boundary 
onditionsfor the Navier-Stokes equations. A part of the residual (ÆVU ) is nottou
hed by the boundary 
onditions, and therefore, an additional non-
hara
teristi
 
orre
tion is needed. The e�e
t of the de�nition of thewave strength is dis
ussed in more details in Se
tion 3 for the parti
ular
ase of a non-re
e
ting boundary 
ondition (see also [25℄).7



3 Non-Re
e
ting Conditions3.1 Non-re
e
ting boundary 
onditionsIt is straightforward to derive the strength of the in
oming waves forphysi
al boundary 
onditions like an outlet where pressure is imposed.Likewise, an inlet with total pressure and temperature and the 
owangles, or total temperature and mass 
ux poses no problem. It ismore 
ompli
ated to design a non-re
e
ting boundary 
ondition [25℄.The simplest form of this 
ondition is to set the strength of thein
oming wave to zero. In 2D, with W 4 the ingoing 
hara
teristi
 fora subsoni
 outlet, the full residual approa
h gives [8, 13, 26, 24℄:�W 4�t = 0 (10)whereas the normal approa
h leads to [9, 10℄:(un � 
)�W 4�n = 0 (11)Hirs
h[11℄ argues that non-re
e
ting 
ondition has to be applied tothe adve
tion terms of the bi
hara
teristi
 equations:(un � 
)�W 4�n + us �W 4�s = 0 : (12)A more elaborate analysis is performed by Engquist and Majda [2℄,and translated for pra
ti
al implementation by Giles[12℄. The analy-sis for the linearized Euler equations is based on a Fourier de
ompo-sition of the solution at the boundary, that is de
omposition of planewaves in arbitrary dire
tions. Now, the strength of ea
h ingoing Fourier
omponent is set to zero, and 
onsequently, the ingoing waves in thespa
e-time domain are �nite. This introdu
es a dependen
y of thein
oming 
hara
teristi
 on the tangential derivatives at the boundary.For one-dimensional 
ow, Eq. (10) is re
overed. Here we 
onsider theapproximate, two-dimensional unsteady formulation [12℄, whi
h for a2D oulet gives: �W 4�t = �un�W 2�s � us �W 4�s ; (13)where un and us are the normal and tangential velo
ity at the bound-ary, and �=�s denotes the tangential derivative.Eq. (10), (11), (12) and (13) are all non-re
e
ting boundary 
ondi-tions based on 
hara
teristi
 analysis. They do not produ
e the same8



results however. This may be explained by formulating all of them inthe same framework: indeed, any (non-re
e
ting) boundary 
ondition
an be written either in terms of time derivatives (temporal form) or interms of normal derivative (spatial form). These two forms are linkedby the 
ompatibility relations, Eq. (8), and imposing a boundary 
on-dition on the time derivative 
an be translated into a 
ondition on thenormal derivative and vi
e versa. An overview of the presented 
on-ditions written in their two equivalent forms (temporal and spatial) isgiven in table 1. A key referen
e is used to name ea
h boundary 
on-dition. The 
onversion between the two forms may be obtained withthe 2D version of the 
ompatibility relations whi
h for the ingoing
hara
teristi
 redu
es to:�W 4�t + (un � 
)�W 4�n + us �W 4�s + 
�W 2�s = 0 : (14)Name temporal form spatial formThompson[24℄ �W 4�t = 0 Eq. (10) �W 4�n = � 1un�
 nus �W 4�s + 
�W 2�s oPoinsot[10℄ �W 4�t = �nus �W 4�s + 
�W 2�s o �W 4�n = 0 Eq. (11)Hirsh[11℄ �W 4�t = �
�W 2�s �W 4�n = � us(un�
) �W 4�s Eq. (12)Giles[12℄ �W 4�t = �un �W 2�s � us �W 4�sEq. (13) �W 4�n = �W 2�sTable 1: Correspondan
e between the temporal and the spatial form forsome non-re
e
ting boundary 
onditions. 2D 
ase.This table provides a way to formally 
ompare these boundary 
on-ditions. Of 
ourse, the results of a 
omputation depends only on the
hoi
e of the boundary (the rows in the table) and not on the form un-der whi
h it is written (the 
olumns in the table). It is straightforwardto derive the 3D version of these 
orrespondan
es (see table 2).3.2 Pra
ti
al implementationTo test these boundary 
onditions, we solve the two-dimensional 
om-pressible Euler equations with a Runge-Kutta integration. The bound-ary 
onditions are applied every sub-step. The 
al
ulations performedin the present study make use of the COUPL (Cerfa
s and OxfordUniversity Parallel Library) software library developed at CERFACS9



Name temporal form spatial formThompson [24℄ �W 5�t = 0 �W 5�n = � us1un�
 �W 5�s1 � us2un�
 �W 5�s2 �
un�
 �W 2�s1 � 
un�
 �W 3�s2Poinsot [10℄ �W 5�t = �us1 �W 5�s1 �us2 �W 5�s2 �
�W 2�s1 �
�W 3�s2 �W 5�n = 0Hirsh [11℄ �W 5�t = �
�W 2�s1 � 
�W 3�s2 �W 5�n = � us1(un�
) �W 5�s1 � us2(un�
) �W 5�s2Giles [12℄ �W 5�t = �un �W 2�s1 � un �W 3�s2 �us1 �W 5�s1 � us2 �W 5�s2 �W 5�n = �W 2�s1 + �W 3�s2Table 2: Correspondan
e between the temporal and the spatial form forsome non-re
e
ting boundary 
onditions. 3D 
ase.and Oxford University [27℄. This library is used for a 
ell-vertex resid-ual solver for unstru
tured and hybrid grids. Residuals are 
al
ulatedelement-wise, and distributed within ea
h element to the nodes. Forthe appli
ation of the boundary 
onditions not based on the full resid-ual approa
h (Thompson [24℄) the 
ontribution of the normal deriva-tives to the update of the boundary nodes are needed. This requiresan extra step, sin
e it is impossible to disentangle the normal 
ontri-butions from the nodal update.We start by 
al
ulating the element-wise gradients ofV, and equidis-tribute them to the nodes, to obtain a nodal approximation of ~rV.Then, the normal derivative at the boundary is estimated as �V=�n =~rV : ~n. The normal 
ontribution is 
al
ulated as��tEn �V=�n. Notethat this approximation is quite di�erent from the way the interiors
heme is 
onstru
ted. Consisten
y is mu
h easier to ensure for astru
tured 
ode.3.3 The relation with the Riemann invariantsThe Riemann invariants 
orrespond to the integrated 1D 
hara
teris-ti
s variables, under the assumption of isentropi
 
ow [11, 28℄. Theyare: R1 = P�
10



R2 = un + 2

 � 1 (15)R3 = un � 2

 � 1These quantities are 
onstant along the 
hara
teristi
s dx=dt =un, dx=dt = un + 
 and dx=dt = un � 
 respe
tively. To impose anon-re
e
ting outlet 
ondition with ~n = (1; 0; 0)t, the variable at theboundary (subs
ript B) may be obtained as follows: R3 is 
onstant ona 
hara
teristi
 
oming from outside the 
omputational domain withstate P1, �1 and u1. Thus the following relation holds:uB � 2
B
 � 1 = u1 � 2
1
 � 1 (16)Also, R1 and R2 are 
onstant on outgoing 
hara
teristi
s so thatPB=over�
B = PP =over�
P (17)and uB + 2
B
 � 1 = uP + 2
P
 � 1 (18)where the subs
ript P denotes predi
ted values due to the interiors
heme. The relations (16)-(18) 
an be used to 
ompute the variablesat the boundary. A main di�eren
e between 
hara
teristi
 methods asgiven in table (1) and Riemann invariants approa
hes is that the lat-ter te
hnique imposes the variables on the boundary while the formerimpose the variable variations. Another di�eren
e is the assumptionof isentropi
 
ow whi
h is not made in the treatments des
ribed in theprevious subse
tions. An example of the e�e
t of this hypothesis isgiven in the next se
tion. In the following subse
tion, di�erent sim-ple a
ademi
 test 
ases are 
onsidered to assess the eÆ
ien
y of thedi�erent formulations.3.4 A
ademi
 test 
asesThe tested formulations are designed as Riemann invariants, Giles [12℄,Poinsot [10℄, Hirsh [11℄ and Thompson [24℄ (see table 1 for the de�-nition of these 
onditions). Ex
ept otherwise stated, all the following
omputations are performed with a se
ond-order 
entered s
heme inspa
e and a third order expli
it Runge-Kutta time stepping. No arti-�
ial vis
osity is used.3.4.1 One-dimensional 
asesA Gaussian perturbation of small amplitude is superimposed to theuniform density �eld and the other variables are initialized so as to11



keep energy in only one mode of propagation, either the progressivea
ousti
 one or the entropy one. The mean Ma
h number is set to 0:25in both 
ases and the number of grid points is 201 (uniform mesh). Fig-ures 1 and 2 show the 
onve
tion of the a
ousti
 perturbation throughthe evolution of density at di�erent simulation times. The perturba-tion leaves the 
omputation domain for t = 0:5L=(U0 + 
), where L isthe length of the domain and Uo is the mean 
onve
tion velo
ity. Thebottom parts of the �gures show that small numeri
al perturbationsare 
reated when the wave leaves the domain. These sawtooth in-stabities have a non-physi
al negative group velo
ity of order �U0� 
,in agreement with theoreti
al analysis [29℄. The amplitude of the re-
e
ted perturbation is of order of 0:05% of the strength of the outgoingwave, showing that both the Thompson and the Riemann invariantsapproa
hes are eÆ
ient in this 
ase. Similar results are obtained withthe other 
hara
teristi
 treatments 
ited above. The results for the en-tropy wave are shown in �gures 3 and 4. The 
hara
teristi
 approa
hprodu
es the same type of result as for the a
ousti
 wave, with thegroup velo
ity for the re
e
ted numeri
al waves whi
h is now of or-der �U0. The use of the Riemann 
ondition leads to the formationof a regressive a
ousti
 wave (U0 � 
) when the entropi
 wave leavesthe 
omputation domain. The density perturbation asso
iated withthe re
e
ted wave is even larger than the one related to the outgoingwave. This una

eptable behavior of the Riemann 
ondition is a di-re
t 
onsequen
e of the isentropi
 
ow assumption used to derive theinvariants: this formulation should be used only for isentropi
 
ows.Only 
hara
teristi
 treatments based on the variations of the primi-tive/
hara
teristi
 ve
tor will be 
onsidered in the following subse
-tions.

12
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Figure 1: 1D a
ousti
 wave. Spatial evolution of density before and afterthe a
ousti
 wave leaves the domain using either of the 
onditions in table1. 3.4.2 Two-dimensional shear layerConsider the 
omputation domain de�ned by 0 < x < 1 and 0 < y < 1.The initial 
ondition is uniform for the density and the stati
 pressure,zero for the velo
ity in the y-dire
tion. For the streamwise velo
ity,we impose u(x; y) = U0(1:5 + tanh(10(y � 0:5))) for x = 0, u(y) = 0elsewhere. U0 
orresponds to 0:25 for the Ma
h number, so that the
ow is subsoni
 everywhere. The Thompson (full residual) 
hara
ter-isti
 approa
h is used at the inlet to impose the velo
ity 
omponentsand the temperature while a non-re
e
ting 
ondition is tested at theoutlet. The Poinsot non-re
e
ting 
hara
teristi
 
ondition is used forboth y = 0 and y = 1 to allow a
ousti
 disturban
es in the y-dire
tionto leave the domain. The velo
ity pro�le is expe
ted to propagatedownstream during the 
omputation. The steady solution is obviouslyu(x; y) = u(0; y) for all x-values. Numeri
ally, several 
onve
tive timesof propagation are simulated before the results are examined. Typi
alvelo
ity pro�les obtained with the Thompson formulation of the outlet13
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Figure 2: 1D a
ousti
 wave. Spatial evolution of density before and afterthe a
ousti
 wave leaves the domain using a non-re
e
ting 
ondition basedon the Riemann invariants.boundary are shown in �gure 5 . Clearly the outlet 
ondition preventsthe hyperboli
 tangent pro�le from propagating along the x-dire
tion.Instead, the u-velo
ity tends to be uniform near the exit. In fa
t thisresult is due to the formulation whi
h, by imposing �W 4n=�t = 0, for
esthe temporal evolutions of the streamwise velo
ity and the pressure toremain nearly proportional (sin
e �W 4n = ��u+ 1�
�P ) At the initialtime, both quantities are uniform at the exit, so that their pro�leskeep the same shape during the 
omputation if 1=�
 does not dependon y. This feature of the boundary is well re
overed by the 
ompu-tation (see �gure 6) but is not 
ompatible with the present physi
al
on�guration. Instead, the pressure pro�le should remain uniform andthe u-pro�le should start from zero and tend to the imposed hyper-boli
 tangent pro�le at the inlet. The use of the Poinsot's approa
hfor the outlet leads to the 
orre
t behavior for the velo
ity pro�les,as shown in �gure 7. Indeed, the 
onstraint on the ingoing a
ousti
wave is now written in terms of spatial gradients, so that the temporalevolutions of the pressure and the velo
ity at the exit are no more pro-14
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Figure 3: 1D entropy wave. Spatial evolution of density before and after theentropy wave leaves the domain using either of the 
onditions in table 1.portional (see table 1). The 
orre
t behavior is also obtained for theother 
hara
teristi
 treatments 
ited above. However the 
omputedphysi
al time needed to rea
h the steady solution has been found tobe greater for the Giles 
ondition than for both the Poinsot and theHirsh formulations. By 
omparing these boundary 
onditions in table1, it appears that three di�erent terms appear in the right-hand-sideof their temporal forms: A = us �W 4�s , B = 
�W 2�s and C = un �W 2�s . Atleast one of these terms must be retained to rea
h the 
orre
t steadystate. The Poinsot's and the Hirsh's 
onditions leading to equivalentresults, the A term above seems not 
riti
al for the present test 
ase(this term is present in Poinsot's formulation but not in Hirsh's, seetable 1). Thus the B term is responsible for the su

ess of the 
ompu-tations with those 
onditions. One observes also that the C term in theGiles 
ondition is nothing but un
 B, smaller than B be
ause the test
ase is subsoni
. Thus the observed numeri
al result (longer relaxationtime to the steady state with the Giles treatment) is 
onsistent withthe formal 
omparison of the di�erent boundary 
onditions.15
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Figure 4: 1D entropy wave. Spatial evolution of density before and afterthe entropy wave leaves the domain using a non-re
e
ting 
ondition basedon the Riemann invariants.3.4.3 Two-dimensional vortexConsider the 
omputation domain de�ned by 0 < x < 1 and 0 < y < 1and the following stream fun
tion: (x; y; t = 0) =  oe� ((x�xo)2+(y�yo)2)a2 (19)The 
orresponding velo
ity �eld u = � �y and v = �� �x de�nes asteady vortex 
entered at x = xo and y = yo.  o and a measurethe strength and the size of the vortex respe
tively. The pressure�eld asso
iated with this 
ow is P = Po � � 2=a2. To de�ne theinitial �eld, a uniform 
ow (M = 0:25) in the streamwise dire
tion issuperimposed to the previous vortex 
ow with xo = yo = 0:5. Two
ases (A and B) have been 
omputed. Table 3 gives the numeri
alvalues of the initial stream fun
tion  o, the size of the vortex a and itsstrength, de�ned as !maxa=U0. Case A 
orresponds to a weak vortexfor whi
h the indu
ed velo
ity is only 1 % of the mean 
onve
tion16
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Figure 5: Two-dimensional shear layer. Velo
ity pro�les at di�erent abs
issafor the Thompson's (full residual) non-re
e
ting outlet boudary 
ondition.Case  o a strengthA 0.0005 0.106 0.09B 0.05 0.159 2.82Table 3: Strengh and size of the 
omputed vorti
es.velo
ity U0. The se
ond 
ase B stands for a strong vortex for whi
h theindu
ed velo
ity is 90 % of U0. Note that the absolute velo
ity is alwayspositive for both 
ases so that the se
tion x = 1 is always a subsoni
outlet. The Poinsot's non-re
e
ting 
hara
teristi
 
ondition is used forboth y = 0 and y = 1 to allow the a
ousti
 disturban
es in the y-dire
tion to leave the domain. It is also used for x = 0 while the testednon-re
e
ting boundary 
ondition is used for x = 1. The vortex is
onve
ted downstream during the 
omputation and leaves the domainat time t = 0:5L=U0, where L is the length of the 
omputation domain.With the Poinsot's, Hirsh's and Giles's 
hara
teristi
 formulations forthe outlet, the vortex leaves the domain and no vorti
ity perturbationis produ
ed near the exit (not shown). Figures 8 and 9 show the root-mean-square value of both the vorti
ity (!rms) and the divergen
e17
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Figure 6: Two-dimensional shear layer. Comparison of the shape of thestreamwise velo
ity and stati
 pressure pro�les at the exit plane. The shapeof g is de�ned as (g� gmean)=(g� gmean)max, where gmean is the mean valueof g at the exit.(divrms) in the 
omputation domain for Cases A and B. In the �rststage of the simulation, both quantities show a plateau be
ause thevortex is still in the domain and there is no dissipation. Around t =0:25L=U0, the vortex starts its intera
tion with the outlet boundaryso that the divergen
e in
reases. At t = 0:5L=U0, the 
enter of vortexleaves the 
omputation domain and the level of !rms sharply de
reases.The a
ousti
 perturbations propagate upstream and leave the domainthrough the di�erent non-re
e
ting boundaries at the inlet and boththe top and the bottom. After t ' 1, the level of divergen
e falls ba
kto its initial value.Figures 8 show the results for the Case A (weak vortex) with theoutlet se
tion treated with the Poinsot [10℄ and the Giles [12℄ for-mulation respe
tively. 1 For both formulations, the 
omputed timeevolution of !rms 
ompares well with the analyti
al one. This latter1The non-re
e
ting boundary 
ondition given by Hirsh [11℄ produ
ed results very sim-ilar to those obtained with the approa
h of Poinsot so that the 
orresponding plots arenot shown for 
larity. 18
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Figure 7: Two-dimensional shear layer. Velo
ity pro�les at di�erent abs
issafor the Poinsot's non-re
e
ting outlet boudary 
ondition.is the solution of the simple linear 
onve
tion problem whi
h is validas long as the velo
ity indu
ed by the vortex is small 
ompared to the
onve
tion velo
ity. On the other hand, all boundary 
onditions pro-du
e an amount of dilatation whi
h may be related to the amplitudeof the re
e
ted a
ousti
 wave when the vortex leaves the domain [17℄.A 
oeÆ
ient of a
ousti
 re
e
tion may be de�ned as the ratio of themaximum of divergen
e in the 
omputation domain during the exitpro
ess to the maximum of vorti
ity in the in
ident vortex. It is mu
hsmaller for the Giles formulation than for the other one (4 %). Notethat for the vortex strength and the spatial resolution 
onsidered inCase A, the amount of divergen
e produ
ed by the Giles exit boundaryis of the same order than the initial level of divergen
e whi
h is relatedto the trun
ation error of the se
ond-order spatial s
heme used for the
omputations. As a 
onsequen
e the re
exion 
oeÆ
ient for this 
ase
an hardly be measured ex
ept if the resolution is drasti
ally in
reased.Instead, we preferred to in
rease the a

ura
y of the numeri
al methodto 
he
k the behavior of the Giles 
ondition in the linear range. In-deed, this 
ondition is exa
t for the linearized Euler equations [12℄.It is a se
ond order 
ondition so that the vorti
ity-a
ousti
 re
exion19
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Figure 8: 2D vortex. Time evolutions of the rms of vorti
ity and divergen
eduring the exit of a linear (weak) vortex through a non-re
e
ting subsoni
outlet 
ondition. Case A - Treatment of Poinsot (left) and Giles (right).
oeÆ
ient should go to zero as the strength of the vortex does. On theother hand, the �rst order Poinsot 
ondition should produ
e a nearly
onstant re
exion 
oeÆ
ient when the s
heme a

ura
y 
hanges. Thesefeatures have been well re
overed in the present study (see �gure 10)by using a sixth-order 
ompa
t s
heme and a third order Runge-Kuttaformulation for the time stepping.Figures 9 
orrespond to 
ase B. Even for the non-linear vortex,the de
rease of vorti
ity in the 
omputation domain is well repro-du
ed by both boundary treatments. Note that the 'exa
t' solutionin these �gures 
orrespond to a simulation with a domain of length 2,the root-mean-square of vorti
ity being 
omputed over the �rst halfof it. In terms of re
e
ted a
ousti
 wave, the di�eren
e beetween thetwo boundary treatments de
reases when the strength of the vortexin
reases, as suggested by �gure 10. For 
ase B, both 
onditions leadto the same order of re
exion 
oeÆ
ient (around 4 % for both). Thisis due to non-linear e�e
ts whi
h are not properly a

ounted for, in-dependentely of the boundary formulation. A way to over
ome thisdiÆ
ulty is to insert a bu�er region before the exit se
tion, so as tomake the perturbation linear before it intera
ts with the boundary [17℄.
20
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Figure 9: 2D vortex. Time evolutions of the rms of vorti
ity and divergen
eduring the exit of a non-linear (strong) vortex through a non-re
e
ting sub-soni
 outlet 
ondition. Case B - Treatment of Poinsot (left) and Giles (right).3.5 La
k of referen
eUsing non-re
e
ting boundary 
onditions for Navier-Stokes equationsis very appealing but requires some 
aution sin
e building a perfe
tlynon-re
e
ting 
ondition might not lead to a well-posed problem. Sup-pose that we want to 
ompute a free shear layer by using the inletboundary 
onditions des
ribed in the previous se
tion, i.e., by impos-ing the inlet velo
ities and the temperature. If we build 'perfe
tlynon-re
e
ting' boundary 
onditions for the three other sides of our do-main, we should wonder how the 
ow will determine what the meanpressure will be. Physi
ally, this information is 
onveyed by waves re-
e
ting on regions far from the 
omputation domain where some stati
pressure p1 is spe
i�ed and propagating ba
k from the outside of thedomain to the inside through the boundaries. With perfe
t boundary
ondition this information will never be fed ba
k into the 
omputa-tion and the problem might be ill-posed. Corre
tions may be addedto the treatment of boundary 
onditions to make them only partiallynon-re
e
ting. A way to do this for a subsoni
 outlet is to pres
ribe�W 5�t +K(p� p1) = 0 (20)where the term K(p� p1) is written as K = �0(1 �M2)
=L where 
is the speed of sound, L a 
hara
teristi
 size of the domain and M the
hara
teristi
 Ma
h number. By studying analyti
ally the behavior ofEq. (20) for a linearized 
onstant 
oeÆ
ient one-dimensional systemof equations [15℄, it is possible to show that an optimal value for �021
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Figure 10: 2D vortex. CoeÆ
ient of a
ousti
 re
e
tion as a fun
tion of theamplitude of the in
ident vortex. Comparison between a �rst order (Poinsot,Hirsh) and a se
ond order (Giles) 
ondition in the linear range. Results froma 
ode based on a sixth-order 
ompa
t s
heme.is 0:27. However, some tests in [15℄ show that a value of 0:58 providethe best results in pra
ti
e. For pra
ti
al appli
ations we have foundthat the results do not depend drasti
ally on K as soon as it is largeenough to prevent the mean pressure to drift.The same idea may be useful to weakly pres
ribe some quantity(the velo
ity, say) at an inlet boundary. The exa
t way of doingit would be to 
ompute the in
oming a
ousti
 wave as �W 4n�t = �W 5n�twhi
h would indu
e Æun = 0 from Eq. (7). Instead one 
an impose�W 4n�t = �Ku(un�uref ) where uref is a referen
e velo
ity pro�le. This
ondition would a
t as non-re
e
ting if un is 
lose to uref but wouldprevent un from being to di�erent from the arbitrary referen
e.
22



4 Generalization to the Navier-Stokes Equa-tionsThe 
on
ept of '
hara
teristi
 lines' may be questionable for the Navier-Stokes equations and it seems that no general theory is available yetfor pres
ribing fully 
onsistent boundary 
onditions in the vis
ous 
ase.The method presented here is very 
lose to the Navier-Stokes Chara
-teristi
 Boundary Conditions {NSCBC [10℄. This method is valid forNavier-Stokes and Euler equations and relaxes smoothly from one tothe other when the vis
osity goes to zero. The number of 
onditionsspe
i�ed for the vis
ous 
ase is that obtained by theoreti
al analysis ofwell-posedness [30℄.Complete Navier-Stokes Boundary Conditions are obtained by us-ing Euler invis
id Boundary Conditions and supplementing them withadditional vis
ous 
onditions. These additional 
onditions must havea negligible e�e
t when the vis
osity goes to zero and their implemen-tation is not done at the same level as the invis
id 
onditions. In thepresent pro
edure, we 
onsider that the invis
id 
onditions are appliedby using the normal approa
h where the wave amplitude are de�nedon the variation ÆVPw = ��tRn of the primitive variables (see 2).The vis
ous 
onditions are applied only during the �nal update of theboundary point (see 2):Vn+1 = Vn + ÆVU + ÆVCw = Vn + ÆVU + ÆVin;C + ÆVoutby spe
ifying those vis
ous and di�usion terms in ÆVU .We have not indi
ated yet how to 
hoose the vis
ous 
onditions.The 
ompatibility of invis
id 
onditions with vis
ous 
onditions is notautomati
ally ensured. Most Navier-Stokes 
odes a
tually use physi
alBoundary Conditions derived for the Euler equations. In parti
ular,the number of physi
al 
onditions imposed on a given boundary isoften 
hosen as if the 
ow were invis
id by arguing that the boundariesare far enough from the regions where vis
ous e�e
ts are important.As a 
onsequen
e, only invis
id 
onditions are applied and no vis
ous
onditions are introdu
ed.In the NSCBC method, the number and the 
hoi
es of physi
alBoundary Conditions (invis
id and vis
ous) were guided using the the-oreti
al studies of Strikwerda [30℄ and Oliger and Sundstr�om [31℄. Themost 
ommon subsoni
 in
ow and out
ow 
onditions are 
onsideredin table 4 whi
h summarizes the di�erent physi
al 
onditions used inthe NSCBC method for a three-dimensional 
ow. The 
ase of Eulerequations is also displayed in the left 
olumn of ea
h table to allow
omparison with Navier-Stokes. In general, it is fair to say that onlysmall e�e
ts are 
aused by these vis
ous 
onditions for inlets (this is23



BOUNDARY TYPE EULER NAVIER-STOKESIsothermal Inlet u; v; w; T imposed nothingNon-Re
e
ting Inlet ÆW jn = 0, j = 1; 4 ��nn�xn = 0Isobari
 Outlet P imposed ��nj�xn = 0, j 6= n; �qn�xn = 0Non-Re
e
ting Outlet ÆW 5n = 0 ��nj�xn = 0, j 6= n; �qn�xn = 0Isothermal Wall u; v; w = 0; T imposed nothingAdiabati
 Wall u; v; w = 0 qn = 0Table 4: Some physi
al Boundary Conditions for 3D Flows for Euler andNavier-Stokes Equations.not true for outlets).5 ExemplesThis se
tion presents two exemples to illustrate the drasti
 e�e
t of theboundary 
onditions in unsteady 
omputations. The �rst 
ase is the
ow over a ramp whi
h a
ts as an arti�
ial resonator. The 
ow over ashallow 
avity is then 
onsidered.5.1 Deta
hed 
ow over a rampThis 
on�guration has been 
onsidered in [32, 33℄ to study the e�e
tof an a
tive 
ontrol te
hnique applied to a deta
hed boundary layer.The prin
iple of the numeri
al setup is given in �gure 11. A laminarboundary layer is imposed at the inlet and develops until the geomet-ri
al dis
ontinuity. If the Reynolds number is suÆ
iently large, the
ow deta
hes due to the adverse pressure gradient and may be
omeunstable. A vortex shedding phenomenon is observed if the Reynoldsnumber further in
reases. Physi
ally, the Strouhal number based onthe momentum thi
kness is �xed be
ause the vortex shedding phe-nomenon is related to the Kelvin-Helmotz instability in the shear layerwhi
h develops near the 
orner. The vorti
es generated due to thehydrodynami
 instability are 
onve
ted and eventually dissipated fardownstream of the ramp dis
ontinuity. Numeri
ally, the vorti
al stru
-ture are not dissipated before they leave the 
omputational domain andthey intera
t with a non-re
e
ting outlet boundary 
ondition (see �g-ure 11). This intera
tion generates some noise as shown in se
tion3.4.3. The pressure perturbation propagates upstream and 
an triggera new instability within the shear layer whi
h developps near the 
or-ner. With su
h a s
enario, the frequen
y f for the vortex shedding isrelated to (non-physi
al) length of the 
omputational domain L by the24
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Figure 11: Computational domain and feedba
k 
oupling for the 
ow overa ramp (top), over a 
avity (bottom).relation: nf = LU
 + L
� U
 (21)where U
 is the mean 
onve
tion velo
ity along the vorti
es path, nis the number of strtu
tures present at the same time in the domainand 
 is the speed of sound. The tests performed in [33℄ show that thefrequen
y of the vortex shedding s
ales on the domain length L, as sug-gested by the previous relation. The same dependen
e was observed forall non-re
e
ting boundary 
ondition as well as for a pressure imposedoutlet. Note that the feedba
k me
hanism is physi
al and expe
ted forthis latter boundary 
ondition. It seems that no non-re
e
ting bound-ary 
ondition exists whi
h keeps the noise generated when a vortexleaves the domain small enough to prevent the feedba
k 
oupling too

ur. The only way to pro
eed seems to arti�
ially damp the vorti
alstru
ture before it leaves the domain. One way is to introdu
e a vis-
ous bu�er layer before the exit [17℄ or to in
rease the domain size asshown in the next subse
tion.5.2 Flow over a 
avityAnother intersting 
lass of 
ow/a
ousti
 
oupling is observed in 
aseswhere a feedba
k phenomenon is expe
ted to take pla
e due to a vortex-25
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Figure 12: Left: Frequen
y of the instability of the 
ow over a 
avityas a fun
tion of the Ma
h number. For the small domain, the supriousa
ousti
 re
exion at the exit modify the global feedba
k phenomenon whilethe Rossiter bran
h n = 2 is well reprodu
ed for the larger domain. Right:Computational domains for the 
ow over a 
avity.wall intera
tion as dis
ussed in [5℄. In the 
ase of a 
ow over a 
avity forexample, the hydrodynami
 instability whi
h takes pla
e in the shearlayer 
lose to the upstream 
orner develops and is 
onve
ted down-stream by the mean 
ow (see �gure 11). The vortex indu
ed by thisinstability intera
ts with the downstream 
orner and the noise 
reatedby the intera
tion propagates upstream. The pressure wave triggersa new hydrodynami
 instability and the shedding frequen
y is givenby Eq. (21) with L the length of the 
avity. A formula of this formwas �rst proposed by Rossiter [34℄ and was found in good agreementwith the experimental data. Note that for a given mode (n �xed),the frequen
y de
reases slightly when the Ma
h number of the outer
ow in
reases. This behaviour is not reprodu
ed numeri
ally when the
omputational domain is "small" but the frequen
y redu
tion is wellreprodu
ed for a larger domain (see �gure 12). A 
lose examination ofthe solutions shows that a vortex is torn during its intera
tion with thedownstream 
orner. The lower part of the vortex feeds the re
ir
ula-tion region within the 
avity while the upper part is 
onve
ted by theboundary layer downstream of the 
avity. In the small domain 
ase,the se
ondary vortex is not damped before it leaves the 
omputationaldomain and the spurious noise 
an modify the physi
al feedba
k for
ertain 
ow 
onditions. This problem is present for all the boundarytreatments 
onsidered previously (Poinsot, Hirsh, Giles) be
ause thevorti
ity-dilatation re
exion 
oeÆ
ient is similar for these 
onditionsin the 
ase of strong vorti
ies (see �gure 10. In the 
ase of a larger do-main, the vorti
es are damped before the exit and no spurious re
exion
an modify the unsteady solution. More details about this 
on�gura-26



tion 
an be found in [35, 36, 37℄.6 Con
lusionThe general framework for 
hara
teristi
-based boundary 
onditionsfor Euler equations is re
alled. The parti
ular 
ase of non-re
e
tingoutlet is 
onsidered to show that several previous proposals 
an bewritten within the same framework. Both analyti
al and numeri
al
omparisons are performed. The Riemann invariant approa
h pro-du
es a very large entropy-a
ousti
 re
exion 
oeÆ
ient, even for thesimplest 1D invis
id 
ase. Con
erning the boundary treatments basedon the variations of the variables, it is shown that the 
onsidered for-mulations 
an be written in two equivalent forms, namely the temporalform and the spatial form. In the former one the boundary 
onditionsare expressed in terms of time derivative of the ingoing 
hara
teristi
variable. This parti
ular form is used to analysed some of the errorsobserved during the 
omputations. Noti
eably, the full residual for-mulation [9℄ is shown unable to forget to initial state at the boundaryse
tion, even after the 
hara
teristi
 time of the problem is 
omputedseveral times. As 
on
erns the vorti
ity-a
ousti
 re
exion 
oeÆ
ient,the se
ond order Giles formulation [12℄ is found more a

urate thanother �rst order boundary 
onditions (Poinsot [10℄, Hirsh [11℄) in the
ase of weak vorti
es. However a very a

urate method is needed tomeasure the gain of this formulation, and none of the tested treatmentsgives fully satisfa
tory results for stronger vorti
ies. The generalizationto Navier-Stokes equations proposed in [10℄ is �nally brie
y dis
ussedand 
omputations of aeroa
ousti
 instabilities over a ramp and a 
avityare shown in order to demonstrate the sensitivity of the results on theboundary treatment.Referen
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