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Some speci�cities.
Mainly deals with data at themolecular level,
Is strongly in
uenced by the (never ending)technological advances,
Needsautomated methodsto store, organise, analyse the enormous
amounts of data that are daily produced,
Historically �rst related to computer sciences ('bioinformatics').
The need forrelevant statistical toolsis know unanimously admitted,
But the statistical modelling culture is not yet that strong(6=
genetics).
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Introduction

Somestatistical models for genomics

A choice has to be made:Statistical models are used in tens of genomics
sub-domains.

3 choices:
1 High-density arrays: Signal detection / breakpoint detection,
2 New sequencing technologies: Rephrases old questions /

Metagenomics,
3 Biological networks: Inference / Topology.

Some other themes:Statistical modelling is also a keystone of
1 Sequence analysis, comparative genomics,
2 Phylogeny,
3 Integration of heterogeneous data,
4 ....

S. Robin (AgroParisTech / INRA) Statistical models for genomics Stat. Sud, June 2010, M�eze 4 / 124



High-density (tiling) arrays

High-density (tiling) arrays

S. Robin (AgroParisTech / INRA) Statistical models for genomics Stat. Sud, June 2010, M�eze 5 / 124



High-density (tiling) arrays Microarray technology

Technology
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� � � a t g g t a t c a � � �
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� � � t a c c a t c g t � � �

spontaneously hybridisewhen present in the same solution.

Microarray:

'Glass' slide divided into cells! 'array';

each cell contains copies of a same single-stranded DNA fragment:
'probe';

each probe isassociatedwith a given gene, SNP, species (16S), . . .
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High-density (tiling) arrays Most popular arrays

Most popular arrays

Gene expression:1 probe (or probset) = 1 gene.

Xij /
�

abundance of genei transcripts
in samplej

�

� 104 genes in superior organisms.
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Most popular arrays

Gene expression:1 probe (or probset) = 1 gene.

Xij /
�

abundance of genei transcripts
in samplej

�

� 104 genes in superior organisms.

SNP arrays:pair of probes = pair of alleles.

(Xij ; Yij ) /
�

relative abundance of both alleles of SNPi
in samplej

�

� 105 known SNP in superior organisms.
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High-density (tiling) arrays Most popular arrays

Deeply studied statistical problems

Class discovery:comparison of gene expression pro�les accross conditions
(e.g. times)
! clustering

Class comparison:comparison of gene expression or SNP frequencies
between few conditions
! multiple testing, FDR, local FDR, etc. . .

Class prediction:prediction of a phenotype based on gene expression or
SNP
! classi�cation, variable selection

Bibliography: � hundreds of papers on each topic.
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High-density (tiling) arrays Tiling arrays

Tiling arrays

Probes are 'regularly' spacedalong the genome! tiling.

Question ! Hybridized sample

Where are the (unknown) genes? ! All transcripts (RNA)

At which locus does a given protein
bind with the chromosome

!
Immuno-precipitated
chromatin (DNA)

Are there copy number variation
(CNV) along the genome

! Genomic DNA
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Signal detection Protein-DNA interaction

Chromatin structure

Chromatinis thestrongly structuredcomplex
that contains the DNA molecule.

Histonesare proteins that constitute the basic
bricks of this complex, around which the DNA
is wrapped.

This structure

has some in
uence on gene expression
(accessibilityfor transcription)

can be inherited ('epigenetics')

S. Robin (AgroParisTech / INRA) Statistical models for genomics Stat. Sud, June 2010, M�eze 12 / 124



Signal detection Protein-DNA interaction

ChIP on chip

ChIP = Chromatin Immuno-Precipitation, aims at detecting protein-DNA
interactions.

ChIP-chip: Probes corresponding to
di�erent loci are spotted on a glass
slide.

log IP: DNA fragments
interacting with the protein of
interest (e.g. histone).

Input: whole genomic DNA.

X = log(IP1=IP2)

Non-zeroX revealdi�erential protein-
DNA interaction between samples 1
and 2.
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Signal detection HMM as a natural modelling

HMM as a natural modelling

Denoting
Xt = log(IP1 t =IP2t ) the signal observed for probei , X = f Xt g,
St its unknown status2 f 0; 1g or f� 1; 0; +1g, S = f St g,

we can assume that
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Denoting
Xt = log(IP1 t =IP2t ) the signal observed for probei , X = f Xt g,
St its unknown status2 f 0; 1g or f� 1; 0; +1g, S = f St g,

we can assume that
the St 's are Markov-dependent:

f St g � MC(� ); � k` = Pr f St = kjSi � 1 = `g

the Xt 's are independent conditionally to theSt 's:

(Xt jSt = k) � fk (�) = f (�; � k ); e.g. fk = N (� k ; � 2
k ):

We have to estimate

f � k ; � k ; � 2
kgk and � ik = Prf St = kjXg
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Signal detection HMM as a natural modelling

Standard inference: E-M

Base on the decomposition

logP(X; � ) = E[logP(X; S; � )jX] + H [P(SjX; � )]

M-step:

max
�

E[logP(X; S; � )jX]

! Often manageable (weighted
likelihood).
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M-step:

max
�

E[logP(X; S; � )jX]

! Often manageable (weighted
likelihood).

E-step: calculate P(SjX; � ):

! Doable inO(n) via the forward-
backward algorithm

Forward: P(St jX t
1 );

Backward: P(St jX n
1 ).
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Signal detection HMM as a natural modelling

Standard inference: E-M

Base on the decomposition

logP(X; � ) = E[logP(X; S; � )jX] + H [P(SjX; � )]

M-step:

max
�

E[logP(X; S; � )jX]

! Often manageable (weighted
likelihood).

E-step: calculate P(SjX; � ):

! Doable inO(n) via the forward-
backward algorithm

Forward: P(St jX t
1 );

Backward: P(St jX n
1 ).

Graphical representation.

: : : Zi � 1 �! Zi �! Zi +1 : : :
# # #

: : : Xi � 1 Xi Xi +1 : : :
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Signal detection HMM as a natural modelling

Probe classi�cation

Aim: assign a statusbSt at each probe.

Maximum a posteriori (MAP):

bSt = arg max
k

P(St jX; b� )
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Signal detection HMM as a natural modelling

Probe classi�cation

Aim: assign a statusbSt at each probe.

Maximum a posteriori (MAP):

bSt = arg max
k

P(St jX; b� )

Viterbi algorithm: provides a most probable path given the data

bS = arg max
S

P(SjX; b� )

First may not be best:you may have

bS = S(1) 6= S(2) ' � � � ' S(10)

P(S(1) jX; b� ) � P(S(2) jX; b� ) + � � � + P(S(10) jX; b� ):

! Need for an exploration of the space of paths.
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Signal detection ChIP on chip

Application to histone modi�cation

Comparison with genome annotation.(Mixture vs HMM)

The probe classi�cation provided
by the HMM is more consistent
with their spatial organisation.

The Methylation mark in META1
is lost in the mutant, mostly in the
left-end part, near the regulatory
region.

Legend:lost, enriched, normal (sourceBerard)
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Signal detection Gene expression

Transcriptomic tiling-arrays

Sample = Transcripts:allows to

measure gene expression;

compare gene expression between samples;

discovernew genes
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Signal detection Gene expression

Transcriptomic tiling-arrays

Sample = Transcripts:allows to

measure gene expression;

compare gene expression between samples;

discovernew genes

Con�rming alternative annotation for A. Thaliana:

O�cial annotation vs EuGene annotation(sourceC. Berard / FlagDB)
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Signal detection Gene expression

Some re�nements

Gene classi�cation.HMM provide a classi�cation of probes, that need to
be summarised at the gene level:

Prf Geneg 2 kjXg = Pr

8
<

:

[

t 2E (g)

Ztk = 1

9
=

;

can be calculated as a combination of 'sub'-forward/backward recursions
across exons fromE(g):
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Signal detection Gene expression

Some re�nements

Gene classi�cation.HMM provide a classi�cation of probes, that need to
be summarised at the gene level:

Prf Geneg 2 kjXg = Pr

8
<

:

[

t 2E (g)

Ztk = 1

9
=

;

can be calculated as a combination of 'sub'-forward/backward recursions
across exons fromE(g):

Annotation about the position of known genes can be encoded is the
distribution of S:

� c(k; `) = Pr f Zt +1 = `jZt = k; Ct = cg

whereCt stands for the annotation of probet .
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Signal detection Gene expression

Transcriptomic tiling-arrays
Spatial structure vs annotation:
MAP classi�cation.

Annotation

(Independent) Mixture

HMM

Mixture + Annotation

HMM + Annotation
(sourceBerard)
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Signal detection Perspective

Perspectives

Semi-parametric modelling:if a reliable null ('background') model � is
available,

Xi � (1 � St )� + St F

the alternativeF can be estimate in a more 
exible way.
! Semi-parametric mixture;
! Averaging of mixture models.
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Signal detection Perspective

Perspectives

Semi-parametric modelling:if a reliable null ('background') model � is
available,

Xi � (1 � St )� + St F

the alternativeF can be estimate in a more 
exible way.
! Semi-parametric mixture;
! Averaging of mixture models.

FDR control: Controlling the number of false detection is still desirable.
FDR control can be achived via intuitive rules based on the� t 0 (Sun and
Cai (2008)):

[FDR(s) =
1
s

sX

t =1

� (t )0 :
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Copy number variation (CNV)

Copy number variation (CNV)
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Copy number variation (CNV) Genomic alterations

Copy number variation in cancer cells

Genomic alterations are associated with (responsible for?) various types of
cancers.

Normal cell Tumour cell

Hup�e (2008)
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Copy number variation (CNV) Genomic alterations

Comparative genomic hybridization (CGH)

Zoom on CGH pro�le Karyotype
chrom. 1 chrom. 17

Hup�e (2008)

S. Robin (AgroParisTech / INRA) Statistical models for genomics Stat. Sud, June 2010, M�eze 24 / 124



Copy number variation (CNV) Breakpoint detection

A segmentation problem

Raw pro�le Interpretation

1.57 1.58 1.59 1.6 1.61 1.62 1.63 1.64 1.65 1.66 1.67

x 10
6

-3

-2

-1

0

1

2

3

genomic position

lo
g 2 r

at

1.57 1.58 1.59 1.6 1.61 1.62 1.63 1.64 1.65 1.66 1.67

x 10
6

-3

-2

-1

0

1

2

3

lo
g 2 r

at

genomic position

Unaltered segment 

Deleted segment 

Amplified segments 

Picard (2005)
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Copy number variation (CNV) Breakpoint detection

Change-point model

Notations:

K = number of segments

r = region J� r ; � r K; nr = length of r

m = segmentation: m = f r1; : : : ; rK : � r+1 = � r + 1g

Yt = signal at positiont (t 2 J1; nK); Y = f Yt g.

Model:

f Yt g independent

t 2 r :
Yt � p(�j � r )

e.g.
p(�j � r ) = N (� r ; � 2); N (� r ; � 2

r ); P(� r )

Picard et al. (2005)
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Copy number variation (CNV) Breakpoint detection

Inference

Estimation of � givenm: no speci�c problem, can rewritten as a
(generallized) linear model:

g(EY) = Z� :
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Copy number variation (CNV) Breakpoint detection

Inference

Estimation of � givenm: no speci�c problem, can rewritten as a
(generallized) linear model:

g(EY) = Z� :

General inference:due to thediscontinuity ofp(Yjm; � ) with respect to
m, standard MLE properties do not apply to (b� ; bm).
! Inference (e.g. con�dence interval) of the breakpoints is not standard.
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Copy number variation (CNV) Breakpoint detection

Inference

Estimation of � givenm: no speci�c problem, can rewritten as a
(generallized) linear model:

g(EY) = Z� :

General inference:due to thediscontinuity ofp(Yjm; � ) with respect to
m, standard MLE properties do not apply to (b� ; bm).
! Inference (e.g. con�dence interval) of the breakpoints is not standard.

Gaussian context:Bai and Perron (1998, 2003)proved the consistency of
the least-square estimates of

b� k at rate 1=n
b� at rate 1=

p
n, with asymptotic normality.

Other consistency results inLavielle and Moulines (2000).
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Copy number variation (CNV) Model selection

Model selection: Choice ofK

Penalised contrast: 2 steps
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Copy number variation (CNV) Model selection

Model selection: Choice ofK

Penalised contrast: 2 steps
1: Best segmentation withinM K bm(K ) = arg minm2M K `(Y; m)
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Penalised contrast: 2 steps
1: Best segmentation withinM K bm(K ) = arg minm2M K `(Y; m)

2: Best dimensionK bK = arg minK `(Y; bm(K )) + pen( K )
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Copy number variation (CNV) Model selection

Model selection: Choice ofK

Penalised contrast: 2 steps
1: Best segmentation withinM K bm(K ) = arg minm2M K `(Y; m)

2: Best dimensionK bK = arg minK `(Y; bm(K )) + pen( K )

Examples:
Lebarbier (2005): pen(K ) = f (jM K j);

Lavielle (2005): pen(K ) = � K :

Constant penaltywithin each dimensionM K .

The best modelbm(K ) does not dependon the penalty pen(K ).

Some (very sensitive in practice) constants need to be tuned.
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Copy number variation (CNV) Model selection

Model selection : BIC

The standard Laplace approximation used in

logp(MjY) = log
Z

p(M; � jY)d� � logp(MjY; b� ) �
logn

2
dim(M)

does not hold when the 'model'M refers to the dimensionK since

M K =
[

m 2M K

span(m):
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Copy number variation (CNV) Model selection

Model selection : BIC

The standard Laplace approximation used in

logp(MjY) = log
Z

p(M; � jY)d� � logp(MjY; b� ) �
logn

2
dim(M)

does not hold when the 'model'M refers to the dimensionK since

M K =
[

m 2M K

span(m):

Modi�ed BIC. Based on uniform prior distribution of the breakpoints,
Zhang and Siegmund (2007)study the behaviour of

Bt = St � tSn=n; whereSt =
tX

i =1

Yi

and derive

pen(K ) = f (jM K j) + g

0

@
X

r 2 bm(K )

lognr

1

A
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Copy number variation (CNV) Optimal segmentation

Optimal segmentation

For a given dimensionK , the optimal segmentation has to be found within

M K = f m : jmj = K g; jM K j =
�

n � 1
K � 1

�

Consequences.

Exhaustive searchcan not be achieved.

Dynamic programmingprovides maximum likelihood (bm; b� ) with
complexityO(Kn2).

Lassocriterion can be applied (Tibshirani and Wang (2008)):

arg min
m

X

k

X

t 2 rk

(Yt � � k )2 + �
X

k

j� k � � k� 1j

with linear complexity (Harchaoui and L�evy-Leduc (2008)).
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Copy number variation (CNV) Optimal segmentation

Dynamic programming

Segment cost:for segmentr = Ji ; jK,

C(r ) = � logP(Y r jb� r )

Optimal segmentation:recallm = f r1; : : : ; rK g,

bm = arg max
m2M K

X

k

C(rk )

Optimal segmentation inK = 2:

S2(1; n) = min
1< t < n

C(1; t ) + C(t + 1 ; n)

Optimal segmentation inK :

SK (1; n) = min
K � 1< t < n

SK � 1(1; t ) + C(t + 1 ; n)
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Copy number variation (CNV) Optimal segmentation

Computational point of view

Overall complexity:Dynamic programming has aO(n2) complexity
because there is aquadratic number of segmentsto be considered.

Linear algebra:The dynamic programming recursion can be viewed as a
scalar product) For all functionF(m)

F(m) =
Y

r 2 m

f (r ):

Letting A : (n + 1) � (n + 1):

A ij = f (Ji ; j J) if 1 � i < j � n + 1
= 0 otherwise.

Then, X

m2M k (J1;j J)

F(m) = ( Ak )1;j

and all terms for 1 � k � K , 1 � j � n + 1, can be computed inO(Kn2).
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Copy number variation (CNV) Exploring the segmentation space

Exploring the segmentation space: Bayesian framework
p(K ) = prior of dimensionK ;

p(mjK ) = prior of segmentationm given dimensionK ,

for example: p(mjK ) = 1 / jM K j

that is, uniform prior within each dimension;

p(m) = prior of segmentationm,

for example: p(m) /
Y

r 2 m

nr

that favoursregularly spacedchange-points (! implicit prior
on K );

p(� jm) = prior of � given segmentationm.

Rigaill et al. (2009)
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Copy number variation (CNV) Exploring the segmentation space

Computing huge sums

Under a factorisation assumption:

p(m) =
Y

r 2 m

f (r ); p(� jm) =
Y

r 2 m

f (� r ) p(Yjm; � ) =
Y

r 2 m

f (Y r ; � r )

(not true for homoscedastic models), sums can be rewritten as
X

m2M K

f (m) =
X

m2M K

Y

r 2 m

f (r )
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Copy number variation (CNV) Exploring the segmentation space

Computing huge sums

Under a factorisation assumption:

p(m) =
Y

r 2 m

f (r ); p(� jm) =
Y

r 2 m

f (� r ) p(Yjm; � ) =
Y

r 2 m

f (Y r ; � r )

(not true for homoscedastic models), sums can be rewritten as
X

m2M K

f (m) =
X

m2M K

Y

r 2 m

f (r )

Total probability:

p(YjK ) =
X

m2M K

Y

r 2 m

Z
p(Y r j� r )p(� r )d� r =

X

m2M K

Y

r 2 m

p(Y r )
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Copy number variation (CNV) Exploring the segmentation space

Computing huge sums

Under a factorisation assumption:

p(m) =
Y

r 2 m

f (r ); p(� jm) =
Y

r 2 m

f (� r ) p(Yjm; � ) =
Y

r 2 m

f (Y r ; � r )

(not true for homoscedastic models), sums can be rewritten as
X

m2M K

f (m) =
X

m2M K

Y

r 2 m

f (r )

Total probability:

p(YjK ) =
X

m2M K

Y

r 2 m

Z
p(Y r j� r )p(� r )d� r =

X

m2M K

Y

r 2 m

p(Y r )

Localisation of thek-th breakpoint:

Prf � k = t jK ; Yg /

0

@
X

m2M k (1;t )

Y

r 2 m

p(Y r )

1

A

0

@
X

m2M K � k (t +1 ;n)

Y

r 2 m

p(Y r )

1

A
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Copy number variation (CNV) Exploring the segmentation space

Exploring the segmentation space

We are hence able to compute
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Copy number variation (CNV) Exploring the segmentation space

Exploring the segmentation space

We are hence able to compute
The probability that there is abreakpoint at positiont :

Prf9 k : � k = t jY; K g =
KX

k=1

Prf � k = t jK g
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Copy number variation (CNV) Exploring the segmentation space

Exploring the segmentation space

We are hence able to compute
The probability that there is abreakpoint at positiont :

Prf9 k : � k = t jY; K g =
KX

k=1

Prf � k = t jK g

The probability for asegmentr = Jt1; t2J to be part of segmentation

Prf r 2 mjY; K g =
KX

k=1

Prf � k = t1; � k+1 = t2jY; K g;
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Copy number variation (CNV) Exploring the segmentation space

Exploring the segmentation space

We are hence able to compute
The probability that there is abreakpoint at positiont :

Prf9 k : � k = t jY; K g =
KX

k=1

Prf � k = t jK g

The probability for asegmentr = Jt1; t2J to be part of segmentation

Prf r 2 mjY; K g =
KX

k=1

Prf � k = t1; � k+1 = t2jY; K g;

The posterior entropy ofm within a dimension:

H (K ) = �
X

m2M K

p(mjY; K ) log p(mjY; K )
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Copy number variation (CNV) Exploring the segmentation space

Exploring the segmentation space

We are hence able to compute
The probability that there is abreakpoint at positiont :

Prf9 k : � k = t jY; K g =
KX

k=1

Prf � k = t jK g

The probability for asegmentr = Jt1; t2J to be part of segmentation

Prf r 2 mjY; K g =
KX

k=1

Prf � k = t1; � k+1 = t2jY; K g;

The posterior entropy ofm within a dimension:

H (K ) = �
X

m2M K

p(mjY; K ) log p(mjY; K )

Similar to an algorithm proposed byGu�edon (2007)in the HMM context
with known parameters.
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Copy number variation (CNV) Exploring the segmentation space

A CGH pro�le: K = 3; 4

Optimal seg-
mentation

Breakpoint po-
sition

Segment prob-
ability
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Copy number variation (CNV) Exploring the segmentation space

Back to model selection: Exact BIC

The conditional probabilities of the dimension and of the segmentation
also involve 'integral' sums.

Choice ofK .

BIC(K ) = log p(Y; K ) = log

2

4
X

m2M K

p(m)
Z

p(Yjm; � )p(� jm)d�

3

5 :
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Copy number variation (CNV) Exploring the segmentation space

Back to model selection: Exact BIC

The conditional probabilities of the dimension and of the segmentation
also involve 'integral' sums.

Choice ofK .

BIC(K ) = log p(Y; K ) = log

2

4
X

m2M K

p(m)
Z

p(Yjm; � )p(� jm)d�

3

5 :

Choice ofm.

BIC(m) = log p(Y; m) = log
�
p(m)

Z
p(Yjm; � )p(� jm)d�

�

wherep(m) must be normalised so that
X

K

X

m2M K

p(m) = 1 :
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Copy number variation (CNV) Exploring the segmentation space

Exact ICL criterion

Incomplete data model context(mixture model):
Biernackiet al. (2000) add an entropy termH(K ) to the BIC(K )
penalty
H (K ) accounts for the reliability of the prediction of the unknown
variable.
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Copy number variation (CNV) Exploring the segmentation space

Exact ICL criterion

Incomplete data model context(mixture model):
Biernackiet al. (2000) add an entropy termH(K ) to the BIC(K )
penalty
H (K ) accounts for the reliability of the prediction of the unknown
variable.

Segmentation context.
Change-point positions can be view as unknown variables.
For a given dimensionK , it is desirable that the best segmentation
clearly outperforms the others:

for any m 2 M K n f bm(K )g : p( bm(K )jY) � p(mjY):

This can be measured by the posterior entropyH(K )

ICL criterion:
ICL(K ) = log

X

m2M K

p(Y; m) � H (K )
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Copy number variation (CNV) Exploring the segmentation space

Comparison BIC/ICL: Simulation study

Simulations: Poisson signal with
alternating means� 0 and � 1,
n = 100.

Criterion = % of recovery of the
true number of segments
(K = 5).

BIC(m) achieves (much)
better performances than
BIC(K )

ICL(K ) outperforms both
BIC(K ) and BIC(m).

BIC(K ) BIC(m) ICL(K )

� 1 � � 0 (� 0 = 1)
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Copy number variation (CNV) Exploring the segmentation space

Back to the example

BIC(K ) ! bK = 10

BIC(m) ! bK = 3

ICL(K ) ! bK = 4

When K exceeds the 'true' dimension, all segmentations nested within the
'true' one have a high posterior probability, which increases the entropy.
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Copy number variation (CNV) Perspectives

Multiple pro�le analysis

Joint segmentation of multiple pro�les:simultaneous analysis of multiple
pro�le allows to account for (Pique-Regiet al. (2009))

available covariates (e.g. GC probe content),

possible technological biases.
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Copy number variation (CNV) Perspectives

Multiple pro�le analysis

Joint segmentation of multiple pro�les:simultaneous analysis of multiple
pro�le allows to account for (Pique-Regiet al. (2009))

available covariates (e.g. GC probe content),

possible technological biases.

Linear (mixed model) provide a natural framework:

Y = X�
covariates

+ T�
segmentation

+ ZU
random technical e�ect

+ E

E-M algorithm allow to use standard segmentation tools.
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Copy number variation (CNV) Perspectives

Multiple pro�le analysis

Joint segmentation of multiple pro�les:simultaneous analysis of multiple
pro�le allows to account for (Pique-Regiet al. (2009))

available covariates (e.g. GC probe content),

possible technological biases.

Linear (mixed model) provide a natural framework:

Y = X�
covariates

+ T�
segmentation

+ ZU
random technical e�ect

+ E

E-M algorithm allow to use standard segmentation tools.

Looking for recurrent aberrations.When considering as set of patients
with similar disease, recurrent aberrations have to be found: Bleakley and
J.-P. (2009), R. and Stefanov, 08
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Copy number variation (CNV) Perspectives

Loss of heterozygoty (LOH).

Genomic alterations lead to abnormal allele frequencies:

Deletion then duplication creates long homozygote regions;

CNV create non-standard allele frequencies, i.e.=2 f 0; :5; 1g.

(sourcePopovaet al. (2009)).
! Segmentation in both CNV and allele frequencies allows to trace back
rearrangement history.
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Next Generation Sequencing

Next Generation Sequencing
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Next Generation Sequencing NGS technology

NGS technology

Aim: Measure the abundance of DNA (RNA) in a given sample by
counting DNA fragments.

Deep sequencing :Millions of DNA fragments (reads) are sequenced
instead of hybridyzed on prede�ned probes.
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Next Generation Sequencing NGS technology

NGS technology

Aim: Measure the abundance of DNA (RNA) in a given sample by
counting DNA fragments.

Deep sequencing :Millions of DNA fragments (reads) are sequenced
instead of hybridyzed on prede�ned probes.

3 steps:for one sample
1 break DNA (or RNA) into small fragments,
2 sample a 'large' number of fragments,
3 sequence each of these fragments.

S. Robin (AgroParisTech / INRA) Statistical models for genomics Stat. Sud, June 2010, M�eze 44 / 124



Next Generation Sequencing NGS technology

NGS technology

Aim: Measure the abundance of DNA (RNA) in a given sample by
counting DNA fragments.

Deep sequencing :Millions of DNA fragments (reads) are sequenced
instead of hybridyzed on prede�ned probes.

3 steps:for one sample
1 break DNA (or RNA) into small fragments,
2 sample a 'large' number of fragments,
3 sequence each of these fragments.

Amount of data: 1 experiment typically provided

105 � 107 fragments
of 30� 500 bps.

�
� 108� 9 bps (� 10 every year)
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Next Generation Sequencing NGS technology

Illumina technlogy
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Next Generation Sequencing NGS technology

Illumina technlogy
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Next Generation Sequencing NGS technology

Example: RNA-seq

Gene expression data:Measure the expression level of a given gene in a
given sample.

For a known, annotated genome
1 Extract RNA sample;
2 BreakRNA into fragments;
3 Sequencethe reads (RNA

fragments);
4 Align the reads along the

genome (� );
5 Count how many readmap

with each gene

(sourceParallabs)
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4 Align the reads along the

genome (� );
5 Count how many readmap

with each gene

(sourceParallabs)

S. Robin (AgroParisTech / INRA) Statistical models for genomics Stat. Sud, June 2010, M�eze 46 / 124



Next Generation Sequencing NGS technology

Example: RNA-seq

Gene expression data:Measure the expression level of a given gene in a
given sample.

For a known, annotated genome
1 Extract RNA sample;
2 BreakRNA into fragments;
3 Sequencethe reads (RNA

fragments);
4 Align the reads along the

genome (� );
5 Count how many readmap

with each gene

(sourceParallabs)

(� ) Note an easy bioinformatic /algorithmic task.
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Next Generation Sequencing New data

New data structure

Microarray: Probe (gene)� sample

Gene Probe Cy3 Cy5
CK770441 Bt0704 NA NA
CK770437 Bt0701 8.3984 8.5717
CK770394 Bt0686 9.5282 9.6046
CK770384 Bt0683 7.2852 7.5888
CK770381 Bt0680 6.8081 7.1563
CK770374 Bt0677 7.0503 7.2376
CK769877 Bt0378 7.7569 7.9613
CK769872 Bt0375 7.4008 7.4998
CK769869 Bt0372 9.2471 9.3777
...
103� 5 rows
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Next Generation Sequencing New data

New data structure

Microarray: Probe (gene)� sample

Gene Probe Cy3 Cy5
CK770441 Bt0704 NA NA
CK770437 Bt0701 8.3984 8.5717
CK770394 Bt0686 9.5282 9.6046
CK770384 Bt0683 7.2852 7.5888
CK770381 Bt0680 6.8081 7.1563
CK770374 Bt0677 7.0503 7.2376
CK769877 Bt0378 7.7569 7.9613
CK769872 Bt0375 7.4008 7.4998
CK769869 Bt0372 9.2471 9.3777
...
103� 5 rows

NGS:Reads

>ccgtatcgcgatctccagtgagatcg
>tgtgttgcattctagaatgcgccgca
>ccgtatcgcgatctccagtgagatcg
>tcttgcagcggcgcgaactcgcggcc
>tttacccttcttgtgggctccgccca
>tgcgcctgcgcggcgaagtcagcgcg
>gcgcggcatcgccatggtcttcaagc
>tttccagcaattcttttctggcccca
>gccgacggccggcgcactgtggtgag
>caagttcctgagggaggctacggtgg
...
105� 7 rows
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Next Generation Sequencing New data

New informations

Direct access to DNA sequencesallows to study not well known species.
! Genome de-novo sequencing or re-sequencing
! Metagenomics
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Next Generation Sequencing New data

New informations

Direct access to DNA sequencesallows to study not well known species.
! Genome de-novo sequencing or re-sequencing
! Metagenomics

Structural information. Pair-end reads

tcttgcagcggc  � 500bps�! gcgaactcgcggcc

! Ease genome reconstruction
! May reveal complex genome re-arrangements
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Next Generation Sequencing New data

New informations

Direct access to DNA sequencesallows to study not well known species.
! Genome de-novo sequencing or re-sequencing
! Metagenomics

Structural information. Pair-end reads

tcttgcagcggc  � 500bps�! gcgaactcgcggcc

! Ease genome reconstruction
! May reveal complex genome re-arrangements

Computational complexity.NGS = information at thenucleotide level.
! Nucleotide in biology = atoms in physics
! 'Reference' scale for computational methods
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Rephrasing old questions Need for new methods?

Old or new questions?

Although NGS provide new data and information, some questions may be
addressed withalready existing techniques:

Gene expression ('RNAseq')

Copy number variation (CNV)
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Rephrasing old questions Need for new methods?

Old or new questions?

Although NGS provide new data and information, some questions may be
addressed withalready existing techniques:

Gene expression ('RNAseq')

Copy number variation (CNV)

whereas some will require newspeci�c developments

Protein-DNA interactions ('ChIPseq')

Chromosome rearrangement in genomic alterations
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Rephrasing old questions Need for new methods?

Old or new questions?

Although NGS provide new data and information, some questions may be
addressed withalready existing techniques:

Gene expression ('RNAseq')

Copy number variation (CNV)

whereas some will require newspeci�c developments

Protein-DNA interactions ('ChIPseq')

Chromosome rearrangement in genomic alterations

and some other are (quite) new

exploring species diversity in a given middle ('metagenomics').
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Rephrasing old questions Gene expression

Gene expression

Observed count:

Xijk = number of reads mapping to genei in condition j and replicatek:
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Rephrasing old questions Gene expression

Gene expression

Observed count:

Xijk = number of reads mapping to genei in condition j and replicatek:

Standard model:From Gaussian to (over-dispersed) Poisson regression
(Robinson and Smyth (2007))

Xijk = N B(� ijk ; � ); � ijk = njk � ij
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Rephrasing old questions Gene expression

Gene expression

Observed count:

Xijk = number of reads mapping to genei in condition j and replicatek:

Standard model:From Gaussian to (over-dispersed) Poisson regression
(Robinson and Smyth (2007))

Xijk = N B(� ijk ; � ); � ijk = njk � ij

Same framework as for microarrays:
Experimental designin the (generalised) linear framework;
Di�erential analysisbetween two conditionsj = 1 ; 2,

H0;i f � i 1 = � i 2g;

Multiple testing, FDR control;
etc.
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Rephrasing old questions ChIPseq

ChIPseq

Observed data:

(X1; X2; : : : ; Xn) = positions where then reads map along the genome:

Protein-DNA interaction loci are revealed by unexpected local abundance
of reads (Johnsonet al. (2007)).
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Rephrasing old questions ChIPseq

ChIPseq

Observed data:

(X1; X2; : : : ; Xn) = positions where then reads map along the genome:

Protein-DNA interaction loci are revealed by unexpected local abundance
of reads (Johnsonet al. (2007)).

Similar to motif statistics in sequence analysis:

N(t ) =
X

i

I f Xi � t g � Homogeneous (compound) Poisson process;
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Rephrasing old questions ChIPseq

ChIPseq

Observed data:

(X1; X2; : : : ; Xn) = positions where then reads map along the genome:

Protein-DNA interaction loci are revealed by unexpected local abundance
of reads (Johnsonet al. (2007)).

Similar to motif statistics in sequence analysis:

N(t ) =
X

i

I f Xi � t g � Homogeneous (compound) Poisson process;

Scan statistics:

S(r ) = min
i

(Xi + r � Xi ); or T (w) = max
t

[N(t + w) � N(t )]

Dembo and Karlin (1992), Glazet al. (2001), R. & al. (2005)
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CNV

Observed data:Same as ChIPseq, i.e. positions (X1; X2; : : : ; Xn)
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Rephrasing old questions CNV

CNV

Observed data:Same as ChIPseq, i.e. positions (X1; X2; : : : ; Xn)

Similar to aCGH modelling:

N(t ) � Poisson process with piecewise constant intensity

� (t ) = � k if t 2 Ik = [ � k� 1; � k ]

! Breakpoint detection with an additive log-likelihood.
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Rephrasing old questions CNV

CNV

Observed data:Same as ChIPseq, i.e. positions (X1; X2; : : : ; Xn)

Similar to aCGH modelling:

N(t ) � Poisson process with piecewise constant intensity

� (t ) = � k if t 2 Ik = [ � k� 1; � k ]

! Breakpoint detection with an additive log-likelihood.

... But

Much highercomputational burden: O(Kn2) prohibitive.

Pair-end reads informs orchromosomal rearrangement(see slide??).
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Metagenomics: Estimation of abundance
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Metagenomics: Estimation of abundance Bacterial communities

Bacterial communities

Biological context:Many bacterial species can not be grown arti�cially out
of their natural middle, mostly because of vital interactions between them.

Such species can only be studied all together, within their middle, e.g.

Ocean, Human gut, Soil, Cheese surface, etc
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Bacterial communities

Biological context:Many bacterial species can not be grown arti�cially out
of their natural middle, mostly because of vital interactions between them.

Such species can only be studied all together, within their middle, e.g.

Ocean, Human gut, Soil, Cheese surface, etc

Their diversity and functionscan be studied via NGS by sampling and
sequencing DNA (or RNA) fromall species

simultaneously,

without knowing who is who,

without most genome sequences.
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Metagenomics: Estimation of abundance Bacterial communities

Bacterial communities

Biological context:Many bacterial species can not be grown arti�cially out
of their natural middle, mostly because of vital interactions between them.

Such species can only be studied all together, within their middle, e.g.

Ocean, Human gut, Soil, Cheese surface, etc

Their diversity and functionscan be studied via NGS by sampling and
sequencing DNA (or RNA) fromall species

simultaneously,

without knowing who is who,

without most genome sequences.

! 'What's in the mix?' (McHardy and Rigoutsos (2007))
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Metagenomics: Estimation of abundance Estimation of abundance

How many species are there?

An old ecological problemwhen exploring a given middle: how many
species are not observed?

Xi = number of observed
individuals from speciesi ,

Cx = number of species withx
observed individuals,

Total number of species
=

P
x� 0 Cx .

Problem: bC0 =?

(sourceFisheret al. (1943))
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Metagenomics: Estimation of abundance Estimation of abundance

How many species are there?

An old ecological problemwhen exploring a given middle: how many
species are not observed?

Xi = number of observed
individuals from speciesi ,

Cx = number of species withx
observed individuals,

Total number of species
=

P
x� 0 Cx .

Problem: bC0 =?

(sourceFisheret al. (1943))
Metagenomics:

Xi = number of reads fromspeciesi (if the genome is available)
Xi = number of reads fromgenei (whatever the species)
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Metagenomics: Estimation of abundance Estimation of abundance

General framework

f Xi g i.i.d. � P; bC =
n

1 � bp(0)
; bC0 =

nbp(0)
1 � bp(0)

:
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Metagenomics: Estimation of abundance Estimation of abundance

General framework

f Xi g i.i.d. � P; bC =
n

1 � bp(0)
; bC0 =

nbp(0)
1 � bp(0)

:

Parametric setting:
P = P(� )
P = Log-normal (Doroghazi and Buckley (2008))
Reference model: Poisson-Gamma (Fisheret al. (1943), Hooperet al.
(2010)):

f � i g i.i.d. � G am; f Xi g independentXi � P (� i ):
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Metagenomics: Estimation of abundance Estimation of abundance

General framework

f Xi g i.i.d. � P; bC =
n

1 � bp(0)
; bC0 =

nbp(0)
1 � bp(0)

:

Parametric setting:
P = P(� )
P = Log-normal (Doroghazi and Buckley (2008))
Reference model: Poisson-Gamma (Fisheret al. (1943), Hooperet al.
(2010)):

f � i g i.i.d. � G am; f Xi g independentXi � P (� i ):

Generalisation of Fisher's model:

f � i g i.i.d. � G; f Xi g indep. Xi � P (� i ); p(x) =
Z

e� � � x

x!
g(� )d�
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Metagenomics: Estimation of abundance Estimation of abundance

'Non-parametric' framework

'Non-parametric' = mixture of Dirac masses:Norris and Pollock (1998)

g(� ) =
X

k

� k � � k (� ) ) p(x) =
X

k

� ke� � k
� x

k

x!
=

X

k

� kqk (x):
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Metagenomics: Estimation of abundance Estimation of abundance

'Non-parametric' framework

'Non-parametric' = mixture of Dirac masses:Norris and Pollock (1998)

g(� ) =
X

k

� k � � k (� ) ) p(x) =
X

k

� ke� � k
� x

k

x!
=

X

k

� kqk (x):

Inference on truncated data:Denotingp+ and qk+ the zero-truncated
distributions, inference can be made either for

(i ) p+ (x) =

 
X

k

� kqk (x)

!

+

or (ii ) p+ (x) =
X

k

� +
k qk+ (x)
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Metagenomics: Estimation of abundance Estimation of abundance

'Non-parametric' framework

'Non-parametric' = mixture of Dirac masses:Norris and Pollock (1998)

g(� ) =
X

k

� k � � k (� ) ) p(x) =
X

k

� ke� � k
� x

k

x!
=

X

k

� kqk (x):

Inference on truncated data:Denotingp+ and qk+ the zero-truncated
distributions, inference can be made either for

(i ) p+ (x) =

 
X

k

� kqk (x)

!

+

or (ii ) p+ (x) =
X

k

� +
k qk+ (x)

Inference ofmixture of truncated(ii ) is often easier than this of
truncation of mixture(i ).
MLE estimates are equivalent (Bohning and Kuhnert (2006)) in the
Poisson case.
Truncation is for free when PoissonP is replaced by geometricG.
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Metagenomics: Estimation of abundance Estimation of abundance

Model selection vs model averaging

Model selection:The numberK of classes can be chosen with standard
criteria, such as BIC...
But the existence of atrue K is questionable.
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Metagenomics: Estimation of abundance Estimation of abundance

Model selection vs model averaging

Model selection:The numberK of classes can be chosen with standard
criteria, such as BIC...
But the existence of atrue K is questionable.

Model averaging:SincepK (0) is de�ned for anyK , one may consider

bp(0) =
X

K

wK bpK (0):

In a Bayesian framework, the natural choice for the weight is

wK = P(K jX) /
Z

P(Z; � jX; K )dZd� /
Z

P(X; Z; � ; K )dZd�

whereZ denote the unknown classes (Li-Thiao-T�e & al. ).
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Metagenomics: Estimation of abundance Estimation of abundance

Variational Bayes

VB-EM: For mixtures of (conjugate)exponential family distributions, the
variational-Bayes EM (Beal and Ghahramani (2003)) provides the 'best'
approximation ofP(Z; � jX; K ) as

Q� (Z; � jK ) := Q�
Z(ZjK )Q�

� (� jK ) = arg min
Q2M K

KL[Q(Z; � ); P(Z; � jX; K )]:
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Metagenomics: Estimation of abundance Estimation of abundance

Variational Bayes

VB-EM: For mixtures of (conjugate)exponential family distributions, the
variational-Bayes EM (Beal and Ghahramani (2003)) provides the 'best'
approximation ofP(Z; � jX; K ) as

Q� (Z; � jK ) := Q�
Z(ZjK )Q�

� (� jK ) = arg min
Q2M K

KL[Q(Z; � ); P(Z; � jX; K )]:

Optimal weights:The minimisation of

KL[Q(Z; �; K ); P(Z; �; K jX)] = KL[Q(K ); P(K jX)]

+
X

k

Q(K )KL[Q(Z; � jK ); P(Z; � jX; K )]

provides the 'best' approximated weights (Volant & al.) as

~wK := Q� (K ) / P(K ) expf� KL[Q� (Z; � jK ); P(Z; � jX; K )] + log P(XjK )g:

S. Robin (AgroParisTech / INRA) Statistical models for genomics Stat. Sud, June 2010, M�eze 59 / 124



Metagenomics: Estimation of abundance Estimation of abundance

Back to estimation of abundance

Importance sampling:Low-variance estimates of the true weights can also
be obtained as

bwK /
1
B

X

b

P(Xj� b; K )P(� b jK )

Q�
� (� b jK )

; wheref � bg i.i.d. � Q�
� (�jK ):
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Back to estimation of abundance

Importance sampling:Low-variance estimates of the true weights can also
be obtained as

bwK /
1
B

X

b

P(Xj� b; K )P(� b jK )

Q�
� (� b jK )

; wheref � bg i.i.d. � Q�
� (�jK ):

Mixture of truncated distributions.
Truncated Poisson are not in the exponential family.
Truncated Geometric are ... Geometric.

But Geometric mixtures are 'less identi�able' and less 
exible.

S. Robin (AgroParisTech / INRA) Statistical models for genomics Stat. Sud, June 2010, M�eze 60 / 124



Metagenomics: Estimation of abundance Estimation of abundance

Back to estimation of abundance

Importance sampling:Low-variance estimates of the true weights can also
be obtained as

bwK /
1
B

X

b

P(Xj� b; K )P(� b jK )

Q�
� (� b jK )

; wheref � bg i.i.d. � Q�
� (�jK ):

Mixture of truncated distributions.
Truncated Poisson are not in the exponential family.
Truncated Geometric are ... Geometric.

But Geometric mixtures are 'less identi�able' and less 
exible.

Truncated mixture of Poisson.The number of unobserved speciesC0 can
be viewed as another unobserved variable (in addition toZ) with negative
binomial distribution and VB-EM can be used to minimise

KL[Q(Z; C0; � ); P(Z; C0; � jK )]:
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Metagenomics: Estimation of abundance Estimation of abundance

Designing NGS experiment

How many reads?NGS experiments are still expensive. Determining a
'su�cient' number of reads is valuable.

Number of observed species = f(Thousands of reads)
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Metagenomics: Sequence classi�cation
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Metagenomics: Sequence classi�cation Orphean sequence classi�cation

Orphean sequences

Missing genomes.Because many (most?) bacterial species can not be
grown in labs, their genomes are unavailable.
! All reads from these species can no be mapped.
! Such reads represent a substantial part (50%, 75%) of an experiment.
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Orphean sequences

Missing genomes.Because many (most?) bacterial species can not be
grown in labs, their genomes are unavailable.
! All reads from these species can no be mapped.
! Such reads represent a substantial part (50%, 75%) of an experiment.

Genome signature:Species-speci�c genome content can be due to
G-C content,
based codon usage (speci�c use of the genetic code),
...
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Metagenomics: Sequence classi�cation Orphean sequence classi�cation

Orphean sequences

Missing genomes.Because many (most?) bacterial species can not be
grown in labs, their genomes are unavailable.
! All reads from these species can no be mapped.
! Such reads represent a substantial part (50%, 75%) of an experiment.

Genome signature:Species-speci�c genome content can be due to
G-C content,
based codon usage (speci�c use of the genetic code),
...

Sequence classi�cation.'Orphean' reads can be clustered based on the
only available information:oligonucleotide (k-words) frequencies:

N i = [ Ni (aaa) Ni (aac) : : : Ni (ttt )]:
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Metagenomics: Sequence classi�cation Orphean sequence classi�cation

Distance-based clustering

Euclidian distance.Standard classi�cation and/or clustering
distance-based techniques can be applied (Dai et al. (2008)) based on

X i = N i =`i ; d2(i ; j ) = kX i � X j k2:
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Metagenomics: Sequence classi�cation Orphean sequence classi�cation

Distance-based clustering

Euclidian distance.Standard classi�cation and/or clustering
distance-based techniques can be applied (Dai et al. (2008)) based on

X i = N i =`i ; d2(i ; j ) = kX i � X j k2:

Toward model-based clustering.k-word frequencies constitute the
su�cient statistics of a Markov chain of order (k � 1):

b� (St = ak jSt � k+1 = a1 : : : St � 1 = ak� 1) =
N(a1 : : : ak� 1ak )
N(a1 : : : ak� 1+)

:

Fitting a (k � 1)-order Markov chain is 'equivalent' to analysis based on
k-word frequencies.
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Metagenomics: Sequence classi�cation Orphean sequence classi�cation

Hybrid clustering

Markov chain context.Mean, variance and covariance of word frequencies
are known (R. & al. (2005))

Distance-based method can be applied withmodel-based distancesin a
Markov chain context.

Mahalanobis distance:Wu et al. (2001)

� = V(X); d2(i ; j ) = kX i � X j k� � 1 (or kX i � X j kdiag(� ) � 1);
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Hybrid clustering

Markov chain context.Mean, variance and covariance of word frequencies
are known (R. & al. (2005))

Distance-based method can be applied withmodel-based distancesin a
Markov chain context.

Mahalanobis distance:Wu et al. (2001)

� = V(X); d2(i ; j ) = kX i � X j k� � 1 (or kX i � X j kdiag(� ) � 1);

KL divergence:Wu et al. (2001)

d(i ; j ) = KL(b� i ; b� j ) or KL(b� i ; b� j ) + KL(b� j ; b� i );
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Metagenomics: Sequence classi�cation Orphean sequence classi�cation

Hybrid clustering

Markov chain context.Mean, variance and covariance of word frequencies
are known (R. & al. (2005))

Distance-based method can be applied withmodel-based distancesin a
Markov chain context.

Mahalanobis distance:Wu et al. (2001)

� = V(X); d2(i ; j ) = kX i � X j k� � 1 (or kX i � X j kdiag(� ) � 1);

KL divergence:Wu et al. (2001)

d(i ; j ) = KL(b� i ; b� j ) or KL(b� i ; b� j ) + KL(b� j ; b� i );

Likelihood ratio test statistics:Dai et al. (2008)

d(i ; j ) = log[ P(N i ; b� i )P(N j ; b� j )=P(N i ; N j ; b� i [ j )]
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Metagenomics: Sequence classi�cation Orphean sequence classi�cation

Model-based clustering

Mixture of Markov chains.For observed sequencesf Si g (with length ` i ):

f Zi g i.i.d. � M (1; (p1; : : : ; pQ ))

f Si g indep. jf Zi g � MC(� Zi )

Q � 1 proportions
3Q4k� 1 transition probabilities

�
(Q � 1) + 3Q4Q� 1 parameters:
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Metagenomics: Sequence classi�cation Orphean sequence classi�cation

Model-based clustering

Mixture of Markov chains.For observed sequencesf Si g (with length ` i ):

f Zi g i.i.d. � M (1; (p1; : : : ; pQ ))

f Si g indep. jf Zi g � MC(� Zi )

Q � 1 proportions
3Q4k� 1 transition probabilities

�
(Q � 1) + 3Q4Q� 1 parameters:

Inference.Standard ML techniques can be applied

for sequence with homogeneous lengths` i ,

with known order for the Markov chain.
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Metagenomics: Sequence classi�cation Orphean sequence classi�cation

Markov chain mixtures in practice

Heterogenous lengths.Reads are often 'assembled' before clustering,
resulting in sequences with (very) di�erent length.
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Metagenomics: Sequence classi�cation Orphean sequence classi�cation

Markov chain mixtures in practice

Heterogenous lengths.Reads are often 'assembled' before clustering,
resulting in sequences with (very) di�erent length.
! Information provided by each sequence/ its length:

fq(Si ) =
Y

k

� q(Si 1)
Y

`

� q(k; `)Ni (k;` ) � e` i

S. Robin (AgroParisTech / INRA) Statistical models for genomics Stat. Sud, June 2010, M�eze 67 / 124



Metagenomics: Sequence classi�cation Orphean sequence classi�cation

Markov chain mixtures in practice

Heterogenous lengths.Reads are often 'assembled' before clustering,
resulting in sequences with (very) di�erent length.
! Information provided by each sequence/ its length:

fq(Si ) =
Y

k

� q(Si 1)
Y

`

� q(k; `)Ni (k;` ) � e` i

! Classi�cation of very long sequences is almost 'certain':

� iq = pqfq(Si )=
X

r

pr fr (Si ) �!
n!1

f 0; 1g
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Metagenomics: Sequence classi�cation Orphean sequence classi�cation

Markov chain mixtures in practice

Heterogenous lengths.Reads are often 'assembled' before clustering,
resulting in sequences with (very) di�erent length.
! Information provided by each sequence/ its length:

fq(Si ) =
Y

k

� q(Si 1)
Y

`

� q(k; `)Ni (k;` ) � e` i

! Classi�cation of very long sequences is almost 'certain':

� iq = pqfq(Si )=
X

r

pr fr (Si ) �!
n!1

f 0; 1g

! 1 very long sequence = 1 group:

L (� ) =
X

i

X

q

� iq fq(Si ) +
X

i

H(f � iqg):
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Metagenomics: Sequence classi�cation Orphean sequence classi�cation

Markov chain mixtures in practice (cont'd)

E�cient number of parameters.The number of parameters grow
exponentially withk.
! It may exceedL =

P
i ` i .

! For k large w.r.t. L, a huge proportion ofk-word do not even appear
once (Rahman and Rivals (2003)).
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Metagenomics: Sequence classi�cation Orphean sequence classi�cation

Markov chain mixtures in practice (cont'd)

E�cient number of parameters.The number of parameters grow
exponentially withk.
! It may exceedL =

P
i ` i .

! For k large w.r.t. L, a huge proportion ofk-word do not even appear
once (Rahman and Rivals (2003)).

Handling huge samples.Running EM on 107 sequences is not an easy task.
! Dimension reduction
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Metagenomics: Sequence classi�cation Orphean sequence classi�cation

Application in comparative genomics

Aim: Compare the genomes of severalE. Coli strains.

Data: The genomes are shattered into'backbone'(i.e. common to all
strains) and'loops' (speci�c to one strain) fragments.

Combined mixture of Markov chains and sequence lengthsidenti�es groups
of sequences with similar annotations:

Cluster 1 Cluster 2 Cluster 3 Cluster 4 Total
y Mean length 7147,96 727.01 123.38 30.88

[2417; 40120] [335; 2270] [43; 323] [20; 42]
All sequences 77 156 365 289
Phage-like 10 1 0 0 11
IS (1) 2 13 0 0 15
BIME/PU ( 2) 0 3 98 26 127

(1) Insertion sequences / (2) Bacterial interspersed mosaic elements

S. Robin (AgroParisTech / INRA) Statistical models for genomics Stat. Sud, June 2010, M�eze 69 / 124



Biological Interaction Networks

Biological Interaction Networks
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Biological Interaction Networks What kind of network?

What kind of network?

Networks provide a natural description of the interactionsbetween the
'components' that are present in the cell.

Components may be physical
of 'conceptual' objects:

proteins,

genes,

reactions.

Protein interaction network
(PIN):

vertices = proteins,

edge = (possible)
physical interaction.
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Biological Interaction Networks What kind of network?

Another network

Regulatory network:

Vertex = gene or operon

Edges = Regulationi ! j

! Oriented & valued network

Aim:

Information transmission
between genes.

Dynamics of gene expression.
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Biological Interaction Networks What kind of network?

A more complexe network

Metabolic network: relations between chemical reactions and the enzymes
which catalyse them.
Which (simple) represen-
tation?
Vertex =

Reaction / enzyme?

Compound?

Bipartite?

Which de�nition for the
edges?

Existence of common
compound
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Biological Interaction Networks Dynamic systems

Dynamic systems

In the 'systems biology' literature,'network modelling'most often refers to
the desciption of a network as a (huge) dynamic system where

variables = metabolite concentrations,
relations = di�erential equations.
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Dynamic systems

In the 'systems biology' literature,'network modelling'most often refers to
the desciption of a network as a (huge) dynamic system where

variables = metabolite concentrations,
relations = di�erential equations.

Another applied math. point of view:
constants (reaction speeds, etc) are supposed to be known,
aim = understand the network dynamics (stability, limit cycle,
response to a 'control', etc).
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Biological Interaction Networks Dynamic systems

Dynamic systems

In the 'systems biology' literature,'network modelling'most often refers to
the desciption of a network as a (huge) dynamic system where

variables = metabolite concentrations,
relations = di�erential equations.

Another applied math. point of view:
constants (reaction speeds, etc) are supposed to be known,
aim = understand the network dynamics (stability, limit cycle,
response to a 'control', etc).

(very) Few connexions with statistics:
parameter inference is not an issue (see the literature),
dynamic analysis provides a qualitative description of thenetwork
behaviour that may su�cient,
relevant data (single cell concentrations) are not (yet) available,
statistical tools (stochastic di�erential equation) are less standard.
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Network inference

Network inference
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Network inference Gaussian graphical models

Gaussian graphical models

Aim: Infer gene regulation from gene expression data (Markowetz and
Spang (2007)+ some ideas fromC. Matias's SFdS talk).
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Network inference Gaussian graphical models

Gaussian graphical models

Aim: Infer gene regulation from gene expression data (Markowetz and
Spang (2007)+ some ideas fromC. Matias's SFdS talk).

Gaussian graphical model (GGM).DenotingYik = expression level of gene
i (= 1 ::p) in replicatek(= 1 ::n):

Yk = ( Y1k : : : Ypk ); f Ykg i.i.d. N (� ; � )

� reveals correlations ('co-expressions'), which are expected to be mostly
non-zero ('spurious edges').
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Network inference Gaussian graphical models

Gaussian graphical models

Aim: Infer gene regulation from gene expression data (Markowetz and
Spang (2007)+ some ideas fromC. Matias's SFdS talk).

Gaussian graphical model (GGM).DenotingYik = expression level of gene
i (= 1 ::p) in replicatek(= 1 ::n):

Yk = ( Y1k : : : Ypk ); f Ykg i.i.d. N (� ; � )

� reveals correlations ('co-expressions'), which are expected to be mostly
non-zero ('spurious edges').

'Regulatory' network. Only direct, i.e. conditional correlations matters:

pij = � (Yi ; Yj jY ij ) =
� wij

p
wii wjj

whereW = ( wij ) = � � 1

Regulations are revealed by thenon-zero terms of the precision matrixW.
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Network inference Gaussian graphical models

Regulatory network

Result = Undirected graph
(while regulation is oriented).

Major issue:p � n
! b� is singular.

Most popular strategy:
Regulariseb� (or cW)
assuming thatW is sparse.

(sourceSch•afer and Strimmer (2005))
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Network inference Inferring the precision matrix

Inferring the precision matrix

Making b� regular: Sch•afer and Strimmer (2005)use a shrinked estimates,

fW = ( b� + � I)� 1

! � � minimisingMSE(fW) can be determined;
! Multiple testing procedure is then applied to achieve sparsity.
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Network inference Inferring the precision matrix

Inferring the precision matrix

Making b� regular: Sch•afer and Strimmer (2005)use a shrinked estimates,

fW = ( b� + � I)� 1

! � � minimisingMSE(fW) can be determined;
! Multiple testing procedure is then applied to achieve sparsity.

Multiple testing. Partial correlations can be considered for a limited
number of 'conditioning' genes (Wille and Buhlmann (2006)).

� ij (S) = � (Yi ; Yj jf Ykgk2S )

and to test H0 = f pij (S) = 0 g for each of the
� n� 2

jSj

�
possible subsets.

In practice, only smallS(= 1 ; 2) can be considered.

Leads to a strong multiple testing issue (Drton and Perlman (2007),
Verzelen and Villers (2008)).
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Network inference Inferring the precision matrix

Inferring the precision matrix cont'd

Penalised regression.Partial correlations are also revealedregression
coe�cients . Sparsity can be achieved via LASSO penalization
Meinshausen and B•uhlmann (2006):

� i = arg min
�

kY i � Yni � i k2
2 + � k� i k1:
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Network inference Inferring the precision matrix

Inferring the precision matrix cont'd

Penalised regression.Partial correlations are also revealedregression
coe�cients . Sparsity can be achieved via LASSO penalization
Meinshausen and B•uhlmann (2006):

� i = arg min
�

kY i � Yni � i k2
2 + � k� i k1:

Penalised covariance.The same strategy can be applied directly to the
precision matrixW (Banerjeeet al. (2008)):

cW = arg min
W

� logjWj + tr( SW) + � kWk1:

account for a modularity structure of the network (Ambroiseet al.
(2008),Chiquetet al. (2009),Charbonnieret al. (2010)).
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Network inference Inferring the precision matrix

Inferring the precision matrix cont'd

Penalised regression.Partial correlations are also revealedregression
coe�cients . Sparsity can be achieved via LASSO penalization
Meinshausen and B•uhlmann (2006):

� i = arg min
�

kY i � Yni � i k2
2 + � k� i k1:

Penalised covariance.The same strategy can be applied directly to the
precision matrixW (Banerjeeet al. (2008)):

cW = arg min
W

� logjWj + tr( SW) + � kWk1:

account for a modularity structure of the network (Ambroiseet al.
(2008),Chiquetet al. (2009),Charbonnieret al. (2010)).

Model selection.Giraud. (2008)
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Network inference Inferring the precision matrix

Time-course data

Accounting for time.When replicates are obtained along time, edge
orientation can be associated with time causality, considering (L�ebre
(2009))

Y t = Y t � 1� + Et )

8
><

>:

H0 = f � (Y t
j ; Y t � 1

j jf Y t � 1
k gk2S g = 0g;

arg min� kY t
i � Y t � 1

ni � i k2
2 + � k� i k1:

Regulatory changes.Regulation rules may vary with time. The temporal
setting allows to look for change-point for� .
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Network inference Inferring the precision matrix

Some comments

Huge networks.

Gene expression data are available for thousands of genes,

but the inference of very large graphs is clearly hazardous.

A careful analysis of a reduced set of genes involved in a same
biological process is still complex.
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Some comments

Huge networks.

Gene expression data are available for thousands of genes,

but the inference of very large graphs is clearly hazardous.

A careful analysis of a reduced set of genes involved in a same
biological process is still complex.

Assessing edges.Villers et al. (2008) consider the assessment of few
putative edges in a given network.
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Network inference Inferring the precision matrix

Some comments

Huge networks.

Gene expression data are available for thousands of genes,

but the inference of very large graphs is clearly hazardous.

A careful analysis of a reduced set of genes involved in a same
biological process is still complex.

Assessing edges.Villers et al. (2008) consider the assessment of few
putative edges in a given network.

No real gold-standard.Very few regulatory networks are actually known,
! Methods assessment and comparison are mostly based on 'realistic'
simulations.
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Network evolution

Network evolution (a brief excursion)
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Network evolution 2 models

2 models

Ratmannet al. (2007) propose a model to describe the evolution of a PPI
network.

Model. At each timet , a new node joins
the network either according to a

duplication divergencewith
parent-child attachment (DDa:
prob. � )

or to preferential attachment(PA:
prob. 1� � )

Duplication divergence.
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Network evolution 2 models

2 models

Ratmannet al. (2007) propose a model to describe the evolution of a PPI
network.

Model. At each timet , a new node joins
the network either according to a

duplication divergencewith
parent-child attachment (DDa:
prob. � )

or to preferential attachment(PA:
prob. 1� � )

Duplication divergence.

Likelihood. Since the history of the network is not observed, the likelihood
is a sum over all possible pathsthat could give raise to the observed
network.
! Direct ML can not be achieved.
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Network evolution 2 models

Inference

ABC inference:SeeO. Fran�cois's lecture yesterday.
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Network evolution 2 models

Inference

ABC inference:SeeO. Fran�cois's lecture yesterday.

Network evolution.ABC is based a pre-de�ned distance between the
observed networkX and the simulated oneX0

d[S(X); S(X0)]:

whereS(X) is the vector ofsummary statistics, e.g.
number of edges,
motifs counts (V,r , , etc.),
...

S. Robin (AgroParisTech / INRA) Statistical models for genomics Stat. Sud, June 2010, M�eze 84 / 124



Network evolution 2 models

Inference

ABC inference:SeeO. Fran�cois's lecture yesterday.

Network evolution.ABC is based a pre-de�ned distance between the
observed networkX and the simulated oneX0

d[S(X); S(X0)]:

whereS(X) is the vector ofsummary statistics, e.g.
number of edges,
motifs counts (V,r , , etc.),
...

Remarks.
1 The proposed algorithm looks like a Metropolis-Hastings for a ERGM

with same statisticsS and �xed parameter
 (summarised in the
choice of the distance).

2 The calculation of the statisticsS for each simulated graph remains
an algorithmic issue.
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Network topology

Network topology
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Network topology Networks as random graphs

Networks as random graphs

Aim:
The global topology of the network give some insights about it
general behaviour and properties(Barab�asi and Albert (1999),Albert
and Barab�asi (2002)).
Mechanistic modelsexplaining the observed topology are not always
available, or mathematically tractable.
'Null' or reference modelsprovide a naive and yet reasonably faithful
description of the observed network.
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Network topology Networks as random graphs

Networks as random graphs

Aim:
The global topology of the network give some insights about it
general behaviour and properties(Barab�asi and Albert (1999),Albert
and Barab�asi (2002)).
Mechanistic modelsexplaining the observed topology are not always
available, or mathematically tractable.
'Null' or reference modelsprovide a naive and yet reasonably faithful
description of the observed network.

Reference models
Provide a global picture of the network structure,
Predict expected topologies for 'similar' networks,
Provide a proper framework to simulate 'realistic' networks,
Allow us to detect 'unexpected' structures in observed networks.
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Network topology Networks as random graphs

Networks as random graphs

Aim:
The global topology of the network give some insights about it
general behaviour and properties(Barab�asi and Albert (1999),Albert
and Barab�asi (2002)).
Mechanistic modelsexplaining the observed topology are not always
available, or mathematically tractable.
'Null' or reference modelsprovide a naive and yet reasonably faithful
description of the observed network.

Reference models
Provide a global picture of the network structure,
Predict expected topologies for 'similar' networks,
Provide a proper framework to simulate 'realistic' networks,
Allow us to detect 'unexpected' structures in observed networks.

! Similar to Markovian models in DNA sequence analysis (cfS. Schbath
yesterday).
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Network topology Fitting network characteristics

Some (simple) models �tting network characteristics

Density (number of edges):The Erd•os & R�enyi (ER) model states that

f Xij g1� i < j � n i.i.d.; Xij � B (
 ) ( � = 
 )

! Does not �t other characteristics (degree distribution, diameter, etc.)
of most real network.
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Network topology Fitting network characteristics

Some (simple) models �tting network characteristics

Density (number of edges):The Erd•os & R�enyi (ER) model states that

f Xij g1� i < j � n i.i.d.; Xij � B (
 ) ( � = 
 )

! Does not �t other characteristics (degree distribution, diameter, etc.)
of most real network.

Colour frequencies (coloured networks):DenotingCi the colour of nodei ,
the coloured Erd•os & R�enyi (CER) model states that

f Ci g1� i � n i.i.d.; Ci � M (1; s = ( s1; s2; : : : ))
f Xij g1� i < j � n i.i.d.; Xij � B (
 )

(� = ( s; 
 ))
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Network topology Fitting network characteristics

Some (simple) models (cont'd)

Node degree:Givendi = observed degree of nodei , the �x degree
distribution (FDD) models states that

X � Uf x :
X

j

xij = di g (� = d = f di g)

! Sampling such graphs is not that easy (edge swapping algorithm).
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Network topology Fitting network characteristics

Some (simple) models (cont'd)

Node degree:Givendi = observed degree of nodei , the �x degree
distribution (FDD) models states that

X � Uf x :
X

j

xij = di g (� = d = f di g)

! Sampling such graphs is not that easy (edge swapping algorithm).

Degree distribution.Givendobs = f di gi the degrees in the observed graph,
the expected degree distribution (EDD) model states that

f Ki gi i.i.d. � Uf dobsg
f Xij g independentjf Ki g : Xij � B (cKi Kj )

(� = dobs)
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Network topology Fitting network characteristics

Some (simple) models (cont'd)

Node degree:Givendi = observed degree of nodei , the �x degree
distribution (FDD) models states that

X � Uf x :
X

j

xij = di g (� = d = f di g)

! Sampling such graphs is not that easy (edge swapping algorithm).

Degree distribution.Givendobs = f di gi the degrees in the observed graph,
the expected degree distribution (EDD) model states that

f Ki gi i.i.d. � Uf dobsg
f Xij g independentjf Ki g : Xij � B (cKi Kj )

(� = dobs)

Similar to permutation vs Markovian models for sequences.
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Network topology Fitting network characteristics

Some (simple) models (cont'd)

Node degree:Givendi = observed degree of nodei , the �x degree
distribution (FDD) models states that

X � Uf x :
X

j

xij = di g (� = d = f di g)

! Sampling such graphs is not that easy (edge swapping algorithm).

Degree distribution.Givendobs = f di gi the degrees in the observed graph,
the expected degree distribution (EDD) model states that

f Ki gi i.i.d. � Uf dobsg
f Xij g independentjf Ki g : Xij � B (cKi Kj )

(� = dobs)

Similar to permutation vs Markovian models for sequences.

Statistical inference:Easy until now!
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Network topology Fitting network characteristics

Some (more complex) models

Heterogeneity of connexion pro�les:Latent space models (Bollob�as et al.
(2007)) suppose that each nodei occupies anunknown latent positionZi

and that

f Zi g i.i.d. � �
f Xij g independentjf Zi g : Xij � B [
 (Zi ; Zj )]

(� = ( �; 
 ))
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Network topology Fitting network characteristics

Some (more complex) models

Heterogeneity of connexion pro�les:Latent space models (Bollob�as et al.
(2007)) suppose that each nodei occupies anunknown latent positionZi

and that

f Zi g i.i.d. � �
f Xij g independentjf Zi g : Xij � B [
 (Zi ; Zj )]

(� = ( �; 
 ))

Continuous (Ho� et al. (2002)): (' PCA)

Zi 2 Rd ; logit[
 (z; z0)] = a � j z � z0j
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Network topology Fitting network characteristics

Some (more complex) models

Heterogeneity of connexion pro�les:Latent space models (Bollob�as et al.
(2007)) suppose that each nodei occupies anunknown latent positionZi

and that

f Zi g i.i.d. � �
f Xij g independentjf Zi g : Xij � B [
 (Zi ; Zj )]

(� = ( �; 
 ))

Continuous (Ho� et al. (2002)): (' PCA)

Zi 2 Rd ; logit[
 (z; z0)] = a � j z � z0j

Discrete (Nowicki and Snijders (2001)): (' clustering, = mixture model)

Zi 2 f 1; : : : ; K g; 
 (k; `) = 
 k` :
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Network topology Fitting network characteristics

Some (more complex) models

Heterogeneity of connexion pro�les:Latent space models (Bollob�as et al.
(2007)) suppose that each nodei occupies anunknown latent positionZi

and that

f Zi g i.i.d. � �
f Xij g independentjf Zi g : Xij � B [
 (Zi ; Zj )]

(� = ( �; 
 ))

Continuous (Ho� et al. (2002)): (' PCA)

Zi 2 Rd ; logit[
 (z; z0)] = a � j z � z0j

Discrete (Nowicki and Snijders (2001)): (' clustering, = mixture model)

Zi 2 f 1; : : : ; K g; 
 (k; `) = 
 k` :

Statistical inference:Not that easy
Burdensome MCMC inference (limited to small networks)
Variational approximation (Daudin et al. (2008), see later)
Variational Bayes inference

S. Robin (AgroParisTech / INRA) Statistical models for genomics Stat. Sud, June 2010, M�eze 89 / 124



Network topology Fitting network characteristics

Some (more complex) models (cont'd)

Motif counts: Exponential random graphs (ERGM, orp� ) (Pattison and
Robins (2007)) constitute a wide class of models stating that

P(X; � ) = exp[u(X)0� � c(� )]

whereu(X) is a vector ofsu�cient statistics, e.g.

u(X) = [# edges, # V's, # triangles, # 3-stars, . . . ]
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Network topology Fitting network characteristics

Some (more complex) models (cont'd)

Motif counts: Exponential random graphs (ERGM, orp� ) (Pattison and
Robins (2007)) constitute a wide class of models stating that

P(X; � ) = exp[u(X)0� � c(� )]

whereu(X) is a vector ofsu�cient statistics, e.g.

u(X) = [# edges, # V's, # triangles, # 3-stars, . . . ]

! Statistical inference isquite hard. Ex:

c(� ) = log

 
X

x

exp[u(x)0� ]

!

:
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Network topology Fitting network characteristics

Some (more complex) models (cont'd)

Motif counts: Exponential random graphs (ERGM, orp� ) (Pattison and
Robins (2007)) constitute a wide class of models stating that

P(X; � ) = exp[u(X)0� � c(� )]

whereu(X) is a vector ofsu�cient statistics, e.g.

u(X) = [# edges, # V's, # triangles, # 3-stars, . . . ]

! Statistical inference isquite hard. Ex:

c(� ) = log

 
X

x

exp[u(x)0� ]

!

:

! Motifs used inu(X) will never be exceptionalw.r.t. this model.
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Network topology Mixture Model

Mixture Model

Discrete-valued latent labels:each nodei belong to classq with
probability � q:

f Zi gi i.i.d.; Zi � M (1; � )

where� = ( � 1; : : : � K );
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Network topology Mixture Model

Mixture Model

Discrete-valued latent labels:each nodei belong to classq with
probability � q:

f Zi gi i.i.d.; Zi � M (1; � )

where� = ( � 1; : : : � K );

Observed edges:f Xij gi ;j are conditionally independent given theZi 's:

(Xij j Zi = k; Zj = `) � fk` (�):

wherefk` (�) is some parametric distributionfk` (x) = f (x; 
 k` ), e.g.

(Xij jZik Zj ` = 1) � B (
 k` )

We denote
 = f 
 k` gk;` :
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Network topology Mixture Model

Mixture Model

Discrete-valued latent labels:each nodei belong to classq with
probability � q:

f Zi gi i.i.d.; Zi � M (1; � )

where� = ( � 1; : : : � K );

Observed edges:f Xij gi ;j are conditionally independent given theZi 's:

(Xij j Zi = k; Zj = `) � fk` (�):

wherefk` (�) is some parametric distributionfk` (x) = f (x; 
 k` ), e.g.

(Xij jZik Zj ` = 1) � B (
 k` )

We denote
 = f 
 k` gk;` :

Inference:We need to estimate

� = ( � ; 
 ) and P(Zi jX)
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Network topology Mixture Model

Illustration: A social network
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Data. Social binary network of
friendship within a sport club.

Results.The split is recovered and
the role of the leaders is under-
lined.

b
 k` (%)
k=` 1 2 3 4
1 100 53 16 16
2 - 12 0 7
3 - - 8 73
4 - - - 100

n� ` 3 13 16 2
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Network topology Variational Inference

Maximum likelihood inference

Maximum likelihood estimate:We are looking for
b� = arg max

�
logP(X; � )
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Network topology Variational Inference

Maximum likelihood inference

Maximum likelihood estimate:We are looking for
b� = arg max

�
logP(X; � )

Incomplete data model:
P(X; � ) =

P
Z P(X; Z; � ) is generally not always computable.

This of P(X; Z; � ) is much easier ... except thatZ is unknown.
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Network topology Variational Inference

Maximum likelihood inference

Maximum likelihood estimate:We are looking for
b� = arg max

�
logP(X; � )

Incomplete data model:
P(X; � ) =

P
Z P(X; Z; � ) is generally not always computable.

This of P(X; Z; � ) is much easier ... except thatZ is unknown.

Lower bound of the log-likelihood:For any distributionQ(Z), we have
(Jordanet al. (1999),Jaakkola (2000))

logP(X) � logP(X) � KL[Q(Z); P(ZjX)]

= H(Q) + EQ [logP(X; Z)]

where H(Q) =
Z

Q(Z) log Q(Z)dZ

EQ [logP(X; Z)] =
Z

Q(Z) log P(X; Z)dZ
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Network topology Variational Inference

2 cases

If P(ZjX) can be calculated: taking Q(Z) = P(ZjX) achieves the
maximisation of logP(X) through this of

EQ [logP(X; Z; � )]:

! E-M algorithm for independent mixtures, hidden Markov models, etc.
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Network topology Variational Inference

2 cases

If P(ZjX) can be calculated: taking Q(Z) = P(ZjX) achieves the
maximisation of logP(X) through this of

EQ [logP(X; Z; � )]:

! E-M algorithm for independent mixtures, hidden Markov models, etc.

If P(ZjX) can not be calculated: the best lower bound of logP(X) is
obtained for

Q� = arg min
Q2Q

KL[Q(Z); P(ZjX)]

! Mean-�eld approximation for random graphs.
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Network topology Variational Inference

Variational E-M

'Expectation' step (E-step):calculate

P(ZjX; � )

or its approximation

Q� = arg min
Q2Q

KL[Q(Z); P(ZjX; � )]:

Maximisation step (M-step):estimate� with

b� = arg max
�

EQ [logP(X; Z; � )]

which maximise logP(X) if Q(Z) = P(ZjX), and its lower bound
otherwise.
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Network topology Variational Inference

Back to networks

Dependency structure.

Graphical rep.:
P(Z)P(XjZ)

Moral graph
(Lauritzen (1996))

Cond. dependency:
P(ZjX)

Z
i
   

X
ij

Z
j
   

X
jk

Z
k
   

X
ik

Z
i
   

X
ij

Z
j
   

X
jk

Z
k
   

X
ik

Z
i
   

X
ij

Z
j
   

X
jk

Z
k
   

X
ik
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Network topology Variational Inference

Back to networks

Dependency structure.

Graphical rep.:
P(Z)P(XjZ)

Moral graph
(Lauritzen (1996))

Cond. dependency:
P(ZjX)

Z
i
   

X
ij

Z
j
   

X
jk

Z
k
   

X
ik

Z
i
   

X
ij

Z
j
   

X
jk

Z
k
   

X
ik

Z
i
   

X
ij

Z
j
   

X
jk

Z
k
   

X
ik

The conditional dependency ofZ is a clique
! no factorisation can be hoped to calculateP(ZjX) (unlike hidden
Markov random �elds)
! P(ZjX) can only be approximated.
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Network topology Variational Inference

Likelihood

Complete log-likelihood:

logP(X; Z) =
X

i ;k

Zik log� k +
X

i ;j

X

k;`

Zik Zj ` logf (Xij ; 
 k` ):

'Completed' log-likelihood:

EQ [logP(X; Z)] =
X

i ;k

EQ [Zik ]
| {z }

� ik

log� k +
X

i ;j

X

k;`

EQ [Zik Zj ` ] logf (Xij ; 
 k` ):

M-step: weighted version of the MLE.
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Network topology Variational Inference

Approximation ofP(ZjX)

Problem: We are looking for

Q� = arg min
Q2Q

KL[Q(Z); P(ZjX)]:
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Network topology Variational Inference

Approximation ofP(ZjX)

Problem: We are looking for

Q� = arg min
Q2Q

KL[Q(Z); P(ZjX)]:

We restrict ourselves to the set offactorisable distributions:

Q =

(

Q : Q(Z) =
Y

i

Qi (Zi ) =
Y

i

Y

k

� Zik
ik

)

:

Q� is characterised by the set of optimal parameters� �
ik 's:

� �
ik = EQ [Zik ] � Prf Zi = kjXg:
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Network topology Variational Inference

Approximation ofP(ZjX)

Problem: We are looking for

Q� = arg min
Q2Q

KL[Q(Z); P(ZjX)]:

We restrict ourselves to the set offactorisable distributions:

Q =

(

Q : Q(Z) =
Y

i

Qi (Zi ) =
Y

i

Y

k

� Zik
ik

)

:

Q� is characterised by the set of optimal parameters� �
ik 's:

� �
ik = EQ [Zik ] � Prf Zi = kjXg:

The optimal � �
ik 's can be found using standard (constrained)

optimisation techniques.
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Network topology Variational Inference

Best factorisable approximation

The optimal � ik 's must satisfy the �x-point relation:

� �
ik / � k

Y

j 6= i

Y

`

fk` (Xij )
� �

j `

also known asmean-�eld approximation in physics.

Intuitive interpretation:

Prf Zi = kjX; Zni g / � k

Y

j 6= i

Y

`

fk` (Xij )Zj ` :

Improvement:The approximation ofEQ [Zik Zj ` ] can be improved via a
message passing algorithm.
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Network topology Application to regulatory networks

Application to regulatory network

Regulatory network = directed graph
where

Nodes = genes (or groups of
genes, e.g. operons)

Edges = regulations:

f i ! j g , i regulatesj

Typical questions are

Do some nodes share similar
connexion pro�les?

Is there a 'macroscopic'
organisation of the network?
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Network topology Application to regulatory networks

Meta-graph representation

b
 k` (%) 1 2 3 4 5
1 : : : : :
2 6:40 1:50 1:34 : :
3 1:21 : : : :
4 : : : : :
5 8:64 17:65 : 72:87 11:01

b� (%) 65:49 5:18 7:92 21:10 0:30

(sourcePicard et al. (2009))
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Network topology Variational approximation for networks

Variational Bayes inference

Bayesian setting:Both � and Z are unobserved and we want to retrieve
P(Z; � jX)

Exponential family / conjugate prior:if

P(� ) / exp[� (� )0� ]

P(X; Zj� ) / exp[� (� )0u(X; Z)]

the best approximate distribution

Q� = arg min
Q2Q

KL[Q(Z; � ); P(Z; � [X)]

within the class of factorisable distributionsQ:

Q = f Q : Q(Z; � ) = QZ (Z)Q� (� )g

can be recovered via avariational Bayes E-M algorithm (VBEM)(Beal and
Ghahramani (2003)).
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Network topology Variational approximation for networks

VB-EM

The optimal Q� (Z; � ) = Q�
Z (Z)Q�

� (� ) can be recovered by an EM-like
algorithm

M step: logQ� (� ) = � (� )| f EQZ [u(X; Z)] + � g + cst

'E' step: logQZ (Z) = EQ� [� (� )] | u(X; Z) + cst

Mean-�eld approximation.For network mixture models, we get

� VB
iq / e ( enq )�  (

P Q
l =1 en` )

nY

j 6= i

QY

l =1

e� VB
j ` f  ( e� q` )�  (e� q` + e� q` )+ Xij [ (e� q` )�  ( e� q` )]g)
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Network topology Variational approximation for networks

VB-EM Credibility intervals

VB-EM Credibility intervalswith a mixture of 2 groups of nodes

� 1: +, 
 11: 4 , 
 12: � , 
 22: �

For all parameters, VB-EM posterior credibility intervalsachieve the
nominal level (90%), as soon asn � 25.

! the VB-EM approximation works well, at least for graphs.
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Network topology Variational approximation for networks

Convergence rate of the VB estimates

Width of the posterior credibility intervals.� 1, � 11, � 12, � 22

The width decreases as 1=
p

n for � 1.

It decreases as 1=n for � 11, � 12 and � 22.

Consistent with the penalty of the ICL criterion ofDaudin et al.
(2008):

(Q � 1) logn + Q2 log[n(n � 1)=2]:
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Network topology Variational approximation for networks

Variational approximation for graphs

The quality of the inference based on the variational approximation is not
very well known yet.

VEM algorithm converge to adi�erent optimum than ML in the
general case (Gunawardana and Byrne (2005)), except for
degenerated models.
Consistency is proved forsome incomplete data models(McGrory and
Titterington (2009)).
VB-EM often under-estimate the posterior variances.
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Network topology Variational approximation for networks

Variational approximation for graphs

The quality of the inference based on the variational approximation is not
very well known yet.

VEM algorithm converge to adi�erent optimum than ML in the
general case (Gunawardana and Byrne (2005)), except for
degenerated models.
Consistency is proved forsome incomplete data models(McGrory and
Titterington (2009)).
VB-EM often under-estimate the posterior variances.

Speci�c case of graphs.
Speci�c asymptotic framework0p0 = n.
Mean �eld approximation asymptotically exact for some models with
in�nite range dependency (Opper and Winther (2001): law of large
number argument).
Network mixtures are, in some sense, degenerated: Prf bZ = Zg �! 1:
Celisse & Daudin
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Network motifs

Network motifs
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Network motifs What motifs?

What motifs?

Local patternsconstitute functional modules or basic build-
ing blocks of complex networks (Shen-Orret al. (2002)).

Transcription regulatory networks:motifs may perform spe-
ci�c regulatory functions (e.g. feed-forward loop, bi-fan: see
right).
Milo et al. (2002), Mangan and Alon (2003), Prill et al.
(2005)

Metabolic motif may reveal systematic associations of reac-
tions in metabolic pathways.
Lacroixet al. (2006)
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Network motifs 2 di�erent motifs

Coloured motif in metabolic networks

A motif m is de�ned by a set ofk
colors (with possible repetitions).

Colour= Enzyme classi�cation

A coloured motifm of sizek oc-
curs when

a set ofk nodes

composing aconnected
subgraph

with prescriptedcolors

is observed.

3 occurrences of the motifm.

(Schbathet al. (2009))
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Network motifs 2 di�erent motifs

Topological motif in gene-interaction networks

De�nition. A topological motifm of is characterised by its adjacency
matrix (also denoted bym):

muv = I f u � vg:

Permutations. For a given
motif m, we need to consider
the set R(m) of its permuta-
tions.

Right: the V motif may occure
in 3 ways at a �xed position
� = ( i ; j ; k):

m m0 m00

h
0 1 1
: 0 0
: : 0

i h
0 1 0
: 0 1
: : 0

i h
0 0 1
: 0 1
: : 0

i

i j

k

i j

k

i j

k
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Network motifs 2 di�erent motifs

Occurence of a topological motif

A topological motif m of size k
occurs when

a set ofk nodes

with prescriptededges

is observed.

So-called

induced motif

6= exact occurrence.

1 occurrence of 'r '
and 5 occurrences 'V'.

(Picard et al. (2008))
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Network motifs Motif count

Motif occurrence

Position. A (k-)position � is a set ofk di�erent nodes taken is ascending
order:

� = ( i1; :::ik ); i1 < i2 < ::: < ik :

A graph of sizen contains
�

n
k

�
positions.

Motif occurrence:Binary variableY� (m) = I f m occurs at� g
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Network motifs Motif count

Motif occurrence

Position. A (k-)position � is a set ofk di�erent nodes taken is ascending
order:

� = ( i1; :::ik ); i1 < i2 < ::: < ik :

A graph of sizen contains
�

n
k

�
positions.

Motif occurrence:Binary variableY� (m) = I f m occurs at� g

Coloured motif:

Y� (m) = I f C� = mg

� I f sub-graphX � connectedg
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Network motifs Motif count

Motif occurrence

Position. A (k-)position � is a set ofk di�erent nodes taken is ascending
order:

� = ( i1; :::ik ); i1 < i2 < ::: < ik :

A graph of sizen contains
�

n
k

�
positions.

Motif occurrence:Binary variableY� (m) = I f m occurs at� g

Coloured motif:

Y� (m) = I f C� = mg

� I f sub-graphX � connectedg

Topological motif:

Y� (m) =
Y

1� u< v� k

(Xiu iv )muv

(induced occurrence)
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Network motifs Motif count

Occurrence probability

Two assumptions (Picard et al. (2008)):

(H1) Stationarity: (not true for FDD)

D(Xi1j1; : : : ; Xi` j` ) = D(Xi 0
1j 0

1
; : : : ; Xi 0

` j 0
`
):

(H2) Independence of disjoint occurrences:

Y� (m) ? Y� (m) if � \ � = ; :
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Network motifs Motif count

Occurrence probability

Two assumptions (Picard et al. (2008)):

(H1) Stationarity: (not true for FDD)

D(Xi1j1; : : : ; Xi` j` ) = D(Xi 0
1j 0

1
; : : : ; Xi 0

` j 0
`
):

(H2) Independence of disjoint occurrences:

Y� (m) ? Y� (m) if � \ � = ; :

Occurrence probability:Under (H1), Prf Y� = 1g does not depend on� :

8�; 8m0 2 R (m); Prf Y� (m0) = 1 g = Pr f Y� (m) = 1 g = � (m):
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Network motifs Motif count

Occurrence probability (cont'd)

Coloured motif:
Coloured Erd•os-Renyi (CER):

� (m) = f (m)g(k; p)

where

f (m) = Pr f colorsg

=
k!

Q
c s(c)!

Y

i

f (mi )

g(k; 
 ) = Pr f connectednessg:
1 � g(k; 
 ) =

k� 1X

i =1

�
k � 1
i � 1

�
g(i ; 
 )(1 � 
 ) i (k� i )
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Network motifs Motif count

Occurrence probability (cont'd)

Coloured motif:
Coloured Erd•os-Renyi (CER):

� (m) = f (m)g(k; p)

where

f (m) = Pr f colorsg

=
k!

Q
c s(c)!

Y

i

f (mi )

g(k; 
 ) = Pr f connectednessg:
1 � g(k; 
 ) =

k� 1X

i =1

�
k � 1
i � 1

�
g(i ; 
 )(1 � 
 ) i (k� i )

Topological motif:
Erd•os-Renyi (ER):

� (m) =
Y

1� u< v� k


 muv :
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Network motifs Motif count

Occurrence probability (cont'd)

Coloured motif:
Coloured Erd•os-Renyi (CER):

� (m) = f (m)g(k; p)

where

f (m) = Pr f colorsg

=
k!

Q
c s(c)!

Y

i

f (mi )

g(k; 
 ) = Pr f connectednessg:
1 � g(k; 
 ) =

k� 1X

i =1

�
k � 1
i � 1

�
g(i ; 
 )(1 � 
 ) i (k� i )

Topological motif:
Erd•os-Renyi (ER):

� (m) =
Y

1� u< v� k


 muv :

Expected degree distribution (EDD):

� (m) /
kY

u=1

E (Dmu+ ) :

S. Robin (AgroParisTech / INRA) Statistical models for genomics Stat. Sud, June 2010, M�eze 114 / 124



Network motifs Motif count

Occurrence probability (cont'd)

Coloured motif:
Coloured Erd•os-Renyi (CER):

� (m) = f (m)g(k; p)

where

f (m) = Pr f colorsg

=
k!

Q
c s(c)!

Y

i

f (mi )

g(k; 
 ) = Pr f connectednessg:
1 � g(k; 
 ) =

k� 1X

i =1

�
k � 1
i � 1

�
g(i ; 
 )(1 � 
 ) i (k� i )

Topological motif:
Erd•os-Renyi (ER):

� (m) =
Y

1� u< v� k


 muv :

Expected degree distribution (EDD):

� (m) /
kY

u=1

E (Dmu+ ) :

Mixture model:

� (m) =
QX

c1=1

: : :
QX

ck =1

� c1 : : : � ck

�
Y

1� u< v� k


 muv
cu ;cv

:
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Network motifs (Exact) Moments of the count

Count

Count. The total number of occurrences is the sum over all positions(and
all permutations) of the binary variables:

Coloured motif:

N(m) =
X

�

Y� (m)

Topological motif:

N(m) =
X

�

X

m02R (m)

Y� (m0)
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Network motifs (Exact) Moments of the count

Count

Count. The total number of occurrences is the sum over all positions(and
all permutations) of the binary variables:

Coloured motif:

N(m) =
X

�

Y� (m)

Topological motif:

N(m) =
X

�

X

m02R (m)

Y� (m0)

Counting the occurrencesin a given network is a non-trivial algorithmic
task for both motifs:

coloured (Lacroixet al. (2006));

topological (Wernicke and Rasche (2006), Shen-Orret al. (2002)).
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Network motifs (Exact) Moments of the count

Count

Count. The total number of occurrences is the sum over all positions(and
all permutations) of the binary variables:

Coloured motif:

N(m) =
X

�

Y� (m)

Topological motif:

N(m) =
X

�

X

m02R (m)

Y� (m0)

Counting the occurrencesin a given network is a non-trivial algorithmic
task for both motifs:

coloured (Lacroixet al. (2006));

topological (Wernicke and Rasche (2006), Shen-Orret al. (2002)).

Other types of exceptionalitycan be considered, such as local
concentration of occurrences (Birmel�e (2009))
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Network motifs (Exact) Moments of the count

Moments

Mean: Straightforwardly

EcolN(m) =
�

n
k

�
� (m); Etopo N(m) =

�
n
k

�
jR (m)j� (m):
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Network motifs (Exact) Moments of the count

Moments

Mean: Straightforwardly

EcolN(m) =
�

n
k

�
� (m); Etopo N(m) =

�
n
k

�
jR (m)j� (m):

Variance:Obtained via the calculation ofE[N(m)2].

N2(m) =
X

�;� 2 Ik

X

m0;m002R (m)

Y� (m0)Y� (m00)

if topological =
kX

s=0

X

j � \ � j= s

X

m0;m002R (m)

Y� [ � (m0

s
m00)

where 

s

is the overlapping operatorwith s common nodes andm0

s
m00is

the super-motifmade of two overlapping occurrences ofm0 and m00.
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Network motifs (Exact) Moments of the count

Overlaps of coloured motifs

We have to calculate

E[Y� (m)Y� (m)] / Prf (X � connected)\ (X � connected)g

6= Prf X � [ � connectedg = g(2k � s; 
 )

This requires to explore all
possibilities for the shared
edges.

Right: Example for a motifm
of sizek = 2 and s = 1.

S. Robin (AgroParisTech / INRA) Statistical models for genomics Stat. Sud, June 2010, M�eze 117 / 124



Network motifs (Exact) Moments of the count

Overlaps of topological motifs

Super-motifs are made of
overlapping occurrences of
equivalent versions ofm.

The adjacency matrices of all
super-motifs can besystemat-
ically enumerated.

Right: All m0

s
m00with s = 3

for the 4 spike star motif:
m =

Alternative strategyproposed
in Matias et al. (2006)
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Network motifs (Exact) Moments of the count

Choosing the model: FDD vs EDD

Case of the FDD model:The number of star motifsmk (with k arrows) is
given by the degrees of the nodesdi :

N(mk ) =
X

i

�
di

k

�
)

8
<

:

EFDD [N(mk )] = Nobs(mk );

VFDD [N(mk )] = 0 :
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Network motifs (Exact) Moments of the count

Choosing the model: FDD vs EDD

Case of the FDD model:The number of star motifsmk (with k arrows) is
given by the degrees of the nodesdi :

N(mk ) =
X

i

�
di

k

�
)

8
<

:

EFDD [N(mk )] = Nobs(mk );

VFDD [N(mk )] = 0 :

Expected degree distribution (EDD) model.dobs = f di gi degrees in the
observed graph;

f Ki gi i.i.d. � Uf dobsg

f Xij g independentjf Zi g : Xij � B (cKi Kj )

! Preserves the distribution of the degrees,
! Satis�es the stationarity assumption (H1).
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Network motifs (Approximate) Distribution of the count

Compound Poisson approximation

Compound Poisson heuristic:Motif occurrences appear in clumps

Number of clumpsC � P (� )

Clump sizesf Scgc i.i.d. � G (1 � a)

N(m)
D
�

CX

c=1

Sc

(inspired from sequence motifs:R. & al. (2005)).

Moment �t:

a =
VN(m) � EN(m)
VN(m) + EN(m)

; � = (1 � a)EN(m):
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Network motifs (Approximate) Distribution of the count

Some simulations

Mixture model
K = 2
n = 200

Distributions
'G': Gaussian,
'CP': com-
pound Poisson

Accuracy
D: total varia-
tion distance,
F̂: actual level
of the 99%
quantile.

S. Robin (AgroParisTech / INRA) Statistical models for genomics Stat. Sud, June 2010, M�eze 121 / 124



Network motifs (Approximate) Distribution of the count

Some simulations

Mixture model
K = 2
n = 200

Distributions
'G': Gaussian,
'CP': com-
pound Poisson

Accuracy
D: total varia-
tion distance,
F̂: actual level
of the 99%
quantile.

Motif V (frequent) (D, F in %)
E V � 1

1� a DG DCP F̂G F̂CP

159.5 2034.0 23.1 6.66 20.4 19.7 2.5 1.6
104.9 590.5 31.6 3.33 15.2 14 1.9 1.2
98.5 484.0 33.3 2.27 13.1 12.6 1.1 0.7
98.5 484.0 33.2 2.27 14.3 13.2 1.6 1.1
98.5 488.4 33.1 2.27 14.5 14.8 2.5 0.9
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Network motifs (Approximate) Distribution of the count

Some simulations

Mixture model
K = 2
n = 200

Distributions
'G': Gaussian,
'CP': com-
pound Poisson

Accuracy
D: total varia-
tion distance,
F̂: actual level
of the 99%
quantile.

Motif V (frequent) (D, F in %)
E V � 1

1� a DG DCP F̂G F̂CP

159.5 2034.0 23.1 6.66 20.4 19.7 2.5 1.6
104.9 590.5 31.6 3.33 15.2 14 1.9 1.2
98.5 484.0 33.3 2.27 13.1 12.6 1.1 0.7
98.5 484.0 33.2 2.27 14.3 13.2 1.6 1.1
98.5 488.4 33.1 2.27 14.5 14.8 2.5 0.9

Motif � (rare)
E V � 1

1� a DG DCP F̂G F̂CP

7.31 21.72 3.68 2 11.8 5.4 3.2 0.9
2.57 3.42 2.21 1.16 9.3 2.7 3.6 0.5
2.74 3.69 2.33 1.17 12.3 3.6 4.7 1.2
1.94 2.40 1.74 1.11 11.3 2.0 3.2 1.6
2.74 3.72 2.32 1.17 10.8 4.5 3.7 0.7
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Network motifs (Approximate) Distribution of the count

E coli regulatory network

Comparison with 'M�nder'
Here
Occurrences: induced
Model: mixture
Distribution: compound Poisson

M�nder
Occurrences: exact
Model: FDD
Distribution: Gaussian

Motif Nobs(m) E(N) � (N) p
14 113 13 118 2 599 3E� 1

75 64.4 20 3E� 1
98 697 90 059 26 064 3E� 1

112 490 89 372 26 423 2E� 1
1 058 492 202 1E� 2
3 535 2 756 1 087 2E� 1

79 33.2 19.5 3E� 2
0 0.165 0.432 1.00

Nobs(m) N100 � 100 p
13 888 13 648 51.8 2E� 6

75 155 17.3 2E� 6
87 869 112 532 1 957 1E� 36

109 113 103 186 1 084 2E� 8
979 796 64.7 2E� 3

3 219 8 734 945 3E� 9
79 273 66.7 2E� 3
0 6.2 3.7 4E� 2
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Network motifs Perspectives

Network comparison: in progress
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Network motifs Perspectives

Network comparison: in progress

Aim: De�ne a (dis-)similarity measure to compare networks.

Strategy: De�ne it based on network motif frequencies.
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Network motifs Perspectives

Network comparison: in progress

Aim: De�ne a (dis-)similarity measure to compare networks.

Strategy: De�ne it based on network motif frequencies.

Desirable properties:avoid dependency on 'irrelevant' characteristics, such
as

network sizes,

network densities,

colour frequencies in each network,

redundancy between motifs frequencies.
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Network motifs Perspectives

Motif-based description

Vector of counts.For a set of (coloured or topological) motifs
(m1; : : : ; mM ) and a given networkg, de�ne

Ng = [ Ng (m1) : : : Ng (mM )]:

Moments. For a series of random graph models { satisfying (H1) and
(H2) {, we know how to compute

means:

ENg (m) /
�

ng

km

�
� g(m);

variances:VNg(m),
covariancesCov[Ng (m); Ng (m0)] (not shown).

Idea: De�ne a distance

d(g; g0) = f (Ng ; Ng0jEN; VN):

S. Robin (AgroParisTech / INRA) Statistical models for genomics Stat. Sud, June 2010, M�eze 124 / 124



Network motifs Perspectives

Albert, R. and Barab �asi, A. L. (2002). Statistical mechanics of complex networks. R. Modern Physics. 74 (1) 47{97.

Ambroise, C. , Chiquet, J. and Matias, C. (October, 2008), Inferring sparse gaussian graphical models with latent structure.

Technical Report 21, SSB. genome.jouy.inra.fr/ssb/preprint/SSB-RR-21.inferenc e GGM.pdf.

Bai, J. and Perron, P. (1998). Estimating and testing linear models with multiple structural changes. Econometrica. 66 47{78.

Bai, J. and Perron, P. (2003). Computation and analysis of multiple structural change models.J. Appl. Econ. 18 1{22.

Banerjee, O. , El Ghaoui, L. and d'Aspremont, A. (2008). Model selection through sparse maximum likelihoodestimation

for multivariate gaussian or binary data. J. Mach. Learn. Res.8 485{516.

Barab �asi, A. L. and Albert, R. (1999). Emergence of scaling in random networks.Science. 286 509{512.

Beal, J., M. and Ghahramani, Z. (2003). The variational Bayesian EM algorithm for incomplete data: with application to

scoring graphical model structures. InBayesian Statistics 7, 543{52. Oxford University Press.

Biernacki, C. , Celeux, G. and Govaert, G. (2000). Assessing a mixture model for clustering with the integrated completed

likelihood. IEEE Trans. Pattern Anal. Machine Intel. 22 (7) 719{725.

Birmel �e, E. (2009). Detection of network motifs by local concentration . In JOBIM .

www.citebase.org/abstract?id=oai:arXiv.org:0904.036 5.

Bleakley, K. and J.-P., V. (2009), Joint segmentation of many acgh pro�les using fast group LARS. Technical report, arXiv.
arXiv:0910.1167v1.

Bohning, D. and Kuhnert, R. (Dec, 2006). Equivalence of truncated count mixture distributions and mixtures of truncated

count distributions. Biometrics. 62 1207{1215.

Bollob �as, B. , Janson, S. and Riordan, O. (2007). The phase transition in inhomogeneous random graphs. Rand. Struct.

Algo. 31 (1) 3{122.

S. Robin (AgroParisTech / INRA) Statistical models for genomics Stat. Sud, June 2010, M�eze 124 / 124



Network motifs Perspectives

Charbonnier, C. , Chiquet, J. and Ambroise, C. (2010). Weighted-LASSO for structured network inference from time

course data. Stat Appl Genet Mol Biol . 9 Article 15.

Chiquet, J. , Smith, A. , Grasseau, G. , Matias, C. and Ambroise, C. (2009). Simone: Statistical inference for modular

networks. Bioinformatics. 25 (3) 417{18.

Dai, Q. , Yang, Y. and Wang, T. (2008). Markov model plus k-word distributions: a synergy that produces novel statistical

measures for sequence comparison.Bioinformatics. 24 (20) 2296{302.

Daudin, J.-J. , Picard, F. and Robin, S. (Jun, 2008). A mixture model for random graphs. Stat. Comput. 18 (2) 173{83.

Dembo, A. and Karlin, S. (1992). Poisson approximations for r -scan processes.Ann. Appl. Prob. 2 (2) 329{357.

Doroghazi, J. R. and Buckley, D. H. (2008). Evidence from GC-TRFLP that bacterial communities in soil are lognormally

distributed. PLoS ONE. 3 e2910.

Drton, M. and Perlman, M. D. (2007). Multiple testing and error control in gaussian graphical model selection.Stat. Sci.

22 (3) 430{49.

Fisher, R. , Corbet, A. and Williams, C. (1943). The relation between the number of species and the number of individuals

in a random sample of an animal population. Journal of Animal Ecology. 12 (1) 42{58.

Giraud., C. (2008). Estimation of gaussian graphs by model selection.2 (542{63) .

Glaz, J. , Naus, J. and Wallenstein, S. (2001). Scan Statistics. Springer-Verlag: New-York.

Gu �edon, Y. (2007). Exploring the state sequence space for hidden markov and semi-markov chain.Comput. Statist. and Data

Analysis. 51 2379{409.

Gunawardana, A. and Byrne, W. (2005). Convergence theorems for generalized alternating minimization procedures. J.

Mach. Learn. Res.6 2049{73.

Harchaoui, Z. and L �evy-Leduc, C. (2008). Catching change-points with lasso. In Advances in Neural Information Processing

Systems 20, (J. Platt, D. Koller, Y. Singer, and S. Roweis, ed.), 617{62 4. MIT Press, Cambridge, MA.

S. Robin (AgroParisTech / INRA) Statistical models for genomics Stat. Sud, June 2010, M�eze 124 / 124



Network motifs Perspectives

Hoff, P. D. , Raftery, A. E. and Handcock, M. S. (2002). Latent space approaches to social network analysis. J. Amer.

Statist. Assoc. 97 (460) 1090{98.

Hooper, S. D. , Dalevi, D. , Pati, A. , Mavromatis, K. , Ivanova, N. N. and Kyrpides, N. C. (Feb, 2010). Estimating

DNA coverage and abundance in metagenomes using a gamma approximation. Bioinformatics. 26 295{301.

Hup �e, P. (2008). Biostatistical algorithms for omics data in oncology: Appl ication to DNA copy number microarray

experiments. PhD thesis, AgroParisTech.

Jaakkola, T. (2000). Advanced mean �eld methods: theory and practice. chapter Tutorial on variational approximation

methods. MIT Press.

Johnson, D. S. , Mortazavi, A. , Myers, R. M. and Wold, B. (Jun, 2007). Genome-wide mapping of in vivo protein-DNA

interactions. Science. 316 1497{1502.

Jordan, M. I. , Ghahramani, Z. , Jaakkola, T. and Saul, L. K. (1999). An introduction to variational methods for

graphical models. Machine Learning. 37 (2) 183{233.

Lacroix, V. , Fernandes, C. and Sagot, M.-F. (2006). Motif search in graphs: Application to metabolic networks.

IEEE/ACM Trans. Comput. Biol. Bioinf. 3 360{8.

Lauritzen, S. (1996). Graphical Models. Oxford Statistical Science Series. Clarendon Press.

Lavielle, M. (2005). Using penalized contrasts for the change-point problem. Signal Proc. 85 1501{10.

Lavielle, M. and Moulines, E. (2000). Least-squares estimation of an unknown number of shifts in a time series. Journal of

time series analysis. 21 (1) 33{59.

L �ebre, S. (Jan, 2009). Inferring dynamic genetic networks with low order independencies.Stat Appl Genet Mol Biol . 8 Article 9.

Lebarbier, E. (2005). Detecting multiple change-points in the mean of gaussian process by model selection.Signal Processing.

85 717{736.

Mangan, S. and Alon, U. (2003). Structure and function of the feed-forward loop network motif. PNAS. 100 11980{11985.

S. Robin (AgroParisTech / INRA) Statistical models for genomics Stat. Sud, June 2010, M�eze 124 / 124



Network motifs Perspectives

Markowetz, F. and Spang, R. (2007). Inferring cellular networks - a review. BMC Bioinformatics . 8 S5.

doi:10.1186/1471-2105-8-S6-S5.

Matias, C. , Schbath, S. , Birmel �e, E. , Daudin, J.-J. and Robin, S. (2006). Network motifs: mean and variance for the

count. REVSTAT . 4 (1) 1{20.

McGrory, C. A. and Titterington, D. M. (2009). Variational Bayesian analysis for hidden Markov models. Austr. & New

Zeal. J. Statist. 51 (2) 227{44.

McHardy, A. C. and Rigoutsos, I. (Oct, 2007). What's in the mix: phylogenetic classi�cation of metagenome sequence

samples.Curr. Opin. Microbiol. 10 499{503.

Meinshausen, N. and B•uhlmann, P. (2006). High-dimensional graphs and variable selection with the LASSO. Ann. Statist.

34 (3) 1436{62.

Milo, R. , Shen-Orr, S. , Itzkovitz, S. , Kashtan, N. , Chklovskii, D. and Alon, U. (2002). Networks motifs: simple

building blocks of complex networks. Science. 298 824{827.

Norris, J. L. I. and Pollock, K. H. (1998). Non-parametric mle for poisson species abundance models allowing for

heterogeneity between species.Envir. Ecol. Statist. 5 391{402.

Nowicki, K. and Snijders, T. (2001). Estimation and prediction for stochastic block-st ructures. J. Amer. Statist. Assoc. 96
1077{87.

Opper, M. and Winther, O. (2001). Advanced mean �eld methods: Theory and practice. chapter From Naive Mean Field

Theory to the TAP Equations. The MIT Press.

Pattison, P. E. and Robins, G. L. (2007). Handbook of Probability Theory with Applications . chapter Probabilistic Network

Theory. Sage Publication.

Picard, F. (2005). Process segmentation/clustering: Application to the analysis CGH microarray data. PhD thesis, univ. Paris

XI - Orsay.

S. Robin (AgroParisTech / INRA) Statistical models for genomics Stat. Sud, June 2010, M�eze 124 / 124



Network motifs Perspectives

Picard, F. , Robin, S. , Lavielle, M. , Vaisse, C. and Daudin, J.-J. (2005). A statistical approach for array CGH data

analysis. BMC Bioinformatics . 6 (27) 1. www.biomedcentral.com/1471-2105/6/27 .

Picard, F. , Daudin, J.-J. , Koskas, M. , Schbath, S. and Robin, S. (2008). Assessing the exceptionality of network motifs,.

J. Comp. Biol. 15 (1) 1{20.

Picard, F. , Miele, V. , Daudin, J.-J. , Cottret, L. and Robin, S. (2009). Deciphering the connectivity structure of

biological networks using mixnet. BMC Bioinformatics . Suppl 6 S17. doi:10.1186/1471-2105-10-S6-S17 .

Pique-Regi, R. , Ortega, A. and Asgharzadeh, S. (May, 2009). Joint estimation of copy number variation and r eference

intensities on multiple DNA arrays using GADA. Bioinformatics. 25 1223{1230.

Popova, T. , Mani �e, E. , Stoppa-Lyonnet, D. , Rigaill, G. , Barillot, E. and Stern, M. H. (2009). Genome alteration

print (GAP): a tool to visualize and mine complex cancer genomic pro�les obtained by snp arrays. Genome Biology. 10
R128. doi:10.1186/gb-2009-10-11-r128.

Prill, R. , Iglesias, P. A. and Levchenko, A. (2005). Dynamic properties of network motifs contribute to biological network

organization. 3 (11) .

Rahman, S. and Rivals, E. (2003). On the distribution of the number of missing words in random texts. Combin. Proba.

Comput. 12 (1) 63{73.

Ratmann, O. , J�rgensen, O. , Hinkley, T. , Stumpf, M. , Richardson, S. and Wiuf, C. (2007). Using likelihood-free

inference to compare evolutionary dynamics of the protein networks of h. pylori and p. falciparum. 3 (11) .

Rigaill, G. , Lebarbier, E. and Robin, S. (2009), Exact posterior distributions over the segmentation space and model
selection for multiple change-point detection problems. Technical report, arXiv. arXiv:1004.4347.

Robin, S. , Rodolphe, F. and Schbath, S. (2005). DNA, words and models. Cambridge University Press.

Robin, S. and Stefanov, V. (2008). Simultaneous occurrences of runs in independent Markov chains. Method. Comput. Appl.

Prob. ? DOI: 10.1007/s11009-008-9093-3, Tech. Report at
genome.jouy.inra.fr/ssb/preprint/SSB-RR-11-sim-occ- run.pdf .

S. Robin (AgroParisTech / INRA) Statistical models for genomics Stat. Sud, June 2010, M�eze 124 / 124



Network motifs Perspectives

Robinson, M. D. and Smyth, G. K. (Nov, 2007). Moderated statistical tests for assessing di�erences in tag abundance.

Bioinformatics. 23 2881{2887.

Schbath, S. , Lacroix, V. and Sagot, M. F. (2009). Assessing the exceptionality of coloured motifs innetworks. EURASIP J

Bioinform Syst Biol . 616234.

Sch •afer, J. and Strimmer, K. (2005). A shrinkage approach to large-scale covariance matrix estimation and implications for

functional genomics. 4 (32) .

Shen-Orr, S. S. , Milo, R. , Mangan, S. and Alon, U. (2002). Networks motifs in the transcriptional regulation network of

escherichia coli. Nat. Genetics. 31 64{68.

Sun, W. and Cai, T. T. (2008). Large-scale multiple testing under dependence.J. R. Statist. Soc. B. 71 (2) 393{424.

Tibshirani, R. and Wang, P. (Jan, 2008). Spatial smoothing and hot spot detection for CGH data using the fused lasso.

Biostatistics. 9 18{29.

Verzelen, N. and Villers, F. (2008). Tests for Gaussian graphical models.Comput. Statist. and Data Analysis. 53 1894{905.

Villers, F. , Schaeffer, B. , Bertin, C. and Huet, S. (2008). Assessing the validity domains of graphical gaussian models in

order to infer relationships among components of complex biological systems.Stat. Appl. Genet. Mol. Biol. 7 (2) 1{34.

Wernicke, S. and Rasche, F. (May, 2006). FANMOD: a tool for fast network motif detection . Bioinformatics. 22 1152{1153.

Wille, A. and Buhlmann, P. (2006). Low-order conditional independence graphs for inferring genetic networks. Stat Appl

Genet Mol Biol. 5 Article1.

Wu, T.-J. , Hsieh, Y.-A. and Li, L.-A. (2001). Statistical measures of dna sequence dissimilarity under markov chain models

of base composition. Biometrics. 57 441{8.

Zhang, N. R. and Siegmund, D. O. (2007). A modi�ed Bayes information criterion with applica tions to the analysis of

comparative genomic hybridization data. Biometrics. 63 (1) 22{32.

S. Robin (AgroParisTech / INRA) Statistical models for genomics Stat. Sud, June 2010, M�eze 124 / 124


	Introduction
	High-density (tiling) arrays
	Microarray technology
	Most popular arrays
	Tiling arrays

	Signal detection
	Protein-DNA interaction
	HMM as a natural modelling
	ChIP on chip
	Gene expression
	Perspective

	Copy number variation (CNV)
	Genomic alterations
	Breakpoint detection
	Model selection
	Optimal segmentation
	Exploring the segmentation space
	Perspectives

	Next Generation Sequencing
	NGS technology
	New data

	Rephrasing old questions
	Need for new methods?
	Gene expression
	ChIPseq
	CNV

	Metagenomics: Estimation of abundance
	Bacterial communities
	Estimation of abundance

	Metagenomics: Sequence classification
	Orphean sequence classification

	Biological Interaction Networks
	What kind of network?
	Dynamic systems

	Network inference
	Gaussian graphical models
	Inferring the precision matrix

	Network evolution
	2 models

	Network topology
	Networks as random graphs
	Fitting network characteristics
	Mixture Model
	Variational Inference
	Application to regulatory networks
	Variational approximation for networks


