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Abstract

Several characteristics-based boundary conditions for the unsteady
Euler equations are written in a unified framework to underline their
common features as well as their differences. Their extension to the
Navier-Stokes equations is then discussed. Various model test cases
are used to illustrate the sensitivity of unsteady flows to the boundary
conditions. Finally, more complex computations involving flow insta-
bilities are discussed from the perspective of the boundary treatment.



1 Introduction

Over the last decades, algorithmic improvements and increase of com-
putational power have led to solvers with higher levels of accuracy.
Accurate computation of unsteady compressible flow is needed in e.g.
aeroacoustics, self-sustained instabilities and combustion instabilities.
Typical approaches are Direct Numerical Simulation (DNS), Large
Eddy Simulation (LES), Reynolds-averaged Navier-Stokes equations,
or even simpler models like the Euler equations. A major subject for
industrial computation has been, and still is, steady state flow. It is im-
portant to converge rapidly to steady state, and it has been recognized
that dissipative schemes help, but affect the accuracy. Unsteady com-
putations have to reproduce wave propagation, and dissipative schemes
are out of the question from the start. With more accurate schemes,
higher demands are put on the boundary conditions which must permit
waves to leave the domain without unwanted reflections. Some studies
indicate that reflections may be of numerical origin.

Practical applications need various inflow and outflow boundary
conditions like non-reflecting inlet or outlet, unsteady inlet with fluc-
tuating velocity fields, as well as wall conditions. These conditions
should meet the following criteria:

e The right number of constraints has to be imposed at a given
boundary to ensure well-posedness. This number can be derived
analytically [1, 2, 3, 4].

e The physics of the problem has to be properly translated into
the wave/boundary interactions. For example, with a pressure
imposed outlet, an acoustic wave leaving the domain should be
transformed into an ingoing one of the same amplitude.

e A numerical implementation of the mathematical and physical
statements has to be chosen so as to minimize the numerical
perturbations generated at the boundaries. There is clear exper-
imental evidence that backward propagating acoustic waves may
trigger an hydrodynamic instability of the Kelvin-Helmholtz type
[5]. If the acoustic wave comes from any physical sound gener-
ation process, this interaction leads to a feedback instability.
However, if the acoustic wave is induced by an improper bound-
ary treatment, the obtained feedback loop has no physical mean-
ing [6, 7].

e The properties of the initial flowfield should become unimpor-
tant after a characteristic time of the problem has been com-
puted. This requirement seems obvious for any unsteady or



steady computation, but may not be met by certain advanced
boundary conditions.

Different boundary condition treatments based on the characteris-
tic approach have been proposed in the literature [8, 9, 10, 11], which
satisfy in various degrees the above requirements. Several authors fo-
cused essentially on the best way to write a non-reflecting boundary
condition for the Euler equations [12, 13, 14, 15] (see Givoli [16] for a
complete review). It is now commonly accepted [17, 18, 19] that a per-
fect formulation is not reachable for the non-linear case and it has been
found necessary to add non physical exit zones onto the computation
domain. This paper is not concerned with these zonal formulations
because of their lack of flexibility and because the additional cost may
be high [17]. Its objective is to clarify the common points of some
characteristic boundary conditions found in literature, as well as the
way they differ from an analytical point of view. We also show on
simple unsteady test cases how these formal differences change the re-
sults. Section 2 presents the general ideas behind the characteristic
approach for the boundary conditions. The particular case of prescrib-
ing a non-reflecting condition is discussed in Section 3 and a general
procedure to account for the viscous terms in presented in Section 4.
Section 5 shows to what extent the quality of the results for unsteady
computations is improved or damaged by the choice of the boundary
condition.

2 The Characteristic Boundary Conditions

For hyperbolic equations, most advanced boundary treatments make
use of the characteristic approach, which is described in many basic ar-
ticles or textbooks [11]. Characteristic boundary conditions are based
on distinguishing ingoing and outgoing waves at the boundary of the
domain. Information carried by outgoing waves is left untouched, while
the boundary condition must supply information corresponding to the
ingoing waves. This can take the form of e.g. prescribing the strength
of ingoing waves, or extrapolating characteristic variables, or Riemann
invariants.

The time dependent Euler equations are hyperbolic, and can be
reformulated in a set of characteristic advection equations. Let us
consider the 3D Euler equations in quasi-linear form:

oV 1A' 5AY 1A'
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In this equation, V = (p,u,v,w, P)" is the vector of the primitive



variables and the matrices A, B and C are defined as:

uoop .. vo.oop .. wo. . P
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A= U . | B= v . 1/p |C= w
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where v, p, ¥ = (u,v,w)T and P represent the isentropic coefficient,
the density, the velocity vector and the static pressure respectively.
Each of the matrices A, B and C has its own complete set of real
eigenvalues and of right and left eigenvectors, which differ from one
matrix to the other. The matrix E, defined as An, + Bny, + Cn.
is introduced, where 7 is an arbitrary unit vector. The eigenvalues
matrix obtained by diagonalizing E,, reads as:

An = LaELLt =diag (AL, A2, 03 A2 \3) = diag (tn, Un, Un, Un+C, Un—C) ,

(3)
where u,, = #.77 and c is the speed of sound. The matrices with left
(resp. right) eigenvectors as rows (resp. columns) L, and L_,! are
given by

1 0 0 0 -1/ 1 0 0 p/2
0 S1z S1y S1z 0 0 S1z Soe nz/2
L,=|0 s2. Sy S, 0 ,andR, =L ' =10 S1y  S2y  MNy/2
0 ng Ty n, 1/pc 0 s1. S2. mn./2
0 —ny, —ny —n, 1/pc 0 0 0 pc/2

(4)
They relate variations of the characteristic variables W, to the
variations of the primitive vector V by:

Wy, = L,0V SV =L 16W,,, (5)
or : 1
SW? $1.040
SW2 +1.00 + 0P
SWS DS
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[ SW) + L (OWE + 6Wy) |
(655 $120W2 + $220W2 + L (SW,2 — oWY)
0Va=| v | = | s1,0W2 + 52, 0W3 + L (@W2 —W3) | . (7)
gﬁ 51:0W2 + 52.6W3 + T2 (GW2 — 6W3)
BE (W2 + W)

Unit vectors s1 and $3 are such that they form with @ an orthonor-
mal basis (77, §1, $3). Note that for each unit vector 7, a different set
of characteristic variables is obtained. Also the choice of right and
left eigenvectors influences the scaling of the characteristic variables.
Every author has his/her own preferences, but this is not important
for the remainder of this paper. The first characteristic variation is
proportional to entropy variations, the second and third are related to
variations in shear velocity, and the last two represent acoustic distur-
bances.

The five characteristic variables satisfy a set of convection equa-
tions, the compatibility equations, with the speed of propagation given
by Eq. (3) and with source terms related to pressure and velocity vari-
ations in the (81,5)-plane. These equations are obtained by premulti-
plying Eq. (1) with Ly :

5 +u VW, =0,
OW? - 1 - -

o T AW+ dn. (vw;} + VW,E) —0,
ow3 - 1 - -

no o 3 1 o 4 5) —

o AW+ e, (vwn + VWn) 0 8)
oW . 3} B}

S (o) VW (*1 VW2 + 3.vwg) —0,
oW . 3} B}

S+ (= cil) YWD+ o (*1 VW2 + *z.vwg) —0

In general, these equations are decoupled only in 1D, where the
second and third line vanish, with §; = & = 0. In the case of the
Navier-Stokes equations, additional source terms appear.

For boundary conditions, 7 is chosen normal to the considered
boundary, either inward or outward. In the following, we take the nor-
mal outward, which means that negative speed represents information



convected into the computational domain. Positive speeds correspond
to information leaving the domain, independent of the physical bound-
ary condition. However, the decomposition of the Euler equations into
a set of waves with 77 normal to the boundary is a crude and sometimes
inadequate assumption [20].

The ingoing information depends on the physical boundary condi-
tion, the numerical evaluation of outgoing waves, the truncation error
in the boundary approximation chosen and the way relevant boundary
variables are updated. Several methods can be used, which can be
classified in different ways. Without being complete, we distinguish:

e Extrapolation methods. Space, time or space-time extrapola-
tion of the conservative/primitive [21, 22] or characteristic [23]
variables are used. This includes e.g. a symmetry condition by
annihilating normal velocity, or a wall boundary condition which
sets the speed to zero for Navier Stokes equations. Characteris-
tic extrapolation includes the use of Riemann invariants which
we will discuss and test here (see sections 3.3 and 3.4.1).

e Application of boundary conditions at the level of the partial
differential equations. This can be done in the compatibility re-
lations [11], or in the equations of motion [10], with a one-sided
discretization. This latter technique is more appropriate for the
Navier-Stokes equations, when the boundary conditions have to
be separated from the viscous terms. In this paper, we will focus
on this category, which has in common that the boundary condi-
tions act on wvariations, rather than on the variables themselves.
It means that the strength of incoming waves is calculated as a
function of the physical boundary conditions imposed and the
strength of the outgoing waves.

Applying an Euler explicit time discretization to Eq. (1), the up-
date of primitive variables can be written as:

AV =V _vr = AR = —at | A2Y + sV + cV (9)
Or dy 0z
For a given boundary with normal 7, the full residual R in Eq. (9)
can be split into a normal part R,, (involving only normal derivatives)
and a tangential part R, (involving only derivatives along §7 and §3)
sothat R = R, + R,. E.g., if 7 = (1,0,0)%, that is 7 aligned with the
z-axis, R, = A9V /0x and Ry, = BOV /dy + CIV/0z.

Let us call V" the boundary value at time level n, JV¥ the pre-
dicted boundary update due to the interior scheme, before application
of the boundary conditions, §VZ the part of §V¥ to which the bound-
ary conditions will be applied, and 6VY = 6V — §V?E the part of the



boundary update which is not affected by the characteristic bound-
ary conditions. As an example, in methods which identify waves only
using terms normal to the boundary, §VZ is the predicted value of

—AtR,, and 6VV is equal to —At {B%—‘y’ + C%—‘Z’}. Note that 6VU
could also contain other contributions like the diffusive terms in the

case of the Navier-Stokes equations or the heat release for combustion.
The boundary conditions are then applied as follows:

1. Decide the part §VE of the residual to which the boundary con-
ditions are going to be applied to. If it is the full residual, then
sVl = 0.

2. Using Eq. (6), decompose dVZ into characteristic variations

SWinP and W% due to ingoing and outgoing waves, with
corresponding primitive variations §Vi™F and §Vout.

3. Modify the amplitude of the incoming wave(s) dW:™F corre-
sponding to the physical requirements at the boundary. This
gives corrected amplitudes, W ™C. Keep the outgoing waves
WUt or §Vo¥ as they are. As an example, consider a pressure
imposed subsonic outlet, §P = 0. The characteristic speeds wu,
and u, + ¢ are positive, and the only wave to be affected by the
boundary condition is the ingoing acoustic with speed u,—c. Eq.
(7) states that 6P = §W2 + 6W?2, which gives sW2C = W2,

4. Combine the waves W ™ and §W2°%, and transform back to
primitive variables using L', Eq. (7). This gives §VS. The
boundary point is then updated according to

VL = V4 VY 4 VS = VP 4 6VU 4 gVine 4 gvent

The decomposition of the Euler equations into a set of waves trav-
eling normally to the boundary provides us with a theoretical basis
to derive proper boundary condition treatments. However the the-
ory says nothing on the best choice for defining the part of the up-
date related to the waves (§VE). In what we call the full residual
approach [24] the boundary conditions are applied to the full resid-

ual, viz. 6VP = —AtR = VP, In this case the update becomes
Vil = V7 4 §VE = V7 4 §VinC 4 §Vout. An alternative is the
normal approach where §VE = —A#R,. It has been proposed by

Thompson [9] for the non-reflecting condition and by Poinsot and Lele
[10] as a basis of a general procedure to derive boundary conditions
for the Navier-Stokes equations. A part of the residual (§VY) is not
touched by the boundary conditions, and therefore, an additional non-
characteristic correction is needed. The effect of the definition of the
wave strength is discussed in more details in Section 3 for the particular
case of a non-reflecting boundary condition (see also [25]).



3 Non-Reflecting Conditions

3.1 Non-reflecting boundary conditions

It is straightforward to derive the strength of the incoming waves for
physical boundary conditions like an outlet where pressure is imposed.
Likewise, an inlet with total pressure and temperature and the flow
angles, or total temperature and mass flux poses no problem. It is
more complicated to design a non-reflecting boundary condition [25].

The simplest form of this condition is to set the strength of the
incoming wave to zero. In 2D, with W* the ingoing characteristic for
a subsonic outlet, the full residual approach gives [8, 13, 26, 24]:

owH
=0 10
5 (10)
whereas the normal approach leads to [9, 10]:
ow*
o -0 11
(tn — ©) 55 (1)

Hirsch[11] argues that non-reflecting condition has to be applied to
the advection terms of the bicharacteristic equations:
ow* ow*

(un —c)

A more elaborate analysis is performed by Engquist and Majda [2],
and translated for practical implementation by Giles[12]. The analy-
sis for the linearized Euler equations is based on a Fourier decompo-
sition of the solution at the boundary, that is decomposition of plane
waves in arbitrary directions. Now, the strength of each ingoing Fourier
component is set to zero, and consequently, the ingoing waves in the
space-time domain are finite. This introduces a dependency of the
incoming characteristic on the tangential derivatives at the boundary.
For one-dimensional flow, Eq. (10) is recovered. Here we consider the
approximate, two-dimensional unsteady formulation [12], which for a
2D oulet gives:

oW ow? oW+
= —Up—F7~— —Us—//—,
ot 0s ds '
where u,, and u, are the normal and tangential velocity at the bound-
ary, and 9/0s denotes the tangential derivative.

(13)

Eq. (10), (11), (12) and (13) are all non-reflecting boundary condi-
tions based on characteristic analysis. They do not produce the same



results however. This may be explained by formulating all of them in
the same framework: indeed, any (non-reflecting) boundary condition
can be written either in terms of time derivatives (temporal form) or in
terms of normal derivative (spatial form). These two forms are linked
by the compatibility relations, Eq. (8), and imposing a boundary con-
dition on the time derivative can be translated into a condition on the
normal derivative and vice versa. An overview of the presented con-
ditions written in their two equivalent forms (temporal and spatial) is
given in table 1. A key reference is used to name each boundary con-
dition. The conversion between the two forms may be obtained with
the 2D version of the compatibility relations which for the ingoing
characteristic reduces to:

4 4 4 2
agt; + (tun — €) _agz + us ag[g + c—agz =0. (14)
| Name | temporal form | spatial form
Thompson| W% — g owt _ 1 [, ow* , ow?
Eq (10) on Up —C 5 QOs Os
Poinsot
oinso ag[:4 _ {Us agz4 N agzg} 83“,/14 _ 0 Fq. (11)
Hirsh 4 2 4 4
aw oW aw*t _ u, W
9t —C Js on _(unfc) Os Eq (12)
. 4 2 4
Giles O = —u, 2Py O ow?* _ aw?
Eq (13) on ds

Table 1: Correspondance between the temporal and the spatial form for
some non-reflecting boundary conditions. 2D case.

This table provides a way to formally compare these boundary con-
ditions. Of course, the results of a computation depends only on the
choice of the boundary (the rows in the table) and not on the form un-
der which it is written (the columns in the table). It is straightforward
to derive the 3D version of these correspondances (see table 2).

3.2 Practical implementation

To test these boundary conditions, we solve the two-dimensional com-
pressible Euler equations with a Runge-Kutta integration. The bound-
ary conditions are applied every sub-step. The calculations performed
in the present study make use of the COUPL (Cerfacs and Oxford
University Parallel Library) software library developed at CERFACS




Name | temporal form spatial form

. W5 we WS _ug WP
ow?®> _ on - up—c 081 up—c 0ss
Thompson [24] 5 =0 Y
Up—c 081 Uy —c Osa
aw’s - _u 18W5_u28W5_CBW2_ s
. ot sl 9sy 52 Pso ds1 ow> __
Poinsot [10] P an =0
Oso
: ow?s _ aw? aw? WS wg OWS  _ue AWS
Hirsh [11] ot - 9s1 " Oss on (unp—c) 9s1 (unp—c) Osa
owe . _ ow? . aw® . ) .
. ot - ngs; " sy ows _ aw aw
Giles [12] ows _  owd on = 9s1 1 Bss
Us1 Bs1 Us2 5o

Table 2: Correspondance between the temporal and the spatial form for
some non-reflecting boundary conditions. 3D case.

and Oxford University [27]. This library is used for a cell-vertex resid-
ual solver for unstructured and hybrid grids. Residuals are calculated
element-wise, and distributed within each element to the nodes. For
the application of the boundary conditions not based on the full resid-
ual approach (Thompson [24]) the contribution of the normal deriva-
tives to the update of the boundary nodes are needed. This requires
an extra step, since it is impossible to disentangle the normal contri-
butions from the nodal update.

We start by calculating the element-wise gradients of V, and equidis-
tribute them to the nodes, to obtain a nodal approximation of VV.
Then, the normal derivative at the boundary is estimated as OV /on =
V'V .#. The normal contribution is calculated as —AtE,, 0V /dn. Note
that this approximation is quite different from the way the interior
scheme is constructed. Consistency is much easier to ensure for a
structured code.

3.3 The relation with the Riemann invariants

The Riemann invariants correspond to the integrated 1D characteris-
tics variables, under the assumption of isentropic flow [11, 28]. They
are:

10



R* = un+7 (15)

2c
vy—1
These quantities are constant along the characteristics dz/dt =
Up, dx/dt = u, + ¢ and dz/dt = u, — c respectively. To impose a
non-reflecting outlet condition with @ = (1,0,0)%, the variable at the
boundary (subscript B) may be obtained as follows: R® is constant on

a characteristic coming from outside the computational domain with
state P>, p*>° and u®°. Thus the following relation holds:

R = u,-—

up — 720_31 =u> — 36_ 1 (16)
Also, R' and R? are constant on outgoing characteristics so that

Pg/overpy = Pp/overp}, (17)
and . Sep

UB+’Y—1ZUP+7—1 (18)

where the subscript P denotes predicted values due to the interior
scheme. The relations (16)-(18) can be used to compute the variables
at the boundary. A main difference between characteristic methods as
given in table (1) and Riemann invariants approaches is that the lat-
ter technique imposes the variables on the boundary while the former
impose the variable variations. Another difference is the assumption
of isentropic flow which is not made in the treatments described in the
previous subsections. An example of the effect of this hypothesis is
given in the next section. In the following subsection, different sim-
ple academic test cases are considered to assess the efficiency of the
different formulations.

3.4 Academic test cases

The tested formulations are designed as Riemann invariants, Giles [12],
Poinsot [10], Hirsh [11] and Thompson [24] (see table 1 for the defi-
nition of these conditions). Except otherwise stated, all the following
computations are performed with a second-order centered scheme in
space and a third order explicit Runge-Kutta time stepping. No arti-

ficial viscosity is used.

3.4.1 One-dimensional cases

A Gaussian perturbation of small amplitude is superimposed to the
uniform density field and the other variables are initialized so as to

11



keep energy in only one mode of propagation, either the progressive
acoustic one or the entropy one. The mean Mach number is set to 0.25
in both cases and the number of grid points is 201 (uniform mesh). Fig-
ures 1 and 2 show the convection of the acoustic perturbation through
the evolution of density at different simulation times. The perturba-
tion leaves the computation domain for t = 0.5L/(Uy + ¢), where L is
the length of the domain and U, is the mean convection velocity. The
bottom parts of the figures show that small numerical perturbations
are created when the wave leaves the domain. These sawtooth in-
stabities have a non-physical negative group velocity of order —Uj — ¢,
in agreement with theoretical analysis [29]. The amplitude of the re-
flected perturbation is of order of 0.05% of the strength of the outgoing
wave, showing that both the Thompson and the Riemann invariants
approaches are efficient in this case. Similar results are obtained with
the other characteristic treatments cited above. The results for the en-
tropy wave are shown in figures 3 and 4. The characteristic approach
produces the same type of result as for the acoustic wave, with the
group velocity for the reflected numerical waves which is now of or-
der —Uy. The use of the Riemann condition leads to the formation
of a regressive acoustic wave (Uy — ¢) when the entropic wave leaves
the computation domain. The density perturbation associated with
the reflected wave is even larger than the one related to the outgoing
wave. This unacceptable behavior of the Riemann condition is a di-
rect consequence of the isentropic flow assumption used to derive the
invariants: this formulation should be used only for isentropic flows.
Only characteristic treatments based on the variations of the primi-
tive/characteristic vector will be considered in the following subsec-
tions.

12
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Figure 1: 1D acoustic wave. Spatial evolution of density before and after
the acoustic wave leaves the domain using either of the conditions in table
1.

3.4.2 Two-dimensional shear layer

Consider the computation domain defined by 0 < z < land 0 < y < 1.
The initial condition is uniform for the density and the static pressure,
zero for the velocity in the y-direction. For the streamwise velocity,
we impose u(z,y) = Up(1.5 4+ tanh(10(y — 0.5))) for z = 0, u(y) =0
elsewhere. Uy corresponds to 0.25 for the Mach number, so that the
flow is subsonic everywhere. The Thompson (full residual) character-
istic approach is used at the inlet to impose the velocity components
and the temperature while a non-reflecting condition is tested at the
outlet. The Poinsot non-reflecting characteristic condition is used for
both y =0 and y = 1 to allow acoustic disturbances in the y-direction
to leave the domain. The velocity profile is expected to propagate
downstream during the computation. The steady solution is obviously
u(z,y) = u(0,y) for all z-values. Numerically, several convective times
of propagation are simulated before the results are examined. Typical
velocity profiles obtained with the Thompson formulation of the outlet

13
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Figure 2: 1D acoustic wave. Spatial evolution of density before and after
the acoustic wave leaves the domain using a non-reflecting condition based
on the Riemann invariants.

boundary are shown in figure 5 . Clearly the outlet condition prevents
the hyperbolic tangent profile from propagating along the z-direction.
Instead, the u-velocity tends to be uniform near the exit. In fact this
result is due to the formulation which, by imposing OW* /9t = 0, forces
the temporal evolutions of the streamwise velocity and the pressure to
remain nearly proportional (since W2 = —du + ﬁap) At the initial
time, both quantities are uniform at the exit, so that their profiles
keep the same shape during the computation if 1/pc does not depend
on y. This feature of the boundary is well recovered by the compu-
tation (see figure 6) but is not compatible with the present physical
configuration. Instead, the pressure profile should remain uniform and
the u-profile should start from zero and tend to the imposed hyper-
bolic tangent profile at the inlet. The use of the Poinsot’s approach
for the outlet leads to the correct behavior for the velocity profiles,
as shown in figure 7. Indeed, the constraint on the ingoing acoustic
wave is now written in terms of spatial gradients, so that the temporal
evolutions of the pressure and the velocity at the exit are no more pro-

14
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Figure 3: 1D entropy wave. Spatial evolution of density before and after the
entropy wave leaves the domain using either of the conditions in table 1.

portional (see table 1). The correct behavior is also obtained for the
other characteristic treatments cited above. However the computed
physical time needed to reach the steady solution has been found to
be greater for the Giles condition than for both the Poinsot and the
Hirsh formulations. By comparing these boundary conditions in table
1, it appears that three different terms appear in the right-hand-side
of their temporal forms: A = us%, B = caa_wg? and C = un%. At
least one of these terms must be retained to reach the correct steady
state. The Poinsot’s and the Hirsh’s conditions leading to equivalent
results, the A term above seems not critical for the present test case
(this term is present in Poinsot’s formulation but not in Hirsh’s, see
table 1). Thus the B term is responsible for the success of the compu-
tations with those conditions. One observes also that the C term in the
Giles condition is nothing but == B, smaller than B because the test
case is subsonic. Thus the observed numerical result (longer relaxation
time to the steady state with the Giles treatment) is consistent with
the formal comparison of the different boundary conditions.
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Figure 4: 1D entropy wave. Spatial evolution of density before and after
the entropy wave leaves the domain using a non-reflecting condition based
on the Riemann invariants.

3.4.3 Two-dimensional vortex

Consider the computation domain defined by 0 < z < land 0 < y < 1
and the following stream function:

(z=20)2+(y-y0)?)
Y(z,y,t=0) =.e a? (19)

The corresponding velocity field u = g—f and v = —g—f defines a

steady vortex centered at z = 2z, and y = y,. %, and a measure
the strength and the size of the vortex respectively. The pressure
field associated with this flow is P = P, — pyp?/a®. To define the
initial field, a uniform flow (M = 0.25) in the streamwise direction is
superimposed to the previous vortex flow with z, = y, = 0.5. Two
cases (A and B) have been computed. Table 3 gives the numerical
values of the initial stream function 1),, the size of the vortex a and its
strength, defined as wyq.a/Uy. Case A corresponds to a weak vortex
for which the induced velocity is only 1 % of the mean convection
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Figure 5: Two-dimensional shear layer. Velocity profiles at different abscissa
for the Thompson’s (full residual) non-reflecting outlet boudary condition.

[Case | 4, | a | strength ]
A 0.0005 | 0.106 0.09
B 0.05 0.159 2.82

Table 3: Strengh and size of the computed vortices.

velocity Ug. The second case B stands for a strong vortex for which the
induced velocity is 90 % of Uy. Note that the absolute velocity is always
positive for both cases so that the section z = 1 is always a subsonic
outlet. The Poinsot’s non-reflecting characteristic condition is used for
both y = 0 and y = 1 to allow the acoustic disturbances in the y-
direction to leave the domain. It is also used for z = 0 while the tested
non-reflecting boundary condition is used for = 1. The vortex is
convected downstream during the computation and leaves the domain
at time t = 0.5L /Uy, where L is the length of the computation domain.
With the Poinsot’s, Hirsh’s and Giles’s characteristic formulations for
the outlet, the vortex leaves the domain and no vorticity perturbation
is produced near the exit (not shown). Figures 8 and 9 show the root-
mean-square value of both the vorticity (wyms) and the divergence
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Figure 6: Two-dimensional shear layer. Comparison of the shape of the
streamwise velocity and static pressure profiles at the exit plane. The shape
of g is defined as (9 — gmean )/ (9 — Gmean)maz, Where gmeqn is the mean value
of g at the exit.

(divems) in the computation domain for Cases A and B. In the first
stage of the simulation, both quantities show a plateau because the
vortex is still in the domain and there is no dissipation. Around ¢ =
0.25L/Up, the vortex starts its interaction with the outlet boundary
so that the divergence increases. At ¢t = 0.5L /Uy, the center of vortex
leaves the computation domain and the level of w,..,s sharply decreases.
The acoustic perturbations propagate upstream and leave the domain
through the different non-reflecting boundaries at the inlet and both
the top and the bottom. After ¢ ~ 1, the level of divergence falls back
to its initial value.

Figures 8 show the results for the Case A (weak vortex) with the
outlet section treated with the Poinsot [10] and the Giles [12] for-
mulation respectively. ! For both formulations, the computed time
evolution of w,.,s compares well with the analytical one. This latter

!The non-reflecting boundary condition given by Hirsh [11] produced results very sim-
ilar to those obtained with the approach of Poinsot so that the corresponding plots are
not shown for clarity.
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Figure 7: Two-dimensional shear layer. Velocity profiles at different abscissa
for the Poinsot’s non-reflecting outlet boudary condition.

is the solution of the simple linear convection problem which is valid
as long as the velocity induced by the vortex is small compared to the
convection velocity. On the other hand, all boundary conditions pro-
duce an amount of dilatation which may be related to the amplitude
of the reflected acoustic wave when the vortex leaves the domain [17].
A coefficient of acoustic reflection may be defined as the ratio of the
maximum of divergence in the computation domain during the exit
process to the maximum of vorticity in the incident vortex. It is much
smaller for the Giles formulation than for the other one (4 %). Note
that for the vortex strength and the spatial resolution considered in
Case A, the amount of divergence produced by the Giles exit boundary
is of the same order than the initial level of divergence which is related
to the truncation error of the second-order spatial scheme used for the
computations. As a consequence the reflexion coefficient for this case
can hardly be measured except if the resolution is drastically increased.
Instead, we preferred to increase the accuracy of the numerical method
to check the behavior of the Giles condition in the linear range. In-
deed, this condition is exact for the linearized Euler equations [12].
It is a second order condition so that the vorticity-acoustic reflexion
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Figure 8: 2D vortex. Time evolutions of the rms of vorticity and divergence
during the exit of a linear (weak) vortex through a non-reflecting subsonic
outlet condition. Case A - Treatment of Poinsot (left) and Giles (right).

coefficient should go to zero as the strength of the vortex does. On the
other hand, the first order Poinsot condition should produce a nearly
constant reflexion coefficient when the scheme accuracy changes. These
features have been well recovered in the present study (see figure 10)
by using a sixth-order compact scheme and a third order Runge-Kutta
formulation for the time stepping.

Figures 9 correspond to case B. Even for the non-linear vortex,
the decrease of vorticity in the computation domain is well repro-
duced by both boundary treatments. Note that the ’exact’ solution
in these figures correspond to a simulation with a domain of length 2,
the root-mean-square of vorticity being computed over the first half
of it. In terms of reflected acoustic wave, the difference beetween the
two boundary treatments decreases when the strength of the vortex
increases, as suggested by figure 10. For case B, both conditions lead
to the same order of reflexion coefficient (around 4 % for both). This
is due to non-linear effects which are not properly accounted for, in-
dependentely of the boundary formulation. A way to overcome this
difficulty is to insert a buffer region before the exit section, so as to
make the perturbation linear before it interacts with the boundary [17].
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Figure 9: 2D vortex. Time evolutions of the rms of vorticity and divergence
during the exit of a non-linear (strong) vortex through a non-reflecting sub-
sonic outlet condition. Case B - Treatment of Poinsot (left) and Giles (right).

3.5 Lack of reference

Using non-reflecting boundary conditions for Navier-Stokes equations
is very appealing but requires some caution since building a perfectly
non-reflecting condition might not lead to a well-posed problem. Sup-
pose that we want to compute a free shear layer by using the inlet
boundary conditions described in the previous section, i.e., by impos-
ing the inlet velocities and the temperature. If we build ’perfectly
non-reflecting’ boundary conditions for the three other sides of our do-
main, we should wonder how the flow will determine what the mean
pressure will be. Physically, this information is conveyed by waves re-
flecting on regions far from the computation domain where some static
pressure po is specified and propagating back from the outside of the
domain to the inside through the boundaries. With perfect boundary
condition this information will never be fed back into the computa-
tion and the problem might be ill-posed. Corrections may be added
to the treatment of boundary conditions to make them only partially
non-reflecting. A way to do this for a subsonic outlet is to prescribe

ow?
ot

+K(p—p) =0 (20)

where the term K (p — poo) is written as K = o’(1 — M?)¢e/L where ¢
is the speed of sound, L a characteristic size of the domain and M the
characteristic Mach number. By studying analytically the behavior of
Eq. (20) for a linearized constant coefficient one-dimensional system
of equations [15], it is possible to show that an optimal value for o’
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Figure 10: 2D vortex. Coefficient of acoustic reflection as a function of the
amplitude of the incident vortex. Comparison between a first order (Poinsot,
Hirsh) and a second order (Giles) condition in the linear range. Results from
a code based on a sixth-order compact scheme.

is 0.27. However, some tests in [15] show that a value of 0.58 provide
the best results in practice. For practical applications we have found
that the results do not depend drastically on K as soon as it is large

enough to prevent the mean pressure to drift.
The same idea may be useful to weakly prescribe some quantity
(the velocity, say) at an inlet boundary. The exact way of doing
aws aw?

it would be to compute the incoming acoustic wave as —5; = —;

which would induce du, = 0 from Eq. (7). Instead one can impose
4
ag[;n = —K,(tn — Ures) where u,.y is a reference velocity profile. This

condition would act as non-reflecting if u,, is close to u,.y but would
prevent u,, from being to different from the arbitrary reference.
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4 Generalization to the Navier-Stokes Equa-
tions

The concept of "characteristic lines’ may be questionable for the Navier-
Stokes equations and it seems that no general theory is available yet
for prescribing fully consistent boundary conditions in the viscous case.
The method presented here is very close to the Navier-Stokes Charac-
teristic Boundary Conditions -NSCBC [10]. This method is valid for
Navier-Stokes and Euler equations and relaxes smoothly from one to
the other when the viscosity goes to zero. The number of conditions
specified for the viscous case is that obtained by theoretical analysis of
well-posedness [30].

Complete Navier-Stokes Boundary Conditions are obtained by us-
ing Euler inviscid Boundary Conditions and supplementing them with
additional viscous conditions. These additional conditions must have
a negligible effect when the viscosity goes to zero and their implemen-
tation is not done at the same level as the inviscid conditions. In the
present procedure, we consider that the inviscid conditions are applied
by using the normal approach where the wave amplitude are defined
on the variation VY = —AtR, of the primitive variables (see 2).
The viscous conditions are applied only during the final update of the
boundary point (see 2):

V= VP 4 VY 4 6VE = V7 4 6VY 4 6Vine 4 gveut

by specifying those viscous and diffusion terms in §VU.

We have not indicated yet how to choose the viscous conditions.
The compatibility of inviscid conditions with viscous conditions is not
automatically ensured. Most Navier-Stokes codes actually use physical
Boundary Conditions derived for the Euler equations. In particular,
the number of physical conditions imposed on a given boundary is
often chosen as if the flow were inviscid by arguing that the boundaries
are far enough from the regions where viscous effects are important.
As a consequence, only inviscid conditions are applied and no viscous
conditions are introduced.

In the NSCBC method, the number and the choices of physical
Boundary Conditions (inviscid and viscous) were guided using the the-
oretical studies of Strikwerda [30] and Oliger and Sundstrém [31]. The
most common subsonic inflow and outflow conditions are considered
in table 4 which summarizes the different physical conditions used in
the NSCBC method for a three-dimensional flow. The case of Euler
equations is also displayed in the left column of each table to allow
comparison with Navier-Stokes. In general, it is fair to say that only
small effects are caused by these viscous conditions for inlets (this is
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BOUNDARY TYPE EULER NAVIER-STOKES
Isothermal Inlet u, v, w, T imposed nothing

Non-Reflecting Inlet SWJi=0,j=14 Gnn = 0
Isobaric Outlet P imposed %TT*;J' =0,j#mn; gg: =0

Non-Reflecting Outlet W2 =0 %TT’:' =0, j #n; g% =0
Isothermal Wall u, v, w = 0; T imposed nothing
Adiabatic Wall u,v,w =0 gn =0

Table 4: Some physical Boundary Conditions for 3D Flows for Euler and
Navier-Stokes Equations.

not true for outlets).

5 Exemples

This section presents two exemples to illustrate the drastic effect of the
boundary conditions in unsteady computations. The first case is the
flow over a ramp which acts as an artificial resonator. The flow over a
shallow cavity is then considered.

5.1 Detached flow over a ramp

This configuration has been considered in [32, 33] to study the effect
of an active control technique applied to a detached boundary layer.
The principle of the numerical setup is given in figure 11. A laminar
boundary layer is imposed at the inlet and develops until the geomet-
rical discontinuity. If the Reynolds number is sufficiently large, the
flow detaches due to the adverse pressure gradient and may become
unstable. A vortex shedding phenomenon is observed if the Reynolds
number further increases. Physically, the Strouhal number based on
the momentum thickness is fixed because the vortex shedding phe-
nomenon is related to the Kelvin-Helmotz instability in the shear layer
which develops near the corner. The vortices generated due to the
hydrodynamic instability are convected and eventually dissipated far
downstream of the ramp discontinuity. Numerically, the vortical struc-
ture are not dissipated before they leave the computational domain and
they interact with a non-reflecting outlet boundary condition (see fig-
ure 11). This interaction generates some noise as shown in section
3.4.3. The pressure perturbation propagates upstream and can trigger
a new instability within the shear layer which developps near the cor-
ner. With such a scenario, the frequency f for the vortex shedding is
related to (non-physical) length of the computational domain L by the
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Figure 11: Computational domain and feedback coupling for the flow over
a ramp (top), over a cavity (bottom).

relation:

n_L L 21)

f B U. * c—U. (
where U, is the mean convection velocity along the vortices path, n
is the number of strtuctures present at the same time in the domain
and ¢ is the speed of sound. The tests performed in [33] show that the
frequency of the vortex shedding scales on the domain length L, as sug-
gested by the previous relation. The same dependence was observed for
all non-reflecting boundary condition as well as for a pressure imposed
outlet. Note that the feedback mechanism is physical and expected for
this latter boundary condition. It seems that no non-reflecting bound-
ary condition exists which keeps the noise generated when a vortex
leaves the domain small enough to prevent the feedback coupling to
occur. The only way to proceed seems to artificially damp the vortical
structure before it leaves the domain. One way is to introduce a vis-
cous buffer layer before the exit [17] or to increase the domain size as
shown in the next subsection.

5.2 Flow over a cavity

Another intersting class of flow/acoustic coupling is observed in cases
where a feedback phenomenon is expected to take place due to a vortex-
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Figure 12: Left: Frequency of the instability of the flow over a cavity
as a function of the Mach number. For the small domain, the suprious
acoustic reflexion at the exit modify the global feedback phenomenon while
the Rossiter branch n = 2 is well reproduced for the larger domain. Right:
Computational domains for the flow over a cavity.

wall interaction as discussed in [5]. In the case of a flow over a cavity for
example, the hydrodynamic instability which takes place in the shear
layer close to the upstream corner develops and is convected down-
stream by the mean flow (see figure 11). The vortex induced by this
instability interacts with the downstream corner and the noise created
by the interaction propagates upstream. The pressure wave triggers
a new hydrodynamic instability and the shedding frequency is given
by Eq. (21) with L the length of the cavity. A formula of this form
was first proposed by Rossiter [34] and was found in good agreement
with the experimental data. Note that for a given mode (n fixed),
the frequency decreases slightly when the Mach number of the outer
flow increases. This behaviour is not reproduced numerically when the
computational domain is ”small” but the frequency reduction is well
reproduced for a larger domain (see figure 12). A close examination of
the solutions shows that a vortex is torn during its interaction with the
downstream corner. The lower part of the vortex feeds the recircula-
tion region within the cavity while the upper part is convected by the
boundary layer downstream of the cavity. In the small domain case,
the secondary vortex is not damped before it leaves the computational
domain and the spurious noise can modify the physical feedback for
certain flow conditions. This problem is present for all the boundary
treatments considered previously (Poinsot, Hirsh, Giles) because the
vorticity-dilatation reflexion coefficient is similar for these conditions
in the case of strong vorticies (see figure 10. In the case of a larger do-
main, the vortices are damped before the exit and no spurious reflexion
can modify the unsteady solution. More details about this configura-
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tion can be found in [35, 36, 37].

6 Conclusion

The general framework for characteristic-based boundary conditions
for Euler equations is recalled. The particular case of non-reflecting
outlet is considered to show that several previous proposals can be
written within the same framework. Both analytical and numerical
comparisons are performed. The Riemann invariant approach pro-
duces a very large entropy-acoustic reflexion coefficient, even for the
simplest 1D inviscid case. Concerning the boundary treatments based
on the variations of the variables, it is shown that the considered for-
mulations can be written in two equivalent forms, namely the temporal
form and the spatial form. In the former one the boundary conditions
are expressed in terms of time derivative of the ingoing characteristic
variable. This particular form is used to analysed some of the errors
observed during the computations. Noticeably, the full residual for-
mulation [9] is shown unable to forget to initial state at the boundary
section, even after the characteristic time of the problem is computed
several times. As concerns the vorticity-acoustic reflexion coeflicient,
the second order Giles formulation [12] is found more accurate than
other first order boundary conditions (Poinsot [10], Hirsh [11]) in the
case of weak vortices. However a very accurate method is needed to
measure the gain of this formulation, and none of the tested treatments
gives fully satisfactory results for stronger vorticies. The generalization
to Navier-Stokes equations proposed in [10] is finally briefly discussed
and computations of aeroacoustic instabilities over a ramp and a cavity
are shown in order to demonstrate the sensitivity of the results on the
boundary treatment.
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