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SUMMARY

Arti cial second order terms appear in numerical schemes in volving a Taylor expansion in time (Taylor-

Galerkin schemes, residual distributions, nite volume fo rmulations of the Lax-Wendro scheme)

even for pure convection problems. These terms must be assesed everywhere in the computational
domain as well as on its boundaries. This paper is about the analysis of the interaction between
the aforementioned boundary numerical corrections and boundary conditions for compressible ows.
Copyright ¢ 2000 John Wiley & Sons, Ltd.
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1. INTRODUCTION

Recent studies of turbulent reactive ows in complex geometies have shown the great potential
of compressible LES (Large Eddy Simulations) to predict themo-acoustic instabilities [1].
To provide accurate results in the most computationally e ¢ ient way, massively parallelized
high-order low-dissipative numerical schemes on unstruetred grids have to be used. To
this respect, the Taylor-Galerkin family of schemes [2][3]is an excellent candidate. In this
approach, accuracy is increased by taking advantage of a Tdgr expansion in time. Using the
homogeneous convection equation, time derivatives are régpced by the corresponding spatial
derivatives. Applying the Galerkin method, the term contai ning second spatial derivatives can
then be integrated by parts, leading to two di erent contrib utions: one to be computed in
the whole domain and the other one only at boundaries. Considring a second order Taylor
expansion and following the mathematical derivation of [4]we obtain:

1 1 .
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where M is the nite element mass matrix, R"*1 = Unlitun the temporal residual, U the
solution vector, Lyny the rst spatial derivative operator and LL (yn) the second spatial
derivative operator. This term is then splitted into two con tributions, LL (7" and LL f3%)",
to be computed respectively in the whole domain and only at bandaries.

Boundary terms are common in nite element formulations and they are usually prescribed
in order to impose the physical boundary conditions. For exanple, in di usion problems the
boundary terms are used to impose Neumann or Robin conditios. The treatment of the
LL ?3%")" term is more complicated because no physical argument can besed to prescribe
it. One must note that this di culty concerns all numerical m ethods close to the Galerkin
nite element approach using Taylor expansions in time, sud as nite volume cell-vertex and
residual distribution formulations of the Lax-Wendro sch eme [5].

Of course, to perform a complete analysis of the numerical $&me at boundaries, boundary
conditions need to be taken into account. In this work, a chagcteristic based boundary
treatment [6] will be used in order to handle the physical bowndary terms in the most
appropriate way.

The aim of this paper is the analysis of the interaction betwen the numerical treatment
of the arti cial second order term and characteristic boundary conditions. Section 2 describes
the numerical boundary treatment to be used in order to get the right amplitude of waves.
Section 3 will con rm the results of section 2 taking advantage of the stability analysis of the
ampli cation matrix [7, 8] of the system.

2. EFFECTS OF ARTIFICIAL SECOND ORDER TERMS

To understand the behavior of the arti cial second order term LL (yny with respect to its
closure at boundaries, two numerical formulations were teted:

(i) Un-cancelled Second Order Term (USOT) formulation: only the LL ?8“;‘3'“ term is
computed in each cell of the mesh. ThelL '(08‘:”“ term is not accounted for: it is set
to zero.

(i) Cancelled Second Order Term (CSOT) approach:LL ?3%’“’ is computed in such a way
that LL (yny is null over the boundary nodes.

To determine which formulation provides the right waves amgditudes, a simple test case has
been performed. The axial velocity in a one-dimensional caty is initialized with a saw-tooth
shape, imposing the normal gradient equal to 1 in the left hal and -1 in the right half.
Pressure, temperature and density are constant. Fig. 1 shosvvelocity and pressure initial
elds. Characteristic wall no-slip boundary conditions [6] are used at both sides of the domain.
The simulation has been stopped after one iteration (time sép corresponding to an acoustic
CFL number of 0.7) and the computed value of the outgoing acostic wave (on the left side)
has been compared to its theoretical value:

@u n)
@n @n

wheren indicates the inward normal vector. Given the initial velocity u and pressurep elds,
the acoustic wave can be written, in terms of density = 1:10100143kg=m® and speed of

Low = C

(2)
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Figure 1. Velocity and pressure initialisation for the one- iteration test case.

sound ¢ = 358:728 m=s, as Loy = €2 = 141683 SI. The computation was performed
using a cell-vertex nite volume formulation of the Lax-Wendro scheme implemented in
the AVBP [9] code of CERFACS. The computed values of the charateristic wave Lo, were
obtained according to the following relation [6]:

@Aut

@t

considering the temporal variation of the acoustic waveA ;. Table | shows the results obtained

for both CSOT and USOT formulations. It is important to note t hat only the CSOT scheme
predicts the correct value of the outgoing acoustic wave. Tis is consistant with the fact that

+ Lo =0 3

Table I. Computed values of the outgoing acoustic wave after one iteration for di erent treatment of
the arti cial second order term. The exact value is 141683 SI.

| CSOT | UsOT

Lw 141798 | 215834
Error % 0.08 52.33

high-order arti cial terms are not present in the boundary r egion. The large error obtained
with USOT demonstrates that simply ignoring the arti cial b oundary term, although usual,
is not appropriate.

3. AMPLIFICATION MATRIX ANALYSIS

In order to con rm the ndings of the previous section and to get a deeper insight about the
long-term behaviour of the two numerical boundary treatmerts USOT and CSOT, the global
ampli cation matrix [7, 8] of the system has been derived. The linearized Euler equations

@°, @t

= - =0 4
at’ @x (4)
8 @
@ + _Q =0 (5)
@t @x
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have been discretized using a Lax-Wendro scheme on a 15-pati 1D grid. As usual, prime
values stand for small uctuations around the mean state. Sptial gradients are assessed by
using a second order centered scheme except at boundaries evh a biased, rst order scheme
is used. Characteristic boundary conditions are introduce by applying the characteristic
decomposition to eqgs. 4 and 5. The wall physical boundary cadition is then enforced by
imposing the incoming acoustic wave equal to the outgoing oa (total acoustic re ection).
Egs. 4 and 5 are therefore replaced by:

@° @4

— + Loy =0 ; —=0 6

@t ' ot ©)
The fully discretized problem can be then formulated asU"** = QU" where Q is the

ampli cation matrix and U is the column vector containing the density and velocity
uctuations nodal values. Fig. 2 compares the eigenvalues foQ for both USOT and CSOT
formulations. Computations have been performed at CFL numker equal to 0.7. It can be
noted that both approaches are stable: no eigenvalues with wdulus larger than unity have
been found. Moreover, a qualitative analysis of the eigendae distribution suggests that the
CSOT formulation could have a less dissipative behavior tha the USOT approach because
the eigenvalue having the biggest modulus (considered onlgigenvalues with modulus di erent
than one) of matrix Q is larger for the CSOT scheme (see g. 2). In order to con rm the results

Figure 2. Eigenvalues of the ampli cation matrix for CSOT an d USOT formulations. Overall view
(left) and zoom (right).

obtained with the ampli cation matrix analysis, the comput ation of an acoustic eigen-mode
of a 1D closed cavity has been performed. Initial values of @ssure and velocity correspond to
the rst mode of the cavity. The analytical form of the initia | solution is given in Eq. 7:

P X
Uy = zsm T ; p=101300Pa (7)
where p° = 10P a is the equivalent pressure uctuation, | = 0:01m is the length of the cavity,
is the density and c the speed of sound. A 15-point mesh and wall no-slip charactistic
boundary conditions are used as in the previous analysis. Bi 3 shows pro les for initial
velocity and pressure. Fig. 4 shows the temporal evolution bthe wall pressure of the cavity for
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Figure 3. Velocity and pressure initialisation for the acou stic eigenmode.

both USOT and CSOT formulations. The theoretical damping predicted by the ampli cation
matrix (biggest eigenvalue) is also shown. Theoretical anccomputed damping of the acoustic
mode match perfectly. This con rms the results obtained with the ampli cation matrix: 1)
both schemes are stable and 2) the CSOT formulation is less sipative. Therefore, the
CSOT scheme coupled to characteristic boundary conditiondhas to be used for compressible
hyperbolic problems. According to g. 4 the acoustic mode isstrongly damped, even using the

Figure 4. Temporal evolution of the wall pressure for CSOT (I eft) and USOT (right) formulations.
Dashed lines show the damping predicted by the eigenvalue having the biggest modulus (di erent
than unity).

more accurate CSOT formulation. In order to decrease the disipation, a three-point second
order upwind discretization has been included in the ampli cation matrix for boundary points.
The resulting scheme has a restrained stability region (CFL< 0:12, see g. 5) but, as shown in
g. 4, itis less dissipative than the scheme employing a rstorder discretization at boundaries.
In fact the biggest eigenvalue of matrixQ computed at CFL = 0.1 is larger when using a second
order boundary discretization: 0.9999230 for rst order, 09999994 for second order.

Copyright ¢ 2000 John Wiley & Sons, Ltd. Int. J. Numer. Meth. Fluids  2000; 00:1{6
Prepared using dauth.cls



6 M. PORTA, N. LAMARQUE AND F. NICOUD

Figure 5. Spectral radius of the ampli cation matrix for rs t (left) and second (right) order boundary
discretizations. CSOT formulation.

4. Conclusions

In this paper the e ects of the arti cial second order term st emming from the Taylor expansion
in time required by the family of Taylor-Galerkin schemes hase been investigated. Emphasys
was put on the discretization of boundaries, where a specialumerical treatment is needed and
boundary conditions must be taken into account. Two numerial boundary formulations were
tested: the Cancelled Second Order Term (CSOT) and the Un-cacelled Second Order Term
(USOT) approaches. Some computations and the stability ang/sis of the ampli cation matrix
of the system showed that the CSOT discretization, coupled vth characteristic boundary
conditions, has to be used when dealing with convection andeection of acoustic waves.
In order to increase dissipation properties, a second ordelboundary discretization has been
tested in the ampli cation matrix. The resulting scheme is less dissipative than the one using
a rst-order boundary discretization but su ers of a strong ly reduced stability region.
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