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Abstract

The Rayleigh criterion (which measures the correlation between pressure and heat release) is the standard toc
used to investigate and predict combustion instabilities in both experimental and numerical studies. However, the
Rayleigh term is just one of the terms appearing in the acoustic energy equation. The recent development of large
eddy simulations for combustion chambers allows complete closure of the budget and analysis of all terms in this
equation. This task leads to unexpected difficulties and requires some basic work, as multiple definitions of the
energy of fluctuations in a reacting compressible flow can be derived. The objective of this article is to revisit
the theoretical derivations of the fluctuation energy equations. Two forms of energy are defined: The first is the
classic acoustic energy (AE) introduced by various authors. The second is the fluctuation energy (FE) presentec
by B.T. Chu [Acta Mech. (1965) 215-234]. Both equations are rederived in a compact manner starting from full
nonlinear forms. It is shown that the classic Rayleigh criterion naturally appears as the source term of the AE
equation, while the FE form leads to a different criterion stating that temperature and heat release must be in
phase for the instability to be fed by the flame/acoustics coupling. The FE form also integrates the fluctuations of
three variables (pressure, velocity, entropy), while the AE form uses only pressure and velocity perturbations. It
is shown that only the FE form should be used in flames, in contradiction to many current studies performed for
combustion instabilities.

0 2005 The Combustion Institute. Published by Elsevier Inc. All rights reserved.
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1. Introduction bilities can increase the amplitude of the flame mo-
tion and, in extreme cases, destroy part of the burner.
It has long been known that the coupling between A commonly used criterion for assessing the stabil-
acoustic waves and flames in industrial systems can ity of a combustor is the Rayleigh criteri¢4], which
lead to high-amplitude instabilitiefl—3]. In addi- states that if pressure and heat release fluctuations are
tion to inducing oscillations of all physical quantities in phase, the instability is fed by the flame/acoustics
(pressure, velocities, temperature, etc.), these insta- coupling. Formally, this criterion may take the form

* . a2 > 0, 1
Corresponding author. Fax: +33 5 61 19 3030. /// P141 = (1)
E-mail addresspoinsot@cerfacs.f{T. Poinsot). 2

0010-2180/$ — see front mattér 2005 The Combustion Institute. Published by Elsevier Inc. All rights reserved.
doi:10.1016/j.combustflame.2005.02.013


http://www.elsevier.com/locate/combustflame
mailto:poinsot@cerfacs.fr

154

where p; andg1 stand for pressure and heat release
fluctuations, respectively, an@ is the flow domain.
The sign of the above integral may change with the
phase of the oscillation, and Eq.) is often integrated
over a period to characterize the stability of the sys-
tem at a given frequency.

The validity of the Rayleigh criterion can be dis-
cussed by introducing a more general analysis tool:
the budget of fluctuation energy. Such budgets require
the analysis of acoustic quantities such as acoustic
fluxes through boundaries and are impossible to con-
struct experimentally. However, recent large eddy
simulation toolg5-8] have opened new possibilities
in this field by giving access to all unsteady vari-
ables at any grid point during combustion oscillations.
A better understanding of the underlying physics can
be obtained by using the fluctuation energy equation,
rather than the Rayleigh criterion, to analyze the large
eddy simulation (LES) results.

The objective of this article is to present funda-
mental derivations of the fluctuation energy equation
and to discuss them in the framework of thermoa-
coustic instabilities. A long-term motivation of this
work is to provide the theoretical basis for LES analy-
sis and an understanding of combustion instabilities:
by closing the fluctuation energy equation in a given
combustor, it is expected to achieve progress simi-
lar to the landmark work performed for turbulence
modeling, where the budgets of kinetic energy near
walls have allowed an understanding of turbulent phe-
nomena that was out of reach bef@®el0]. The first
step toward this ambitious goal is to derive the cor-
rect energy equation and, more importantly, to deter-
mine which energy should be used to measure fluctu-
ations in a reacting compressible flow: this apparently
rarely studied topic is the objective of the present
work.

Section2 first shows how the classic acoustic en-
ergy (AE) equation is obtained by linearizing a global
energy equation directly deduced from the Navier—
Stokes equations and how the Rayleigh criterion en-
ters this budget as one of the source terms. The valid-
ity of the Rayleigh criterion is then discussed in terms
of energy budget. While the AE equation of Sectibn

has been discussed and used by various authors, Sec-°

tion 3 actually shows that this is not the adequate
form to be used in reacting flows and proposes an
extended formulation. This formulation, called here
fluctuation energy (FE) equation, was first introduced
by Chu[11], but is obviously not very well known

in the combustion community: it accounts for entropy
fluctuations and leads to a new criterion for thermoa-
coustic instabilities. It is rederived in a more compact
way here and corrected for terms missing in Chu's
derivation in Sectior3.
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2. Theacoustic energy equation

The derivation leading to the classic form of the
AE equation usually starts from the linearized equa-
tions for density and velocity and combines them to
form an energy{3,11-13] Here a different path is
followed: a nonlinear equation for “energy” is de-
rived from the Navier—Stokes equations first and is
linearized afterward.

2.1. Anonlinear “energy” equation in reacting flows

To simplify the derivation, all species are sup-
posed to share the same molar weight and constant
heat capacities. This assumption is not necessary to
derive the generalized acoustic energy equation, al-
though it makes the algebra simpler. It is valid for
air flames but must be revisited for the case of-H
O, mixtures, for example. In what followsp /Dt
stands for the particular (total) derivative whie u,

T, P, ands are the density, velocity, temperature,
pressure, and entropy per unit mass of mixture, re-
spectively.Cp andCy are the usual heat capacity (per
unit mass) at fixed pressure and volume, respectively.
Moreover, 7 is the stress tensor whose components
arer;; = u(au,-/axj + auj/axl-) —2/3(31']' div(u), and

u is the dynamic viscositya is the heat diffusiv-
ity, andy = Cp/Cy andr = Cp — Cy are the mass
heat capacity ratio and difference. Note that the vis-
cous terms (molecular diffusion of momentum and
heat) are kept in the present analysis, although they
are usually neglected for the analysis of acoustic per-
turbations. The reason is that their inclusion leads to
a simple justification for the extended fluctuation en-
ergy as shown in Sectiadh They are neglected in the
different stability criteria discussed throughout this
article.

Under the above assumptions, the momentum
equation reads

Du

Taking the dot product of Eq2) with u, one obtains
directly
Du?/2
D 3

To obtain an energy-like term for pressure on the left-
hand side (l.h.s), it is convenient to use the transport
equation for pressure to express the pressure dilation
term in Eq.(3). This equation can be obtained using
the sensible energy equatifs]

DES

Ly (4)

together with the continuity equatiop/Dt =
—pV - u and the classic relatiopes = P/(y — 1)

+V.(Puy=PV-u+u-(V-7).

=—PV-U+q+V-(VT)+7:Vu
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valid for perfect gas. It reads

DpP

Dt

—yPV-u+(y -1
x (¢ +V-(VT)+7:Vu), (5)

whereq is the rate of heat release by unit of vol-
ume. Injecting Eq(5) into Eg. (3) and introducing

the speed of sound= ./y P/p yield
Du2/2 1 DP?)2
Wz, LDPUZ L g puy
Dt pc2 Dt
y —

1 .-
(g+V-(VT)+7:Vu)

+u- (V7). (6)

The l.h.s. of this equation is formally close to the
classic equation for the acoustic energy. One should,
however, stress that it is exact and nonlinear and re-
mains valid for any fluctuations of the pressure and
velocity fields.

2.2. Linearization and acoustic energy
Equation(6) can be linearized as follows: Con-

sider the simple case of small-amplitude fluctua-
tions (index 1) superimposed to a zero Mach number

mean flow (index 0). The instantaneous pressure, den-

sity, and velocity fields can then be written &s=
Po+ p1, p = po + p1, andu = ug, wherepy < po,
p1 < po, and u? < c3, where cg = /¥ Po/pg is

the mean speed of sound. For simplicity, the tem-
poral fluctuations of the diffusivity, viscosity, and
heat capacities are neglected. Note that the zero
Mach number assumption for the mean flow implies
Vpo =0 (from Eq.(2)) andgg + V - (AVTp) =0
(from Eq.(4)). It also implies that the approximation
D/Dt =~ 9/dt holds for any fluctuating quantity be-
cause, withug = 0, the nonlinear convective term is
always of second order. Thus, E) becomes an
equation for the pressure fluctuations:

DPl
2 =—_yPV.u 1
Dr 14 1+ -1

x (q1+ V- (VT +71:Vuy). 7

With P = pg + p1, it is clear thatP? = pZ +
2pop1 + p%, and an estimation ob(P2/2)/Dt =
poDp1/Dt + D(p3/2)/ Dt is

DP%/2 _9p%/2
Dt~ ot
+po(y —D(q1+ V- (VT +71: Vuy).

—yPpoV -ug
(8)

This equation is valid to third order becausg- Vp%
was neglected in front o&p%/az. It further implies
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1 DP%/2 1 8p?/2
P e le — poV -ug
pc t pocy Pt
1
+V—<1——>
Y PO
X (q1+ V- (VT +71:Vuy). 9)

Moreover, approximating the total derivative of

by its partial derivative and neglecting higher-order
terms, the following third-order approximation of the
first term of Eq.(6) can be obtained easily:

DW%/2) _ 3(uZ/2)
T T ar
The mean pressurBy being constant over space and
the mean velocity beingg = 0, the following expres-
sion holds for the flux term of E{6):

(10)

V- (Pu)=poV-u1+V-(p1u1). (11)

Finally, by injection of Eqs(9), (10), and (11)nto
Eq. (6), the following equation is derived:

deg
L v (pup =

-1
Py (ql +V-(AVT1))p1

+U1v(V~1’1). (12)

Equation(12)is a conservation equation for the clas-
sic acoustic energy:

1
e1=poug/2+ 5 pi/2 (13)
POCq
Neglecting the viscous terms gives the classic equa-
tion for the acoustic enerdg]:

deq
1y, (p1uy) = (14)

-1
——pi1q1-
at YPo

The expected Rayleigh ternp{g;) appears as
a source term on the r.h.s. of this equation. The
first obvious observation is that the acoustic energy
growth rate depends on the Rayleigh term but also on
the acoustic fluxe& - (p1u1) so that, according to
Eq. (14), the Rayleigh criterion is only a necessary
condition for instability to occur. If Eq(14) is inte-
grated over the whole combust&r, a more proper
instability criterion is obtained stating that the com-
bustor will oscillate (the total acoustic energy will
grow) if

-1
// J/—quld-(?>//11711J1~l10|>-7
YPo
2 b

or, in other words, if the source term due to combus-
tion is larger than the acoustic losses on the combustor
inlet and outlet surfac&’. The practical implication

of Eq.(15)is that the classic Rayleigh criterion should

(15)
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not be used alone but should also include acoustic
losses. This task is difficult in experiments because
it requires the evaluation of acoustic fluxggsu; on

the boundaries of the burner, but it can be done in
LES. Closure of Eq(14) was performed for the first
time in a self-excited combustor in 2004 by Martin et
al. [14] and showed similar orders of magnitude for
the Rayleigh term and the acoustic losses.

As no assumption has been made for defining the
small-amplitude fluctuations (except that they are in-
deed small compared with the characteristic scales),
Eq. (12) describes a priori the evolution of the en-
ergy associated with the three classic types of dis-
turbances put together (acoustic, entropy, vorticity).
However, as a direct consequence of the zero Mach
number assumption, the pulsatieh associated with
the entropy and vortical modes is zero, correspond-
ing to spatial disturbances that do not oscillate over
time. Thus the present analysis essentially deals with
acoustic perturbations. However, we see in the next
section that the fluctuating flow is not isentropic and
that an extended energy form is required.

3. Thefluctuation energy equation

3.1. Why the acoustic energy form should not be
used in flames

Equation(12) is a valid equation foeq but there
is no evidence that this is the relevant quantity to de-
scribe the level of fluctuations in a turbulent reacting
flow. Actually, the following simple example suggests
thateq is not an appropriate measure of the fluctua-
tion activity in a non-isentropic flow. Let us consider
a hypothetical flow that initially contains only en-
tropic linear fluctuations but no acoustic waves. The
amount of AE associated with this “Flow 1” would
be exactly zero, as no velocity/pressure fluctuations
are associated with the entropy mode (see(E8)).
Hence “Flow 1" would be given the same amount of
energy as the corresponding steady flow. A more dis-
turbing observation is that, taking Flow 1 as an initial
condition, it is easy to show thay would increase
as soon as the diffusivity is not zero, even in the
absence of combustion: indeed, in this simple nonre-
acting but initially non-isentropic flow, Eq7) shows
that p1 cannot remain zero becauSe- (AVTy) #0
if an entropy fluctuation exists initially. Hencey, in-
creases at time= 0 while the amount of fluctuations
present in the flow necessarily decreases due to diffu-
sivity. This result is clearly not satisfactory and shows

1 Indeed,w = kug, wherek is the wavenumber of the
perturbation andig = 0 under the zero Mach number as-
sumption.
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that the classic acoustic energy defined by @)

is inadequate in a non-isentropic flow. In his article,
Chu[11] gave a tentative definition of what should be
a fluctuation energy in such flows and insisted that it
must decrease when viscosity/diffusivity effects can-
not be neglected. This definition obviously does not
apply to the AE form of Eq(13). The fact that the
quantity eq, which comes from classic acoustic the-
ory, is not relevant to purely entropic fluctuations is
not very surprising. This means, however, that an-
other quantity should be used in the case of reacting
flows to characterize the global amount of fluctuations
properly and that this energy should include entropy
fluctuations.

3.2. An extended fluctuation energy

A natural way to proceed is then to start from
Eqg. (6) and combine it with an equation for entropy.
Starting from the Gibbs equation,

P P
Tds:CvdT——zdp:des——zdp, (16)

P P
and using the continuity equation, the state equation
(p = prT), as well as Eq(4), lead to

Ds r L 2
E:F(q—l—v-(kVT)—l—r:Vu).
Multiplying Eq. (17) by Ps/rCp and adding it to
Eq. (6) directly give

17

Du?/2 1 DP?/2 P Ds%2

V. (Pu
Dt pc2 Dt rCp Dt V- (P
=S+r(q+v-(WT)+%:€u)

p

+u-(V-3). (18)

This equation is exact and can be linearized like
Eq. (6) in Section2.2 Suppose that an entropy per-
turbation of small amplitude; is superimposed on
the mean flowsg. Then, sinceDsg/ Dt = uq - Vs,
Eq.(17)gives

Dt V09T 71 V)
—_— = . T1:
Dt P q1 1 1 1
— Uy - Vsp, (19)
so that, with
Ds?/2  Ds?/2  Dsysg  Ds3/2
/z2_2w/E, Do, D02 (20)

Dt Dt Dt Dt

the following equation holds to third order:
P Ds?/2 _ Py 3s2/2

GC Dt GC ot

1 R -
+—(q1+ V- (VT +71:Vug)

Cp
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+ ﬂS]_U:]_ - Vso. (22)
I‘Cp

The other terms on the |.h.s. of H{.8) have already

been linearized in Sectioh2, and, keeping only the

second-order terms, the linearized form of E8)

becomes an equation for the fluctuation energy (FE

equation)etot:

detot
ot

Ty
+ V- (pup) = 0(q1+V-(WT1>)

P -
- —Oslul-Vs0+u1-(V~r1). (22)
GC
Here,etot is defined by
1 Py
cor=pou/2+ /2t stz (29
pocy

Equation(22)was first derived by Ch[L1] except
for the term inVsg which vanishes in the case where
the mean flow entropyg is uniform over space. It
generalizes the classic AE form (E®)) to the case
of entropy/acoustic fluctuations and degenerates natu-
rally to it in isentropic flows. Note that, in the general
case, this FE form must integrate the fluctuations of
three variablep1, u1, andsq, while the acoustic en-
ergy e1 included only two? The fact that entropy is
present in this extended energy does not mean that
the entropy mode of fluctuation has been added to the
analysis. Indeed, the zero Mach number was still used
for the linearization process leading to the extended
form Eq.(23). This means that only acoustic fluctu-
ations are oscillating over time because the entropy
and vortical modes correspond to the null frequency.
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are significant. It also extends the initial equation of
Chu to the case where the entropy field is not constant
over space, which is always the case when combus-
tion occurs. The second term on the lL.h.s. was not
presentin Chu’s articlgL 1] and does not seem to have
been discussed earlier. It describes how the overall
fluctuation energy decreases when a positive fluctu-
ation of entropy {1 > 0) is convected toward region
with larger mean entropyg - Vsg > 0), which is an
expected result. A rough estimate of the order of mag-
nitude of this term (without accounting for the phase
shifts between the different terms) can be obtained
as follows. Under the zero Mach number assump-
tion, the mean pressure fielty is constant so that
Vsg = Cp/ToV Tp. Moreover,|uj| o< |p1|/poco for
acoustic perturbations and, assuming that the main
source of entropy fluctuations is the unsteady heat
release, one obtains|sy| o r|q1]|/Po, Wherew is
the pulsation. Introducind.s = (|VT0|/T0)_1, the
characteristic thickness of the flame brush, and
2rcg/w, the characteristic acoustic wavelength, the
maximum (assuming optimal phase shifts) order of
magnitude of theVsg term in Eq.(24) is given by
Ipallgal x A/(2n(y — DLg) x (v — 1)/yPo. The
equivalent estimate of the classic Rayleigh term in
Eq.(15)leads to(y — 1)|p1llq1l/y Po- As Lt can be
much smaller thari, this means that the additional
term related to the nonuniform mean entropy field
is potentially larger than the classic Rayleigh term.
Specific postprocessing of unsteady LES data is nec-
essary to address this issue more precisely.

More generally, the derivation of E¢24) shows

However, Eq(19) shows that the acoustic modes are how arbitrary the stability criteria can be, because
not isentropic when unsteady heat release and/or a their form depends on the choice of the energy used to
mean entropy gradient are present. The extended form characterize the fluctuations. This issue is discussed

of the fluctuation energy is a natural way of account-
ing for this property.

in the next section.

Integrated over space, this equation suggests that 3.3. About the choice of an energy form

the classic Rayleigh criteriofy/,, p1g1dV should be
replaced by(/f,, T141dV to characterize the stabil-
ity of a combustor. Specifically, the global fluctuation
energy in the system grows when (neglecting viscous
effects)

(24)

This criterion extends the classic Rayleigh criterion
to the case where the net energy flux at the bound-
aries cannot be neglected and the entropy fluctuations

2 Another expression foetet is etot = pouf/z + (Ccz)/
)/po)Pf/ZJr (pva/To)le/Z.

At this point, two energiesTable 1) have been
defined, leading to two different equationgble 2
but also to different instability criteria (Eqg15)
and (24). Table 3compares these criteria with the
classic Rayleigh criterion in the simplest case where
heat diffusivity and viscosity are both zero and mean
entropysg is constant. The criteria are also integrated
with time over a period of the instability. The first
form (AE) leads to a stability criterion (E15)) ex-

Table 1
Definitions of acoustic energy (AE) and fluctuation energy
(FB)

AE

61—p0U1/2+ pl/z

P
FE etot = poul/2+ 2 p3/2+ ,Cop s2/2
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Table 2
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Conservation equations for acoustic energy (AE) and fluctuation energy (FE)

a -1 -
AE S V- (prun) = Lo g1+ V- (VT pr+up - (V- 71)

- T P -
FE OG0 4V - (paup) = 74 (g1 + V- (AVTL) — 7% s1u1 - Vg +Ug - (V- 1)
Table 3

Summary of criteria for combustion instability for zero thermal diffusivity, zero viscosity, and constant mean &ntropy

Classic Rayleigh

=1

Extended Rayleigh 5o

Chu

[ffg p191d22 >0
[fo p191d2 > [[5, p1us -ndx
T—lo [fo Tig1d2 > [[5 prug -ndx

@ These criteria should also be integrated over time but this integration is not indicated here for clarity.

tending the Rayleigh criterion, while the second one
(FE) leads to a criterion (E24)) that is very differ-

ent. Interestingly, the AE Rayleigh criterion predicted
instability when pressure and heat release fluctuations
were in phase, while the FE criterion requires temper-
ature and heat release to be in phase.

A relevant question is then to determine which of
these two forms is the most adequate. This can be
done by pursuing the simple test case mentioned in
Section3.1 Consider a domain with zero fluxes on
boundaries and no combustion source term. A “good”
energy, according to Chu’s definitiojil], should
only decrease in this situation and this decrease
should be caused by dissipation. For simplification,
the thermal diffusivity and molecular viscosity are
assumed to be constant for this exercise, and the gra-
dients of the mean entropy and heat capacity ratio
y are neglected. Starting from the equationsTaf
ble 2, integrating over the whole domain, and setting
g1 and all boundary fluxes to zero lead to the equa-

e1dR2 = —)»y—l

tions
d
2l [ff vrvnos
ot YPo

Q Q
—///‘?1:%U1d9
Q

and
d A
& [t~ [ff o
2 2
—///?y?uldfz.
2

The last term on the r.h.s. is shared by both energy
forms and is always negative, because it is the clas-
sic dissipation function related to the velocity fluc-
tuations. This means that both and etot decrease
when only viscosity is present. This is, however, not
the case when only diffusivity is present and HG%)

(25)

(26)

and (26)provide a better understanding of Chu'’s cri-
terion to choose an energy definition: if the flow is
isentropic, pressurepf) and temperaturefy ) fluctu-
ations are in phase and the r.h.s. term of &%) is
always negative so that the AE form is a proper
estimate of energy. In all other cases, however, the
r.h.s. term of Eq(25) can take any sign, increasing
or decreasing the energy and making the AE fefm

a quantity of limited interest. On the other hand, the
r.h.s. term of Eq(26)is a truly dissipative term in all
flows, even if they are not isentropic. This suggests
that only the FE form of the energy should be used
in flames. Whether this linearized form is valid in
flames that exhibit very large entropy fluctuations re-
mains to be checked. Postprocessing of LES fields of
compressible reacting turbulent flows is also needed
to estimate the magnitude of the different terms of the
criterion derived for the FE form, Eq24). Specifi-
cally, such data would be necessary to study the be-
havior of theT1q1 term with respect to its classic
p191 counterpart, as well as the magnitude of the term
related to the mean entropy gradient.

4. Conclusion

This article describes the construction of conser-
vation equations for fluctuation energies in reacting
flows. The AE form is first constructed starting from
a nonlinear energy equation. It is shown that the usual
Rayleigh term is the source term of this equation, but
that another term (acoustic losses) plays a significant
role in the budget of this equation. Second, it is shown
that the AE form is insufficient to describe fluctu-
ations in flames where entropy waves play a role.
A new energy (fluctuation energy) is defined and its
conservation equation is derived. This equation shows
that a different stability criterion is obtained in which
temperature and heat release must be in phase to trig-
ger the instability, while the Rayleigh criterion pre-
dicts instability when pressure and heat release are
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in phase. Another source term due to entropy gradi-
ents is also exhibited. These fundamental equations
are believed to be building blocks to analyze results
produced by recent compressible large eddy simula-
tions of turbulent flames in which all terms of the
energy equations can be examined. In the long term,
closing budgets of fluctuation energies in LES of un-
stable combustors could impact the understanding of
combustion instabilities like budgets of turbulent ki-
netic energy did for turbulence near wall-bounded
flows[9,10] 15 years ago.
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