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oud, H. Vernhet & M. Dauzat1Abstra
t. A 1D model is presented whi
h enables to assess the amount of wave re
exion due to thestenting of an elasti
 artery. It suggests that overdilated stents produ
e less re
exion, the optimaloverdilation being proportional to the 
omplian
e ratio.R�esum�e. Un mod�ele 1D permettant d'estimer le 
oeÆ
ient de re
exion induit par le pla
ement d'unstent dans une art�ere �elastique est pr�esent�e. Il sugg�ere que les proth�eses surdilat�ees produisent moinsde re
exion, la surdilataion optimale �etant proportionnelle au rapport des 
omplian
es.1. Motivation & Obje
tivesAngioplasty with or without endovas
ular stenting is a promising minimally invasive te
hnique that 
anbe used as treatment of o

lusive disease in medium to large arteries. It has been applied extensively in the
oronary, renal, and peripheral vas
ular systems with good results and low 
ompli
ation rates. The in
iden
eof restenosis after angioplasty depends largely on the diameter of the vessel involved (its rate in
reases as theluminal diameter of the native vessel de
reases). The use of intravas
ular stents tends to lower the 
ompli
ationrate although restenosis rates as high as 15-30 % after 6 months for human 
oronary arteries have been observed,depending on the 
lini
al series [1℄.In vivo testings [2{4℄ show that endovas
ular stenting indu
es a large modi�
ation of the arterial 
omplian
eand thus may modify drasti
ally the propagation of arterial waves by introdu
ing arti�
ial re
exions. The�rst obje
tive of this study is then to assess the amount of pressure wave re
exion related to the endovas
ularstenting of an elasti
 artery. For this purpose, the stented se
tion of the vessel is modelled as an elasti
 du
twhose 
omplian
e is less than the non-stented artery. We intent to 
larify the extent of re
exion that 
an beexpe
ted depending on the 
hara
teristi
s of both the stent and the host vessel.Typi
al di�eren
es in stent design 
on
ern the type and size of the wires, the shape of the stru
ture, thelength and surfa
e of the stent, the radial strength and the longitudinal 
exibility [5,6℄. As far as pressure wavere
exion is 
on
erned, the diameter of the stent and its e�e
tive 
omplian
e are key parameters. The se
ondobje
tive of the paper is to optimize the diameter of the prosthesis in su
h a way to minimize the amount ofwave re
exion. For this purpose, we 
ouple a model for the pressure wave evaluation to a steepest des
entalgorithm. The 
ontrol parameter for this optimisation pro
edure is the global shape of the stent while its
omplian
e remains �xed and homogeneous along its length.The basi
 equations des
ribing the pressure wave propagation are re
alled in se
tion 2 where a simple ana-lyti
al expression for the re
exion 
oeÆ
ient is also provided. Results from the shape optimisation of the stentare then dis
ussed in se
tion 3.1 University of Montpellier II - CC51 - ACSIOM Laboratory FRE 2311 and University of Montpellier I - Laboratory ofCardiovas
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2 F. NICOUD, H. VERNHET & M. DAUZAT2. Formalism2.1. Basi
 equationsThe general one-dimensional equations des
ribing the pulsatile blood 
ow (mass and momentum 
onservation)in 
ompliant arteries are well known sin
e the 70's [7℄:�A�t + �Au�x = 0 (1)�u�t + u�u�x = �1� �P�x � fv u�where u and P are the averaged (over the 
ross se
tion of the artery) velo
ity along the x-dire
tion and relative(P = 0 outside the du
t) pressure respe
tively, A is the area of the 
ross se
tion, � is the blood density andfv u=� stands for the vis
ous drag. Assuming that the velo
ity and pressure 
u
tuations are small enough tonegle
t non-linear terms and introdu
ing the state equation of the artery A = A(P ), one is left with:�P�t + AA0 �u�x = 0 (2)�u�t + 1� �P�x + fv u� = 0where A0 stands for the pressure derivative of the 
ross se
tion area, viz. the 
omplian
e. The non-linearformulation Eq. 1, although more general than Eq. 2, su�ers from several drawba
ks. Indeed, sin
e it hasto be solved in the time domain, the vis
ous drag term must be assessed by using the Poiseuille assumptionfor the velo
ity pro�le instead of the more a

urate frequen
y dependant Womersley solution [8℄. Moreover,any vis
oelasti
 wall behavior is diÆ
ult to be a

ounted for sin
e A0 may depend on the frequen
y of theperturbation in this 
ase. On the 
ontrary, the linear formulation Eq. 2 
an be solved in the Fourier spa
eand the above mentioned physi
al behaviors (frequen
y dependant velo
ity pro�le and vis
oelasti
ity) 
an bein
luded without diÆ
ulty. Consistently, Reuderink et al. [9℄ have shown that a better overall a

ura
y isrea
hed by using the linear formulation. In the 
ourse of the present study, u and P will be taken as solutionof Eq. 2.Considering a se
tor whose diameter and 
omplian
e do not depend on the spa
e variable x and lettingP = P̂ exp(�j!t) and u = ûexp(�j!t), where j2 = �1 and ! is the wave pulsation, the 
lassi
al wave equationd2P̂ =dx2 + k2P̂ = 0 
an be easily derived, the 
omplex wave number being k =qA0A !(�! + jfv) and the wavespeed being 
 = !=k. The general solution within a homogeneous segment is then :P̂ = P+exp(jk(x� x0)) + P�exp(�jk(x� x0)) (3)û = k�! + jfv �P+exp(jk(x� x0)� P�exp(�jk(x� x0))�where x0 is the abs
issa of the left boundary of the se
tor and P+ and P� 
orrespond to the amplitude of theforward and ba
kward pressure waves. Their values are determined in order to satisfy the boundary 
onditionsat x = x0 and x = x0 + L where L is the length of the se
tor.



FLUID MECHANICS CHANGES AFTER STENTING 32.2. Modeling of the stentingIn the purpose of modeling the wave re
exion indu
ed by an endovas
ular stent pla
ed in an elasti
 artery,three su

essive homogeneous segments are 
onsidered, ea
h having its own set of 
onstant area and 
omplian
e(see Fig. 1). Ea
h physi
al quantity in se
tor number i (i = 1; 2; 3) is denoted with indi
e i (e.g. û1 and L2
Figure 1. S
hemati
 of the three homogeneous se
tors used in order to model an arterystenting in terms of waves.
orrespond to the velo
ity in se
tor 1 and the length of se
tor 2 respe
tively). Conservation of the total 
owrate and energy at the interfa
es 1� 2 and 2� 3 requires, for j = 1; 2:Aj ûj(x0j + Lj) = Aj+1ûj+1(x0j+1 ) ; P̂j(x0j + Lj) = P̂j+1(x0j+1 ) (4)Two boundary 
onditions at x = x01 = 0 and x = x03 + L3 are needed in order to 
lose the problem. In orderto assess the stent response without spurious wave re
exion, non-re
e
ting boundary 
onditions are pres
ribedat both sides, leading to P+1 = 1 and P�3 = 0. The four remaining wave amplitudes, viz. P+2 ; P+3 ; P�1 ; P�2 ,are determined by solving Eqs. 4. The 
omplex 
oeÆ
ient of wave re
exion due to the stent is then de�ned asRstent = exp(�2jk1L1)P�1 =P+1 . After some algebra one �nds out:Rstent = A2K2(A1K1 �A3K3)
os(k2L2)� j(A1K1A3K3 � (A2K2)2)sin(k2L2)A2K2(A1K1 +A3K3)
os(k2L2)� j(A1K1A3K3 + (A2K2)2)sin(k2L2) (5)where Ki = ki=(�! + jfvi). A typi
al value of the speed of propagation of waves in (human) arteries beinga few meters per se
ond, the wavelength is usually a few meters. On the other hand, the length s
ale of thestent is most likely equal to a few 
entimeters, meaning that the module of the dimensionless parameter k2L2is small 
ompared to unity. Moreover, sin
e the goal of this study is to assess the wave re
exion related tothe endovas
ular prosthesis, one 
an assume that zero re
exion o

urs in absen
e of stent, viz. A1K1 = A3K3(in other words, we assume that host artery is perfe
tly homogeneous). Finally, one obtains the following �rstorder expression for the re
exion 
oeÆ
ient:Rstent ' j(1� �2)2� k2L2; � = A1K1A2K2 (6)This relation shows that the theoreti
al re
exion indu
ed by an endovas
ular prosthesis de
reases with thelength of the stent and in
reases with the pulsation of the wave. Moreover the re
exion 
oeÆ
ient is zero assoon as � = 1, viz. A1K1 = A2K2. Assuming that vis
ous e�e
ts 
an be negle
ted in the re
exion pro
essmakes � and k2 real numbers with � = pA1A01=A2A02 and k2L2 = !p�A02=A2L2. Eq. 6 leads then to a
onvenient formula to assess the amount of wave re
exion :Rstent ' j!p� A2A02 �A1A012pA1A01 L2A2 (7)
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exion 
oeÆ
ient for the �rst eigth modes (fundamental is ! = 8�) obtained bythe full (solid line, Eq. 5) and approximated (symbols, Eq. 7) 1D models. The physiologi
aldata are from Vernhet et al. [2℄ (see text). Left side: modulus, Right side: phase (rad)From this relation, the amount of wave re
exion is related to the geometri
al/me
hani
al mismat
h indu
ed bythe stenting, a stent shape fa
tor L2=A2 as well as the 
ow 
onditions. Moreover, it shows that a stent satisfyingthe relation A2 = A1A01=A02 produ
es no wave re
exion. The 
omplian
e A02 of the stent being always smallerthan the 
omplian
e A01 of the host artery, it follows that overdilation (A2 > A1) tends to redu
e the amountof re
e
ted waves. Finally, in absen
e of vis
ous e�e
ts, � and k2 are real numbers and it follows from Eq. 6that the phase di�eren
e between the re
e
ted wave and the in
ident one is ��=2.2.3. Results - Dis
ussionIn order to illustrate the previous theoreti
al formulae, we present some results obtained for a realisti
 setof 
onditions. The me
hani
al and geometri
al data were obtained from animal experimentations (rabbitssub-renal aorta) performed by Vernhet et al. [2℄: r1 = r2 = 1:5 mm, A01=A1 = A03=A3 = 20; 7 :10�6 Pa�1,A02=A2 = 3; 7 :10�6 Pa�1. The results presented are for fv = 8��=Ai where i = 1; 2; 3 and � is the dynami
vis
osity of blood, � = 0:01 Pa:s�1. This expression for fv is derived by assuming that the velo
ity pro�le isparaboli
. The stent is 13 mm long. The re
e
tion 
oeÆ
ient for the �rst eight modes is shown in �gure 2. Notethat the fundamental frequen
y is 4 Hz, in agreement with the data. Both the modulus and the phase of Rstentas estimated from Eq. 7 are in good agreement with the exa
t form Eq. 5. For the present data, the modulusof the re
exion 
oeÆ
ient is a few per
ent but larger values would be rea
hed for larger and more 
ompliantvessels, espe
ially for longer stents. Wave re
exions a�e
t the blood 
ow through a vessel by modifying thepressure distribution within the artery. For example, in the 
ase of a forward pressure wave of amplitude P+and wave number k, the pressure distribution the pressure distribution is P̂ = P+exp(jkx) (assuming thatthe abs
issa of the most proximal se
tion is 0). If a stent is pla
ed at abs
issa L, the pressure distributionupstream the prosthesis be
omes P̂ = P+(exp(jkx) + Rstentexp(�jk(x� 2L))). Thus, the modi�
ation in thepressure �eld is proportional to the re
exion 
oeÆ
ient and virtually extends throughout the whole vas
ularsystem. Note that under in vivo 
onditions, wave re
exions naturally o

ur at ea
h bran
hing/bifur
ation ofthe vas
ular tree. The e�e
t of these re
exions a

umulate in a hierar
hi
 way from one level of the tree to thenext. The pressure �eld in the vas
ular system results from the pressure waves generated at the heart level aswell as the way these waves propagate and are re
e
ted within the vessels. The stenting introdu
es an arti�
ialsite of re
exion whose e�e
t on the global pressure �eld is both un
lear and beyond the s
ope of this paper.



FLUID MECHANICS CHANGES AFTER STENTING 53. Optimisation of the stent shapeIn the previous se
tion, the stent was modeled as a single homogeneous se
tor with 
onstant area and 
om-plian
e. Consequently, minimizing the amount of wave re
exion means introdu
ing a geometry dis
ontinuityto balan
e the 
omplian
e mismat
h indu
ed by the stenting. We now investigate the possibility to redu
e thewave re
exion without introdu
ing geometri
al dis
ontinuities. For this purpose, the stent is made inhomoge-neous in spa
e and is modeled thanks to N su

essive homogeneous se
tors. Ea
h of these se
tors has its ownarea and 
omplian
e. The whole stented artery is now represented by N + 2 se
tors and 2(N + 2) unknownswhile 2(N + 1) jump equations (see Eq. 4) as well as two non-re
e
ting boundary 
onditions at x = 0 andx = x0N+2 + LN+2 must be satis�ed. The 
orresponding linear system is now solved numeri
ally.The length of the N se
tors modeling the prosthesis is Lstent=N and we suppose that they all share thesame 
omplian
e value. Their 
ross se
tion areas are not �xed a priori but optimized thanks to a steepestdes
ent algorithm, the 
ost fun
tion being simply the modulus of the re
exion 
oeÆ
ient Rstent. In order tomanage the regularity of the solution, the shape of the stent is parameterized thanks to a polynomial fun
tionof order d. Namely, the radius rj of se
tor number j, 1 < j < N + 2, is written as rj = r1 +Pdp=0 �pxpj , wherexj = x0j +Lj=2 is the abs
issa of the middle of the jth se
tor and r1 is the �xed radius of the host artery beforestenting (r1 = rN+2 =pA1=�). Besides enfor
ing the regularity of the solution, this parameterization redu
esthe length of the 
ontrol ve
tor from N to d+ 1 (typi
al values were d = 4 and N = 20). The regularity of thetransition between the host artery and the stented se
tor is imposed by stating that the polynomial fun
tionand its �rst derivative are zero at the edges of the stent.Fig. 2 shows the evolution of the 
ost fun
tion during a typi
al optimization run. As in se
tion 2.3, theme
hani
al and geometri
al data were obtained from animal experimentations performed by Vernhet et al. [2℄:! = 8� (only the fundamental frequen
y is 
onsidered here), r1 = rN+2 = 1:5 mm, A01=A1 = A0N+2=AN+2 =20; 7 :10�6 Pa�1, A0j=Aj = 3; 7 :10�6 Pa�1, 1 < j < N + 2. The results presented are for fv = 0. The stent is13 mm long and is modeled with N = 26 se
tors of length 0:5 mm. The shape is parameterized with a fourthorder polynomial fun
tion (d = 4). After 600 iterations the normalized 
ost fun
tion is 
lose to zero, meaningthat the new shape of the stent is mu
h less re
e
ting than the initial one (whi
h 
onsisted in a straight du
tof radius r1). The optimized shape of the prosthesis is shown in Fig. 3. The solution meets the regularity
onstraints imposed at both edges of the stent. It re
overs the trend observed in se
tion 2 sin
e the diameterin the middle part of the prosthesis is larger than that of the host artery.
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oeÆ
ient of wave re
exion due to stenting (in module).4. Con
lusionThe theoreti
al results dis
ussed in this paper show that the re
exion 
oeÆ
ient is proportional to thestent-to-wavelength ratio. Thus, it is most likely that the amount of wave re
exion remains rather small. Aneasy-to-use formula is provided in order to assess the re
exion 
oeÆ
ient from the knowledge of the 
omplian
e
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al optimized shape design for the redu
tion of the pressure waves re
exion.Symbols 
orrespond to the analyti
al solution for an homogeneous stent (see se
tion 2).before and after stenting. The global shape optimization of the endovas
ular prosthesis performed from the 1Dmodel allows to eliminate the major part of the pressure wave re
exion related to the 
omplian
e mismat
h.This theoreti
al study suggests that overdilated stents produ
e less re
exion, the optimal overdilation beingproportional to the 
omplian
e ratio. Under in vivo 
onditions, however, the eÆ
ien
y of stenting does notdepend only on the wave re
exion and other e�e
ts must be a

ounted for. Regarding stent overdilation,
ontradi
tory �ndings are reported in the literature. From their angiographi
 results, Caixeta et al. [10℄ dedu
ethat overdilation is not responsible for higher restenosis rate while indu
ing a larger patent arterial lumen. Onthe other hand, Koyama et al. [11℄ argue that the vas
ular overstret
h 
aused by stent overdilation promotesintimal hyperplasia. Re
ent in vivo testing on 18 rabbits sub renal aorta (Vernhet et al., under 
onsiderationfor publi
ation) show that a 130 % overdilation in
reases the intimal thi
kening phenomena by 20 � 30 %and multiplies an injury s
ore [12℄ by more than three, from 0:4 to 1:4. Consequently, the optimal (as far aswave re
exion is 
on
erned) stent diameter suggested by Eq. 7, viz. A2 = A1A01=A02, would probably leadto strong wall me
hani
s injuries. However, it is likely that an optimum overdilation rate exists, whi
h limitsthe amount of wave re
exion (or more generally hemodynami
 perturbations) without indu
ing una

eptablevas
ular stret
hing. Further studies are ne
essary to 
larify this issue.Referen
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