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SUMMARY

Characteristic formulations for boundary conditions have demonstrated their e ectiveness to handle
inlets and outlets, especially to avoid acoustic wave re ections. At walls, however, most authors use
simple Dirichlet or Neumann boundary conditions, where the normal velocity (or pressure gradient)
is set to zero. This paper demonstrates that there are signi cant di erences between characteristic
and Dirichlet methods at a wall and that simulations are more stable when using walls modelled with
a characteristic wave decomposition. The derivation of characteristic methods yields an additional
boundary term in the continuity equation, which explains th eir increased stability. This term also
allows to handle the two acoustic waves going towards and away from the wall in a consistent manner.
Those observations are rst con rmed by one-dimensional si mulations and stability matrix analysis of

acoustic modes in cavities. Finally, a two-dimensional test case shows the validity of the demonstration

in multi-dimensional con gurations. Copyright ¢ 2000 John Wiley & Sons, Ltd.
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1. INTRODUCTION

Many aspects of turbulent compressible ows can be simulatd with the help of Large Eddy
Simulation (LES), which solves the Itered unsteady Navier-Stokes (NS) equations [, 2, 3, 4].
The increasing available computational power allows to cary out LES in more and more
complex ows and geometries §, 7, 8, 9, 10]. One of the key issues to ensure the quality of
the resolution is the accuracy of the numerical scheme usedtdiscretize the convective terms
[11, 12, 13 14]. Families of discretizations - such as compact schemedq, 16, 17] or nite
di erences with summation-by-parts (SBP) properties [18] on structured grids, or Taylor-
Galerkin (TG) schemes [L2, 19] on unstructured meshes - have demonstrated their abilitis
to give satisfactory results. The treatment of the boundary conditions (BC) has also been a
subject of intense researchZ0, 21, 22, 23, 24, 25 since it can dramatically deteriorate both
the accuracy and robustness of the calculations. Non-re eiing BC based on characteristic
treatment (wave analysis at boundaries) have been develogkand are now commonly used to
model inlets and outlets of the computational domain and ther in uence on acoustics is how
well identi ed [ 26, 27, 28, 29]. Despite the proven e ectiveness of characteristic formiations,
walls are still often represented with Dirichlet BC, where the velocity is set to zero and density
at the wall is obtained either using the continuity equation without characteristic treatment
or specifying a zero pressure gradient. The behaviour of waBC is a critical issue to study
acoustic damping in cavities (such as combustion chambersand controlling the dissipation
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STABILITY OF WALL BOUNDARY CONDITIONS 3

and dispersion of acoustic waves at walls is required in manpresent research elds such as
combustion instability studies [14, 30, 31]. This paper presents an analysis of wall BC using
both Dirichlet and characteristic methods. Despite the apparent simplicity of specifying a wall
BC, results show that characteristic methods di er from Dir ichlet techniques at walls and
provide more stable schemes. This is conrmed by a linear sthaility analysis incorporating
wall BC. Throughout the article, wall means any rigid obstacle in the computational domain
(on the sides or inside the domain).

The formalism used for characteristic BC is rst recalled (section 2) and compared to
Dirichlet BC in the case of a solid wall (section 3). Characteristic formulations lead to the
introduction of an additional BC term (called the ABC term), supposed to be zero in the
continuous problem but not in its discretized counterpart. This term increases the stability
of the scheme, while not degrading its accuracy. A simple téscase (one-dimensional acoustic
cavity) is then used to study the in uence of the additional t erm (section4). Simulations and
matrix analyses con rm the theoretical observations, showng the importance of considering
characteristic treatment for the hyperbolic part of wall BC (section 5). Finally, both wall
BC are used to simulate a longitudinal / transversal 2D acousic mode in an in nite duct to

demonstrate the conclusions are also valid in multidimensinal applications (section6).

2. CHARACTERISTIC BOUNDARY CONDITIONS

The present description uses the Navier Stokes Charactettic Boundary Conditions (NSCBC)

method [21, 32, 33] as a prototype for characteristic methods but the results kelow hold for
most characteristic BC. The NSCBC method is a standard techmque for compressible ows,
which enables to correctly handle the hyperbolic part of theNS equations RO, 21, 24, 34]. The
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4 N. LAMARQUE ET AL.

NS equations are rst recast, in a new direct orthonormal bass (q;t3;t2), in the quasi-linear
form with primitive variables: V = ( ;ux;uy;uz;p)T with  the density, (ux;uy;u;) the X,
y and z velocity components andp the pressure. Thef corresponds to the outward normal
vector on boundaries@. The new set of equations is written:

o @ _

—+ Ay A~

ot @n T; (1)

where Ay is the Jacobian tensor of the primitive variables and T represents all other
contributions (tangential, di usion and source terms). Matrix Ay A is diagonalizable and

(1) is strictly hyperbolic. If W are the characteristic variables, then :

& E=tu; @
and:

= diag( +; ; t15 t,5 s)= diag(un + C;Uy  C;Un;Un;Upn): 3)
where is the diagonal matrix containing the velocities of t he characteristic waves@V , while
Tw contains the other contributions. We will use in the following the notation L of [21] for

the wave amplitude variations:

0 1 0 1
1
L+ (un + C) % + ?%ﬁ
Qu 1 @p
L (U 9 Gn <an
@ = L = u @ul . (4)
@n ty n @n ’
@u
Ltz Un @Iﬁ
1 @p, @
LS Un C_z@'l+ @1
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STABILITY OF WALL BOUNDARY CONDITIONS 5

whereu,, U, and u;, are the components of the velocity in @;t7;t3) and c is the local speed

of sound.

At the boundaries @, ingoing and outgoing waves are identi ed. The outgoing waves come
from the inner domain . Thus, they are not to be modi ed. On th e other hand, ingoing waves
supply information from the outside and enable the imposition of BC for the problem to be
solved. The NSCBC method is based on the use of the LODI (for Loal One-Dimensional
Inviscid) relations [21]. LODI relations allow to formulate the incoming wave amplitudes,
depending on the BC. One should note that characteristic mehods are better suited for linear
small perturbations (such as acoustic or entropy waves) andhave sometimes di culties with
non-linear phenomena B5]. At a wall (Figure 1), the entropy wave and the shear waves are
zero:Ls = L, = Lt,. The LODI relation for velocity shows that the ingoing wave L. must be
suchthat: L, =+ L . Note that the wave L., enters the domain and should not be evaluated
with data obtained within the domain.

A complete set of BC is described in21, 25, 32, 36, 29] and generalization to multi-component
ows is given, for instance, in [33, 37]. The clear superiority of characteristic methods to model
partially or non-re ecting inlets or outlets is a theme vastly treated in the literature [ 21, 34].
Here, we focus on the special case of solid walls (Figudg, for which many authors use simpler

methods such as Dirichlet BC.

Of course, both Dirichlet and characteristic methods evenually impose a zero velocity at
the wall. The di erences between methods come from the evalation of pressure, density and
temperature at the wall. Table | summarizes the two methods for an adiabatic wall.
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6 N. LAMARQUE ET AL.

Figure 1. Characteristic waves at a wall.

Dirichlet NSCBC
Velocity un =0 L =L") @un=0) u,=0
Density obtained from full continuity obtained from full continuity equation
equation with u, =0 AFTER ingoing wave modi cation
Pressure obtained from full continuity and obtained from pressure equation
energy equations with u, =0 AFTER ingoing wave modi cation
Temperature deduced from state equation obtained from temperature equation
AFTER ingoing wave modi cation

Table I. Di erences between Dirichlet and NSCBC methods

3. WALL TREATMENT

To illustrate the di erences between Dirichlet and characteristic BC, it is su cient to consider
isentropic cases. Therefore the following analysis focuseon isentropic ows surrounded by

adiabatic walls. The conclusions are the same for non-iserdpic ows.

3.1. Linearized Euler equations

The dierences between Dirichlet and characteristic formuations for the walls are now
brought into focus. In the following, we consider one-dimesional ow to simplify the analysis.
Therefore, the existing waves are the acoustic wavek. and L (Figure 1). To understand
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STABILITY OF WALL BOUNDARY CONDITIONS 7

how a full NS solver using Dirichlet or characteristic BC will perform, it is useful to linearize

the Euler equations around the state: (;u)" =( ; 0)":

@t ; uy = o ©)
, @b _
G2 - ©)

The primed values refer to uctuations around the mean state noted with an overbar. As the
ow is isentropic: p°= %2 and the system of Eqs 6)-(6) can be recast:

1 0 1
§-8°%
u

0

0 0
@ ° 0 @
@ *% @

or in matrix form:

+ A— = 0; (8)

where A is the ux Jacobian matrix.

3.2. Walls with Dirichlet formulation

Solid walls are usually treated with Dirichlet BC:

4 A= u, =0; 9)

with # the velocity vector and f the outward pointing normal. At the wall, the continuity

equation becomes:

I
@ = @ @H = @: (_‘]_0)
@t | {@}n ‘@n @n

Eq (10) is then used to obtain the den3|ty value at the walls. This isthe value predicted by

the scheme at the wall.
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8 N. LAMARQUE ET AL.

It should be noted here that the same set of equations would hae been obtained by imposing a
zero normal pressure gradient%ﬁ: 0 (Neumann condition), instead of a zero normal velocity.
Indeed, using this BC, the initial condition at the wall ( u,(t = 0) =0) and Eq ( 6) yields:

@p

@nzo and u,(t=0)=0 =) u,=0; (11)

which is Eq (9). Then, asu, =0 and @p=@n0, Eq (5) becomes Eq (0). Therefore, Dirichlet

BC or zero pressure gradient BC are equivalent on an adiabadi wall.

3.3. Walls with characteristic formulation

The characteristic formulation of NSCBC (Figure 1) makes use of the following LODI relations

for normal velocity and density:

@y 1 - 0

_t+§(|_+ L ) = 0; (12)
@ .
@t+ Z:(LJ' +L )+Ls = 0 (13)

From an acoustic point of view, a solid wall is a totally re ecting solid surface (zero admittance)
that imposes:L. = L andLs =0 (isentropic ow).
It is interesting to compare Eqgs (9)-(10) with Eqgs (12)-(13). Equation (12) with L, = L

entails:

Un(t) = up(t=0)=0; (24)
which is equivalent to equation (9), as long as the initial condition is u,(t = 0) = 0 at the
wall.

On the other hand, using relations (4), equation (13) leads to :
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STABILITY OF WALL BOUNDARY CONDITIONS 9

@ @y  l@p _ ..
@t+ @1-'- E@n =0: (15)

Physically, a zero admittance implies@ p=@=0 on a wall. Therefore, Eqs (10) and (15) should
be physically equivalent at the wall. From a discrete point o view however, derivatives (@=@n

are replaced by di erences (= n ). A simple consequence is that, most often:

p .
80 (16)

@
where =n is the discrete rst-order derivative operator. Thus, the discrete counterparts of
Egs (10) and (13) are not equivalent (Table I1). We will see later that the added term p=n jg

(called here Additional Boundary Condition (ABC) term) has an important stabilization role.

Dirichlet NSCBC
Velocity up =0 L =L*) @Qun=0) uy=0
Density obtained from & = @v | obtained from & = Qv &
125
ABC term

Table Il. Equations used to advance wall values in Dirichlet and NSCBC methods

4. A SIMPLE TEST FOR WALL BOUNDARY CONDITIONS

This section presents a simple one-dimensional numericaletup which allows to verify the
stability and dissipation of BC formulations at walls.
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10 N. LAMARQUE ET AL.

4.1. Numerical setup

Consider an acoustic eigenmode between two walls in a onerdensional cavity. Figure 2 gives

a simple sketch of the problem. The mean state is such that: ( 0)" = cst and A = cst in

Eq (8).

U 2 ‘ g

\Pmbe E \Probe E

Figure 2. Sketch of the one dimensional cavity problem. Left : instantaneous velocity at t = kT. Right:

instantaneous pressure att =3T=2+ kT, with k 2 N.

The initial conditions of the problem are:
8

Epo(x;t =0)= qx;t=0)=0;
17)

;uo(x;t =0)= Bsin X ;
with L =1 m and pp = 1%. All values are non-dimensionalized and the mode period is

T = 2L=c. The exact solution for pressure in absence of viscous digsition is then:

pAx;t) = pocos % sin CTt : (18)

4.2. Taylor-Galerkin discretization

The chosen numerical scheme in this study belongs to the Tagk-Galerkin family of
discretizations, as they are often chosen to carry out LES incomplex geometries with
unstructured meshes B, 14]. Those schemes have been developed adapting the ideas okland
Wendro in the context of nite elements [ 19]. The classical Galerkin centred-in-space scheme
has very good dispersion properties but is also unconditioally unstable, when associated
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STABILITY OF WALL BOUNDARY CONDITIONS 11

explicit Euler time marching method [19]. Therefore, stabilization is needed and obtained by
reaching higher-order time accuracy. To do this, the soluton is rst expanded with Taylor series
in time and time derivatives are replaced by space ones. TherGalerkin space discretization is
used [L9). The resulting full discretizations are often cheaper, moe accurate and more stable
than classical centred schemes with explicit Runge-Kutta o semi-implicit Crank-Nicolson time

marching methods in the context of turbulent ows in complex geometries.

4.2.1. Inner Domain The domain =[0 ;1]is spatially discretized inN regular cells andh is
the step in space. System?7) is discretized using the second-order TG schemé §, 38, 39 with

P1 linear elements, which is a classical numerical scheme e with unstructured grids, second-
order in space and time. The mass matrix is lumped to simplifythe study. The application of

the lumped TG scheme (noted TG2 throughout the paper) to equdion (7) yields:

Z n ZZ n
urtt oyt h= ot Ad;J—X“ N, dx+Tt A% Ad;J—X“ Ny dx  (19)

where:

X
UR(x) = UjNy(x);
J

and N, is the hat shape function associated with nodd . Eq (19) gives with classical nite

di erences operators:

t 1c¢? t?
+1 — 2
P = |n —h 0U|n E h2 |n , (20)
2 ot 1c¢? t?
urtt o= p — 0 s > he ul (21)
where:
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12 N. LAMARQUE ET AL.
n — 1 n n 2,,n — n n n
o =5 Ui Uiy and Up = Uy 200Uy (22)

As the computational grid is regular here, a more classical bx-Wendro nite di erence

scheme 40] would have also given Eqs 20) and (21) for the inner domain.

4.2.2. Numerical boundary schemes - First derivative On the boundaries, di erences are not
centred anymore. The simplest and most usual approximatios of the rst derivatives are

therefore’:

@ 1,  _ 1 @ _ @

@x, h 0 - plr Yo ad g, = ek, )
@ 1 1 @ _ B @

_@XN n Un = H(UN Un 1) and —@nN =+ _@XN (24)

and Uy and Uy can be imposed as boundary conditions.

4.2.3. Numerical boundary schemes - Second derivativeThe case of the second derivative is

more complicated. Integration by parts of the last term of Eq (19) yields at node | :

VA n n x=L Z n
LL, (U™ = d czdu—h N, dx = czdu—h N, czdu—h OIﬂdx; (25)
dx dx | dx z X0y | d{z dx )
BT, (U") LL i (un)

Ifl2 n@, then BT, (U")=0and LL,(U") = ‘}1—2 2Un, which corresponds to the second

terms of the right hand sides of Eq @0) and (21). On the other hand, if | 2 @, which gives

YHigher-order evaluations of derivatives can be constructe d using larger stencils but this is dicult and

expensive on unstructured meshes.
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STABILITY OF WALL BOUNDARY CONDITIONS 13

I =0or | = N, then BT, (U") has to be calculated. The case of inviscid ows arises a

di culty, as there is no natural boundary conditions for d(‘j—x“ to expressBT, (U"), as for

@
parabolic or elliptic problems. As we deal with linear elemats, rst derivatives are constant

du,

inside an element. The choice is then to consider thatd(‘j—xh is equal to =g inside the

@
element adjacent to the boundary. Therefore, using Eq 25), this is equivalent to set LL o and
LL vy to zero, which is equivalent to use rst-order explicit Euler time marching instead of

Lax-Wendro method for the temporal integration at the boun daries. For instance, at node 0,

using Eq (25), the numerical boundary scheme is:

LLo(U") = BToUM)+ LLF (UM (26)
2 @
S (VLT R (V] RV R 27)

4.2.4. Boundary conditions For Dirichlet boundary condition, the discretization at th e

boundaries is then:

N t
6t = 8 ol w) (29)
n+1 — n t(un ul ) (30)
N N h N N 1

Up and uy are imposed to be zero.
For characteristic BC, the discretizations of Eqs (14)-(15) are:
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14 N. LAMARQUE ET AL.

T CLINT) e G (31)
ug™t = uf (32)
L (LT B (VR (33)
uto=ow (34)

As u? = 0 and u® =0, the only di erences between Egs (29)-(30) and Eqgs (31)-(34) are the
0 N y q q

ABC terms in the continuity equation for characteristic BC.

5. RESULTS

In this section, the in uence of the ABC terms is studied using two methods: (1) comparison
of ampli cation matrices and (2) comparison of simulation results. For both methods, the test
case is the 1D acoustic eigenmode of Figur2

5.1. Ampli cation matrices

Let U be the solution vector containing the degrees of freedom oftie problem (the velocity

and pressure at all grid points). The ampli cation matrix Q is de ned by [41]:

Un+l - QUn (35)

matrix for both methods (Dirichlet and characteristic). To be stable, it is necessary for the

“1t should be noted that ug and ug do not belong to Q in the case of Dirichlet BC, as they are xed.
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STABILITY OF WALL BOUNDARY CONDITIONS 15

spectral radius (Q) to be less than or equal to 1 [41]. Indeed the initial solution can be

decomposed in a sum of eigenvectorg;:
uo= iVi (36)
Then, solution vector at time t =(n+1) tis:

X
Un+1 — QUOZ n iVi / & KVK + O:T (37)
i=0

where ; is the eigenvalue associated witlV; and K is the index of the eigenvalue, which has
the greater modulus (except ifj xj = 1). O:T contains all the other terms, including those
with ; = 1 (corresponding to the steady state part of solution). Eq (37) simply shows that

the long term behaviour of U is similarto } « Vk and will lead to instability if j xj> 1.

Figures 3 and 4 show the spectra in complex plane, obtained with Dirichlet and characteristic
BC. The mesh contains 15 points. Stability domain is represated by the unit circle centered
around origin. If an eigenvalue lies outside it, then the mehod is unstable. Moreover, one
should expect that for big enoughn, j k" gives the damping / ampli cation factor of the
signal. It also implies that the closer to the unit circle the eigenvalues are, the less dissipative
the discretization is.

In the studied cases (with TG2 scheme), the complete discrétation is unconditionally unstable
when using Dirichlet BC, as there are some eigenvalues with enodulus greater than one, for
all CFL values. On the other hand, it is conditionally stable with characteristic BC and the

stability limit is given by the CFL number: = ¢ t=h 1. Besides, the eigenvalues also

XThe condition for Lax-Richtmeyer stability is: (Q) 1+ "=N (" strictly positive and not depending on N)

[42], but in the cases studied here, it is enough to use the condit ion (Q) 1.
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16 N. LAMARQUE ET AL.

globally lie further from the unit circle than those obtaine d with Dirichlet BC. Consequently,

as expected, the ABC terms have a stabilizing e ect.

03 F

o2 f

=

Imaginary part
Imaginary part
o

e

02 f

095 0.96 0.97 0.98 0.99 1
Real part Real part

Figure 3. Left: complete spectrum of ampli cation matrix Q for Dirichlet BC and 15 mesh nodes.

Right: zoom on unstable eigenvalues corresponding to the b of the left gure. CFL number: 0.5 .

03 F

o2 f

=

Imaginary part
Imaginary part
o

e

02 f

0.94 0.95 0.96 0.97 0.98 0.99 1
Real part Real part

Figure 4. Left: complete spectrum of ampli cation matrix Q for NSCBC and 15 mesh nodes. Right:

zoom on unstable eigenvalues corresponding to the box of theleft gure. CFL number: 0.5 .
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STABILITY OF WALL BOUNDARY CONDITIONS 17
5.2. Simulations

The test case of gure 2 is now run in a DNS code using TG2 scheme and both BC are
compared. Figure5 rst presents the temporal variation of pressure uctuatio n for Dirichlet
BC, while gure 6 gives the same results for characteristic BC at the probe inetated on gure 2
on two di erent meshes' . As predicted by the ampli cation matrix analysis of section 5.1, the
pressure signal diverges when using Dirichlet BC, whereas is damped with NSCBC, hence
ensuring the stability of the problem. It is also evident that re ning the mesh limits the
damping e ect due to NSCBC. It should also be added that, as sggested by the matrix
analysis, the largest eigenvalue controls the envelope ohé pressure uctuation: the signal
U" behaves like § « V« as shown by Eq 87). This simple numerical simulation case thus

con rms the stabilization induced by the added pressure tem.

" 1 1 1 1
T " #l #'1 $it
%&'()*+

Figure 5. Pressure uctuations at the probe of Fig. 2. Dirichlet BC with 15 mesh nodes. (Plain line:

simulation, dash line: prediction (Eq.( 37)) with j k j). CFL number: 0.5 .

{ As the simulations always diverge with Dirichlet BC, only on e case is presented.
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18 N. LAMARQUE ET AL.
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Figure 6. Pressure uctuations at the probe of Fig. 2. NSCBC with 15 (left) and 31 (right) mesh

nodes. (Plain line: simulation, dash line: prediction (Eq. (37)) with j « j). CFL number: 0.5 .

5.3. Further analysis

Accuracy of ABC terms It is interesting to focus now on the ABC terms and highlight why
they stabilize the calculations. A rst reason is that these terms are clearly generated when a
characteristic analysis is used in the momentum equation. 8ing simply the continuity equation
and failing to identify waves as done in the Dirichlet method means that the acoustic wave
entering the domain through the wall (L~ in Eq (4)) is computed using downwind di erencing
which is intrinsically unstable. Sections 5.1 and 5.2 essentially recover this expected unstable

behaviour. A second reason can be provided by expanding the BC terms as follows:

@ ,1.@

- = —_— - —_— 2
c n o c @x, 2Ch@>% . + O(h?) (38)
_ @ 1, @ 2
cF . = c @szl_ + ECh@ . + O(h?) (39)

Egs (38) and (39) shows that using these non-centered di erences to expressharacteristic
wavesL implies the addition of a di usive term %ch% in the continuity equation. This also
explains the origin of the stabilization induced by NSCBC.

The inner local order of accuracy is 2. Theoretically, even hough boundary derivatives are
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STABILITY OF WALL BOUNDARY CONDITIONS 19

rst-order accurate, the global convergence rate remains econd-order B3]. The question is
then whether this additional term deteriorates the global accuracy of the calculation, as it is
also rst-order accurate. Simulations, using 9, 11, 15, 3145 and 61 mesh nodes, have been

carried out to measure the global error on density:
X 2
L?( )= P (i) (40)
i=0
Figure 7 indicates that the L?-norm of the density error is close to 2, proving that the addtional

term does not spoil the global accuracy of the scheme while enring stability.

o

T T TTTT

L |

=04

T

L |

T

ool L L L L P S S S S S R A A |
" o

HE%&()*$%

Figure 7. NSCBC method: order of convergence of L2-norm density error ( 40) with respect to space

discretization.

Higher-order boundary conditions A possible method to avoid problems described in the
previous section would be to have second-order accuracy athé boundaries to reduce
dissipation. Moreover, in the case of simulations using higer-order schemes (more than second-
order within the computational domain), the rst-order num erical boundary scheme can spoil
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20 N. LAMARQUE ET AL.

the global accuracy of the method, which is not desirable eve though robustness is ensured.
Indeed, dissipation introduced by ABC terms is then much too high at the walls and may
destroy the bene ts of using a high-order scheme within the @main.

To determine the importance of wall BC versus inner domain sheme accuracy, the test case of
Figure 2 was run again using the same wall BC but a more precise numerdt scheme within the
domain. The discretization is now a fourth-order accurate &plicit centred scheme with fourth-
order accurate Runge-Kutta time marching method, togetherwith NSCBC formulation and a
rst-order numerical boundary scheme at the walls. Except for the numerical scheme, the test
case remains the same. While the inner discretization showgreat accuracy, the dissipation of
the pressure signal is quite close to that obtained with TG2 sheme (Figure6 - left). This test
con rms that the dissipation of the acoustic wave observed i Figure 6 - left or 8 is not due to

the inner scheme but mainly to the wall BC, highlighting the i mportance of wall treatment.

Pressure

0 50 100 150 200
Periods

Figure 8. Pressure uctuations at the probe of Fig. 2. Inner discretization: 4 ™ -order explicit centred

scheme and NSCBC formulation with 1 -order numerical boundary scheme. CFL number: 0.5

An obvious solution to improve the results of Figure6 - left or 8 is then to change the numerical
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boundary scheme used for rst spatial derivatives. For exanple, approximations (23) and (24)

can be respectively replaced by:

@ 1 @ _ @

@XO %( U2+4U1 3UO) and @no— @XO (41)
@ 1 @u _, @

@XN %(3UN 4Uy 1+ Uy 2) and @nm =+ @XN (42)

As expected, the complete scheme is then much less dissipai (eigenvalues with modulus
closer to 1 - see Figured). Nevertheless, robustness is also shrunk: CFL number mugbe less
than 0.1, otherwise eigenvalues with modulus strictly gretéer than 1 appear in the spectrum

and numerical instabilities appear in the calculation.

0721 -

0.05 |- ° v e - ov
ov
* o718
L)

| e First-order numerical boundary scheme
v Second-order numerical boundary scheme

0.718 -

Imaginary part
o
Pressure

9 0717 -
°y

005 | v e -

-0.1
0.895 0.996 0.897 0.998 0.999
Real part

0.716 -

0.715

First-order numerical boundary scheme
Second-order numerical boundary scheme

50 100 150
Periods

Figure 9. E ect of high-order wall BC. Left: zoom on eigenval ues with modulus equal or close to 1.

Right: Predictions with j x j. CFL number: 0.05

Indeed approximations (41) and (42) are second-order accurate, which implies that the rst
di usive term of the truncation error of ABC terms is now a fou rth derivative (which is

proportional to h®). They are still dissipative and stabilizing (which remains an interesting
feature), though far less than approximations 38) - (39). Thus, while increasing the order of
Copyright ¢ 2000 John Wiley & Sons, Ltd.
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accuracy of the numerical boundary scheme has limited integst for TG2 scheme® , it should

be considered with care for higher-order methods.

6. A SIMPLE MULTIDIMENSIONAL EXAMPLE

In this section, the evolution of a simple 2D longitudinal / t ransversal acoustic mode in a
duct is presented as a demonstration of the stabilizing e et of the NSCBC method in a

multidimensional con guration.

6.1. In nite duct

As an illustration, consider a propagating longitudinal acoustic mode {y-direction) with a

transverse structure (x-direction) in a duct, as shown on Figure 10.

Figure 10. Sketch of the two-dimensional duct problem. y-direction is periodic.

kThe gain of accuracy is sensible after a long time, but the sch eme is not as stable and in the case of unstructured

grids, the numerical boundary scheme is complicated to expr ess.
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The solution of such an eigenmode is given by3p):

X
pOcyit) = pucos = sin(ky 1t); (43)
X
udx;y;t) Pi_gin X coskyy It); (44)
L ! L«
vxy;t) = p%kycos LL coskyy !t); (45)
: X
(46)

with pi1; a real constant, L the duct width , ky the wave number in directiony and! =2 =T
the frequency. Left and right boundaries are solid slippingwalls handled with either Dirichlet
or characteristic methods. The computational domain is periodic in direction y (in nite
duct), Ly = 2Ly and ky = ke = . This choice of a periodic duct rather than a squared
cavity bordered with solid walls is motivated by the will to a void corners, which could bias the
results and need special treatment29]. is discretized with regular P 1 triangles (15 nodes in
x-direction, 28 in y-direction) and the numerical scheme is still TG2. CFL numbe is 0.5. The

initial condition is given by Eqs (43)-(45) with t = 0.

6.2. Results

Figure 11. Pressure uctuations at the probe of Fig. 10. Left: Dirichlet BC, right: characteristic BC.
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24 N. LAMARQUE ET AL.

Figure 11 gives a comparison between the pressure signal on a wall (Rige 10) for simulations
run with walls treated either with Dirichlet or characteris tic BC. It is clear that the pressure
uctuation diverge when Dirichlet BC are used, while it is damped when walls are handled

with characteristic BC.

Figure 12. Pressure uctuation magnitude for t = 8T. Left: Dirichlet BC (white: 0, black: 0.93), right:

characteristic BC (white: 0, black: 0.88).

As shown on Figure 12, computations using either Dirichlet or characteristic wall BC give
quite similar pressure uctuations for short times. The el ds are close and there is only a little
di erence in amplitude. Moreover, the two calculations tt he exact solution well, aside from
a little small phase error. For longer times, the physical shusoidal solution is still retrieved
in the simulation with characteristic wall BC (there is obvi ously some phase error due to the
numerical scheme and spurious damping mainly because of th&BC term - see Figure 13 -
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STABILITY OF WALL BOUNDARY CONDITIONS 25

right) and the computation is stable and safe from numericalinstabilities. On the other hand,
the simulation with Dirichlet BC eventually su er from a non -linear behaviour and strong

numerical instabilities that lead to its crash (Figure 13- left).

Figure 13. Pressure uctuations at the probe of Fig. 10. Left: Dirichlet BC, on a longer span of time,

right: characteristic BC versus exact solution (zoom on the rst 20 periods).

To sum things up, the conclusions drawn in the preceding seains with one-dimensional
analyses also holds in multidimensional studies: Dirichleand characteristic BC are no more
equivalent as soon as the equations are discretized. Whildne rst can provoke strong numerical

instabilities and may lead to the crash of simulations, the £cond have a stabilizing e ect.

7. CONCLUSION

Building boundary conditions at walls in compressible simuation is a di cult topic if one
wants to obtain both robustness and limited dissipation. This paper provides a comparison
between two methods to treat solid walls in compressible owsimulations. The rst is based
on Dirichlet (or Neumann) formulation, which consists in imposing a zero normal velocity
(or a zero pressure gradient) at the wall, while the second idased on characteristic wave
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decomposition (NSCBC method). Even though they are supposito be physically equivalent,
they do not solve the same discretized equations. Theoretad analysis gives rise to additional
pressure terms in the continuity equation in the case of chaacteristic BC, called here ABC
terms. After discretization, it is shown that ABC terms have a stabilizing e ect, which is a very
desirable property in non-linear simulations. Numerical @lculations and ampli cation matrix
eigenvalues con rm the increased robustness of NSCBC forntation.

While it does not seem to be a serious issue, the stabilizing ect can be too strong when
dealing with higher-order methods because of the dissipatin induced by ABC terms. In such
a case, higher-order approximations have to be consideredavhich is not a problem when the
mesh is structured but can be a harder task for unstructured neshes.

In terms of applications, these results show that Dirichletmethods at walls should not be used
in con gurations where the acoustic damping of cavities is omputed. These methods will lead
to wrong damping coe cients and sometimes to numerical instabilities. Using characteristic
formulation such as NSCBC leads to stable schemes but also ta dissipation level which is
controlled by the order of accuracy used for wall derivatives much more than by the precision
of the numerical scheme within the domain. This means that wdl treatments will be very

important in such compressible ows.

APPENDIX

This section presents the terms of matrixQ for Dirichlet and NSCBC formulations. Solution

vector U 2 RN +2 and is written:
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Let us decompose the matrix in three parts:

Q=Qc+ Q+Q

Q) and Q, are respectivelly containing the left and right numerical boundary schemes, with

BC.

Dirichlet BC

As up and uy are imposed to be zero, they are not degrees of freedom anyneorAs
a consequence, the corresponding lines in vectod and matrix Q are suppressed, then
U 2 RN and Q 2 M ,\ (R). We give discretization for degrees of freedom (p; 1;u;) and
( N 1;UN 17 N)- The other lines are completed with zeros. Then, using equi#ons (20), (21),

(29 and (30) gives:

0 1
1 0 - 0 % om0
1¢2 t? 2 ¢ 1c¢2 t? t
2wz 1 e 0 - w0 om0
2 ¢ 2 ¢2 2 ¢ 1c¢2 2
Q = C—ﬁ 0 1 —Chz C—ﬁ Echz 0o @ 0
0 ::: ::: e ::: R 0
0 B o B o oo 0
and 0 1
0 0
Q 0o o B o B ::: 0
P =
1c¢2 t? t 2 ¢2 1c¢2 t?
0 = 0 3% w1 S 0 2°h
2 ¢ 1c¢2 t2 2 2 2t
0 = 0 S 35 0 1 S S
0 0 - 1
Copyright ¢ 2000 John Wiley & Sons, Ltd. Int. J. Numer. Meth. Fluids 2000; 00:1{6

Prepared using dauth.cls
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NSCBC

The same method is used for NSCBC formulation. In this caseup and uy are given by
relations (32) and (34). Therefore, U 2 R®N*2 and Q 2 M .y +2 (R). For this formulation, only

discretizations for unknowns ( o;Ug) and ( n;uy) are stored in Q; and Q. Using (31) and

(33) yields:
0 1
1 5 % & 0 0
0 1 0 0 0 :: 0
Q= 0 ::: o ::: Lo 0
0 ::: o o Lo 0
0 1
0 ::: 0
Qr = 0 oo ::: ::: 0
0 0 S & 1 &
0 0 0 0 0 1
Matrix Q¢

Matrix Q. has the size ofQ, and Q; and is lled using (20) and (21), except for its rst and

last lines which contain only zeros (those corresponding to non-zerdres of Q; and Qy).

Dirichlet BC: the rst and last three lines are zero; NSCBC: T he rst and last two lines are zero.
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0 1
0 o 0
1c¢? t? t 2 12 1c¢2 t? t
Qe = 0 2% w1 S 0 P w0
¢ 0 ¢ _t 1c? 2 0 1 2 2 ¢ _t 1c¢® t? 0
2h 2 n? h2 2h 2 N2
0 N 0
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