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Mainly deals with data at themolecular level

Is strongly in uenced by the (never endinggchnological advances
Needsautomated methodgo store, organise, analyse the enormous
amounts of data that are daily produced,

Historically rst related to computer scienceshioinformatics’).

The need forrelevant statistical toolds know unanimously admitted,
But the statistical modelling culture is not yet that stron{g
genetics.
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Somestatistical models for genomics

A choice has to be madeStatistical models are used in tens of genomics
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Introduction

Somestatistical models for genomics

A choice has to be madeStatistical models are used in tens of genomics
sub-domains.

3 choices:

@ High-density arrays: Signal detection / breakpoint detet,

@ New sequencing technologies: Rephrases old questions /
Metagenomics,

© Biological networks: Inference / Topology.

Some other themesStatistical modelling is also a keystone of
@ Sequence analysis, comparative genomics,
@ Phylogeny,
© Integration of heterogeneous data,
Q ...
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High-density (tiling) arrays
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Mictoaayjtectinology
Technology

Hybridisation: complementary single-strands DNA molecules:

atggta tca
taccat cgt

spontaneously hybridis&hen present in the same solution.
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Mictoaayjtectinology
Technology

Hybridisation: complementary single-strands DNA molecules:

atggta tca
taccat cgt

spontaneously hybridis&hen present in the same solution.

Microarray:
o 'Glass' slide divided into cells 'array;
o each cell contains copies of a same single-stranded DNAni&ady:
'‘probe’;
o each probe isassociatedwith a given gene, SNP, species (16S), ...
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High-density (tiling) arrays Microarray technology

Technology

Prepare CDNABIrobe RrepareMicroarray

¥
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Most popular arrays

Gene expressiort probe (or probset) = 1 gene.

abundance of gene transcripts

Xij / . .
in samplej

10* genes in superior organisms.
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Most popular arrays

Gene expressiort probe (or probset) = 1 gene.

abundance of gene transcripts

Xij / . .
in samplej

10* genes in superior organisms.

SNP arrays:pair of probes = pair of alleles.

relative abundance of both alleles of SNP

(X33 Yi) / in samplej

10° known SNP in superior organisms.
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Most|populariarmays
Deeply studied statistical problems

Class discoverycomparison of gene expression pro les accross condition
(e.g. times)
I clustering

Class comparisoncomparison of gene expression or SNP frequencies
between few conditions
I multiple testing, FDR, local FDR, etc...

Class predictionprediction of a phenotype based on gene expression or
SNP

I classi cation, variable selection

Bibliography: hundreds of papers on each topic.
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TENES
Tiling arrays

Probes are 'regularly’ spacealong the genome tiling.

Question ! Hybridized sample
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High-density (tiling) arrays Tiling arrays

Tiling arrays

Probes are 'regularly’ spacealong the genome tiling.

Question

Where are the (unknown) genes? !

At which locus does a given protein
bind with the chromosome

Are there copy number variation

(CNV) along the genome

S. Robin (AgroParisTech / INRA)

Statistical models for genomics

Hybridized sample
All transcripts (RNA)

Immuno-precipitated
chromatin (DNA)

Genomic DNA

Stat. Sud, June 2010, Meze
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Signal detection
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Protein-DNA interaction
Chromatin structure

Chromatinis the strongly structuredcomplex

that contains the DNA molecule. S i
Histonesare proteins that constitute the basic W
bricks of this complex, around which the DNA

is wrapped.

"% extended form of
2 §  chromosome

This structure

@ has some in uence on gene expression W
% g ge /)
O 4

(accessibilityfor transcription) 4 U e
VUL

@ can be inherited '€pigenetics) l\./J
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SIGREINCEICE(M Protein-DNA interaction

ChIP on chip

ChIP = Chromatin Immuno-Precipitation, aims at detecting proteDNA

interactions.

ChlIP-chip: Probes corresponding to
di erent loci are spotted on a glass
slide.

o log IP: DNA fragments
interacting with the protein of
interest (e.g. histone).

@ Input: whole genomic DNA.

=log(IP1=IP2)

Non-zeroX revealdi erential protein-
DNA interaction between samples 1

and 2.

S. Robin (AgroParisTech / INRA) Statistical models for genomics

ChIP-chip
in vive crosslinking L. 0&%&
extraction
Sonication |
AR

4
Immunoprecipitation f\’/\h
+
senomic A purification <=5 _a
DNA amplification % w

leferentlal labellin — y
with ey5 and cvgq W1p-enriched DN

WTotal DNA

Microarray hybridization

Stat. Sud, June 2010, Meze 13/ 124



SIECEEI HMM as a natural modelling

HMM as a natural modelling
Denoting
@ X; =log(IP1;=1P2) the signal observed for probie X = f X;g,

@ S its unknown status2 f 0;1gorf 1;0;+1g, S= fSg,
we can assume that
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HMM as a natural modelling

Denoting

o X; =log(IP1{=IP2) the signal observed for probie X = f X;g,
@ S its unknown status2 f 0;1gorf 1;0;+1g, S= fSg,

we can assume that
e the S's are Markov-dependent:

fSsg MC( ); k =PrfS =kjS 1= "¢

o the X;'s are independent conditionally to th&'s:
XS =k f()=f(; ) egfi=N(w p):
We have to estimate

f o K 20 and ik = Pri& = kjXg
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fiMMiesialnatiiralmodeling
Standard inference: E-M

Base on the decomposition
logP(X; )= E[logP(X;S; )jX]+ H[P(SX; )]
M-step:

max E[logP(X:;S; )jX]

I Often manageable (weighted
likelihood).
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SIRENCEICEOM HMM as a natural modelling

Standard inference: E-M

Base on the decomposition
logP(X; )= E[logP(X;S; )jX]+ H[P(SX; )]

M-step: E-step: calculate P(SjX; ):

max E[logP(X;S; )jX] I Doable inO(n) via the forward-
backward algorithm
e Forward: P(SjX});
I Often manageable (weighted o Backward: P(SjX1)
likelihood). ' L
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fiMMiesialnatiiralmodeling
Standard inference: E-M

Base on the decomposition
logP(X; )= E[logP(X;S; )jX]+ H[P(SX; )]
M-step: E-step: calculate P(SjX; ):

max E[logP(X;S; )jX] I Doable inO(n) via the forward-
backward algorithm

e Forward: P(SjX});
! Often manageable (weighted Backward: P(SjX")
likelihood). ' o

Graphical representation.

4 Zi| ! Ziv1

[uy
][]

X| 1 Xi Xi+l
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fiMMiesialnatiiralmodeling
Probe classi cation

Aim: assign a statu®; at each probe.
Maximum a posteriori (MAP):

8 = argmaxP(SjX; )
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SIRENCEICEOM HMM as a natural modelling

Probe classi cation
Aim: assign a statu®; at each probe.
Maximum a posteriori (MAP):
8 = argmaxP(SjX; )
Viterbi algorithm: provides a most probable path given the data

B=arg maxP (SX; by

First may not be bestyou may have
8=sy 6 Sp' ' Sy
P(SwiX: D) P(SpiX;D)+  + P(Suq)iX;b):

' Need for an exploration of the space of paths.
Statistical models for genomics Stat. Sud, June 2010, Meze 16 / 124



Sill2 G Clills
Application to histone modi cation

Comparison with genome annotatiorfMixture vs HMM)

The Methylation mark in META1
is lost in the mutant, mostly in the
left-end part, near the regulatory

The probe classi cation provided
by the HMM is more consistent
with their spatial organisation.

region.
“NimleGey .
\y r‘" 5‘§ RA‘ f’ si;" :‘j \f') &f ;Ay A" sﬁ fy ‘y & ;‘5 \¢ & ¢ "m!‘l@!
2 — - SIS SLS8 888
i e e
- - I 1
B e [

T T n
0 OO T
L = o

Legend:lost, enriched normal (sourceBerard
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Genelexpression
Transcriptomic tiling-arrays

Sample = Transcripts:allows to
@ measure gene expression;
@ compare gene expression between samples;
o discovernew genes
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Genelexpression
Transcriptomic tiling-arrays

Sample = Transcripts:allows to
@ measure gene expression;
@ compare gene expression between samples;
o discovernew genes

Con rming alternative annotation for A. Thaliana:

O cial annotation vs EuGene annotatiorfgsourceC. Berard / FlagDB
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Some re nements

Gene classi cation HMM provide a classi cation of probes, that need to
be summarised at the gene level: 9
< [ =
Prf Geneg 2 kjXg=Pr Zy =1
" t2E(g) '
can be calculated as a combination of 'sub’-forward/backaaecursions
across exons frori(g):

FIN
g1 a1 € la n

e i | ‘y " t t f
X a—

1 e iy lho € i
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Gene classi cation HMM provide a classi cation of probes, that need to
be summarised at the gene level: 9
< [ =
Prf Geneg 2 kjXg=Pr Zy =1
" t2E(g) '
can be calculated as a combination of 'sub’-forward/backaaecursions
across exons frori(g):

FIN
g1 a1 € la n

X O‘ (6]
Annotation about the position of known genes can be encoded is the

distribution of S:

Cc SN\ — -_ —_ . —_
(k;)=Prfziq = "jZt = k;G = cg
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SIGHECEICE I Gene expression

Transcriptomic tiling-arrays
Spatial structure vs annotation: R
MAP classi cation. "

Annotation e —

(Independent) Mixture — '_IJ'I' . I" _I' - =

5 s graine

HMM —______I_I.I._-._l..n_I_I.I _I._-.—_._

1 feullle: ws-graihe

Mixture + Annotation o1l i

HMM + Annotation
(sourceBerard e_grane
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SIGREINCEICO( Perspective

Perspectives

Semi-parametric modellingif a reliable null ('background’) model is
available,
Xi 1 &)+ SF
the alternativeF can be estimate in a more exible way.
I Semi-parametric mixture;
I Averaging of mixture models.
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Rerspective
Perspectives

Semi-parametric modellingif a reliable null ('background’) model is
available,

Xi 1 &)+ SF

the alternativeF can be estimate in a more exible way.
I Semi-parametric mixture;
I Averaging of mixture models.

FDR control: Controlling the number of false detection is still desirabl
FDR control can be achived via intuitive rules based on thg (Sun and
Cai (2008):

1 X
[:DR(S) = g (t)O:
t=1
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Copy number variation (CNV)

S. Robin (AgroParisTech / INRA) Statistical models for genomics Stat. Sud, June 2010, Meze 22 /124



Genomicalterations
Copy number variation in cancer cells

Genomic alterations are associated with (responsible)fat&ious types of
cancers.

Normal cell Tumour cell
S ety
SI{RIUET

10

1IRI1 1T

15 16

ek 2he
21 22

Hure (2008)
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Copy number variation (CNV) Genomic alterations

Comparative genomic hybridization (CGH)

Zoom on CGH pro le Karyotype
chrom. 1 chrom. 17
Hupe (2008)
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£l el e
A segmentation problem

Raw pro le

Interpretation

Amplified segments

2p 1 2 1
t4 . 2
. 0

1 . 7 1 1

. . . . . .x . . . . . .
. . o . . . . P .
& . . K3 8 . . .o
& R TSNS T N G P T
. . . e . H . °° J Xe
. . . .
‘. . * * - . . . o
ire .°.' L S M B Et ﬁ.—.f-.—rf . M Unatiored ) 1
A %’ . o o A % . naltered segment
2} 1 2 ]
Deleted segment
. .
3 1 ‘57 1 ‘58 1 ‘59 1‘.6 1.‘51 1.‘52 1.‘63 1.‘6A 1 ‘65 1 ‘66 1 ‘67 1 ;7 1 ;B 1 ;9 1‘5 1 ;l 1 ;Z 1 ;3 1 ‘64 1 ;5 1 ;5 1 ;7
genomic position <10° genomic position <10°
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Breakpointidetection
Change-point model

Notations:
o K = number of segments
o r =regionJ; "K n; =length of r
@ m = segmentation:m= fry;::i;rc: 41 = "+1g
@ Y; = signal at positiont (t 2 J1;nK); Y = fY;g.

Model:
o fY;g independent

ot2r:
Yo p(jr)

e.g.
P(i )=N(Cr ®  N(o 2 P(o)

Picard et al. (2005)
Statistical models for genomics Stat. Sud, June 2010, Meze 26 /124



£l el e
Inference

Estimation of givenm: no speci c problem, can rewritten as a
(generallized) linear model:

9(EY)= Z :
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Copy number variation (CNV) Breakpoint detection

Inference

Estimation of givenm: no speci c problem, can rewritten as a
(generallized) linear model:

9(EY)= Z :

General inferencedue to the discontinuity ofp(Yjm; ) with respect to
m, standard MLE properties do not apply tcp( m).
I Inference (e.g. con dence interval) of the breakpoints istrstandard.
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Breakpointdetection
Inference

Estimation of givenm: no speci c problem, can rewritten as a
(generallized) linear model:

9(EY)= Z :

General inferencedue to the discontinuity ofp(Yjm; ) with respect to
m, standard MLE properties do not apply tcp( m).
I Inference (e.g. con dence interval) of the breakpoints istrstandard.

Gaussian contextBai and Perron (1998, 2003proved the consistency of
the least-square estimates of

o b at rate 1=n
o b at rate 1=p n, with asymptotic normality.
Other consistency results ibavielle and Moulines (2000)
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Model selection
Model selection: Choice &f

Penalised contrast: 2 steps
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el Gl
Model selection: Choice &f

Penalised contrast: 2 steps

1: Best segmentation withirM ¢ Im(K) = argminmam . (Y; m)
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el Gl
Model selection: Choice &f

Penalised contrast: 2 steps
1: Best segmentation withirM ¢ Im(K) = argminmam . (Y; m)

2: Best dimensiorK R = arg ming " (Y; im(K)) + pen(K)
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Modelfselection
Model selection: Choice &f

Penalised contrast: 2 steps
1: Best segmentation withirM ¢ Im(K) = argminmam . (Y; m)

2: Best dimensiorK R = arg ming " (Y; im(K)) + pen(K)
Examples:

Lebarbier (2005) penK) = f(jM «J);

Lavielle (2005) penK)= K:

e Constant penaltywithin each dimensioM .
@ The best modelm(K) does not depenan the penalty perk).
@ Some (very sensitive in practice) constants need to be tuned
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Modelfselection
Model selection : BIC

The standard Laplac% approximation used in

. ) . logn .
logp(MjY) =log  p(M; [Y)d  logp(Mi¥;D) =3 dim(m)

does not hold when the 'modeM refers to the dimensiolK since

Mg = spanfn):
m 2M g
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Modelfselection
Model selection : BIC

The standard Laplac% approximation used in

logp(MiY)=log  p(M; [¥)d  logp(MjY;B) 22" dimqm)
does not hold when the 'modeM refers to the dimensiolK since
Mg = spanfn):
m 2M g

Modi ed BIC. Based on uniform prior distribution of the breakpoints,
Zhang and Siegmund (2007/tudy the behaviour of
Xt
Bi =S tS,=n; where$ = Yi
i=1
and derive 0 1

X
penK) = f(jM kj)+ g @ logn A

r2m(K)
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Qptimaliseomentation
Optimal segmentation

For a given dimensioK, the optimal segmentation has to be found withir

n 1

Mk =fm:jmj= Kg; M kj= K 1
Consequences.
o Exhaustive searclcan not be achieved.

@ Dynamic programmingprovides maximum likelihoodi; b) with

complexity O(Kn?).
o Lassocriterion can be appliedTibshirani and Wang (2008)
X X ) X _
arg min Yo W+ bk kol
k t2rg k

with linear complexity Harchaoui and levy-Leduc (2008)
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Optimal segmentation
Dynamic programming
Segment cost:for segmentr = Ji;jK

C(r)= logP(Y'jP)

Im = arg mrg&xK C(rk)
Optimal segmentation irK = 2:

S(1;n) = lrmr(]nC(l;t) + C(t+1;n)

Optimal segmentation irK:

Sk (L;n) = Krqipt< S 1(3t) + C(t +1;n)
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Copy number variation (CNV) Optimal segmentation

Computational point of view

Overall complexity:Dynamic programming has ®(n?) complexity
because there is guadratic number of segment® be considered.

Linear algebra:The dynamic programming recursion can be viewed as a
scalar product) For all functionF(m)

Y
F(m) = f(r):
r2m

Letting A:(n+1) (n+1):

Ajj f(Ji;jJ) ifl i<j n+1

0 otherwise.

Then, X

F(m) = (AX)y
m2M (31} J)
andall termsfor1 k K, 1

S. Robin (AgroParisTech / INRA)

j n+1, can be computed inO(Kn?).
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Exploring the segmentation space
Exploring the segmentation space: Bayesian frameworl
p(K) = prior of dimensiorK;
p(mjK) = prior of segmentatiorm given dimensiorK,

for example:  p(mjK) =1/ jM kj

that is, uniform prior within each dimension;
p(m) = prior of segmentatiom,

Y
for example:  p(m) / ny
ram

that favoursregularly spaceac¢hange-points ( implicit prior
on K);

p( jm) = prior of given segmentatiom.
Rigaill et al. (2009)
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Sl (i ST e
Computing huge sums

Under a fac\t(orisation assumptio\ry

Y
pm= f(); p(im=  f() pYim )= f(Y" 1)
ram ram r2m
(not true for homosced)%stic models),xsums can be rewrittan a
f(m) = f(r)
m2M g m2Mm ¢ r2m
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Sl (i ST e
Computing huge sums

Under a factorisation assumption:
Y Y Y

p(m) = f(r); p(jm)= f(r) p(Yim; )= feYn v)

r2am r2am r2am
(not true for homoscedastic models), sums can be rewritten a
X X

f(m) = f(r)
m2M ¢ m2M g r2m

Total probability:
_ x vy & X Y
P(YJK) = pP(Y'j )p( r)d = p(Y")

m2M g r2m m2M g r2m
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Exploring|thejsegmentationjspace
Computing huge sums

Under a fac\t(orisation assumptio\r;:

Y
pm=  f(r); p(im= () plYjm )= (¥ 1)
r2am r2am r2am
(not true for homosced)lestic models),xsums can be rewritten a
f(m)= f(r)
m2M ¢ m2M g r2m
Total probability:
_ x vy & X Y
p(YjK) = p(Y'j )p( )d = p(Y")
m2M g r2m m2M g r2m
Localisation of thek-th breakpoint:
0 10 1
X Y X Y
Prf = tjK;Yg /| @ p(YNA @ p(Y A
m2M (1;t) r2m m2M g g(t+1;n)r2m
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Exploring the segmentation space
Exploring the segmentation space

We are hence able to compute
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Exploring the segmentation space
Exploring the segmentation space

We are hence able to compute
@ The probability that there is abreakpoint at positiont:

X
Prfok : ¢ = tjY;Kg= Prf ¢ = tjKg
k=1
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Exploring the segmentation space
Exploring the segmentation space

We are hence able to compute
@ The probability that there is abreakpoint at positiont:

X
Prfok : ¢ = tjY;Kg= Prf ¢ = tjKg
k=1

@ The probability for asegmentr = Jt;;t>J to be part of segmentation

X
Prfr 2 mjY;Kg= Prf ¢ = t1; k+1 = t2)Y;Kg;
k=1
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Exploring the segmentation space
Exploring the segmentation space

We are hence able to compute
@ The probability that there is abreakpoint at positiont:

X
Prfok : ¢ = tjY;Kg= Prf ¢ = tjKg
k=1

@ The probability for asegmentr = Jt;;t>J to be part of segmentation
X
Prfr 2 mjY;Kg= Prf ¢ = t1; k+1 = t2)Y;Kg;
k=1
@ The posterior entropy ofrr;(within a dimension:

H(K) = p(mjY;K)logp(mjY;K)
m2M g
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Exploring the segmentation space
Exploring the segmentation space

We are hence able to compute
@ The probability that there is abreakpoint at positiont:

X
Prfok : ¢ = tjY;Kg= Prf ¢ = tjKg
k=1

@ The probability for asegmentr = Jt;;t>J to be part of segmentation
X
Prfr 2 mjY;Kg= Prf ¢ = t1; k+1 = t2)Y;Kg;
k=1
@ The posterior entropy ofrr;(within a dimension:

H(K) = p(mjY;K)logp(mjY;K)
m2M g

Similar to an algorithm proposed bywedon (2007)in the HMM context

with known parameters.
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Sl (i ST e
A CGH prole:K =3;4

Optimal  seg-
mentation

Breakpoint po-
sition

Segment prob-
ability
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Copy number variation (CNV) Exploring the segmentation space

Back to model selection: Exact BIC

The conditional probabilities of the dimension and of thegegentation
also involve 'integral' sums.

Choice ofK.
2

X
BIC(K) =log p(Y;K) =log 4 p(m)
m2M g

. 3
p(Yim; )p( jm)d S:
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Copy number variation (CNV) Exploring the segmentation space

Back to model selection: Exact BIC

The conditional probabilities of the dimension and of thegegentation
also involve 'integral' sums.

Choice ofK.
2 3
X Z
BIC(K) = log p(Y;K) = log 4 p(m)  p(Yjm; )p( jm)d 5:
m2M g
Choice ofm.
Z

BIC(m) =log p(Y;m) =log p(m) p(Yjm; )p( jm)d

wherep(m) must be normalised so that

p(m)=1:
K m2M g
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Exploring the segmentation space
Exact ICL criterion
Incomplete data model conteximixture model):

@ Biernackiet al. (2000) add an entropy termH (K) to the BIC(K)

penalty
e H(K) accounts for the reliability of the prediction of the unknm

variable.
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Exploring|thejsegmentationjspace
Exact ICL criterion

Incomplete data model conteximixture model):
@ Biernackiet al. (2000) add an entropy termH (K) to the BIC(K)
penalty
e H(K) accounts for the reliability of the prediction of the unknm
variable.

Segmentation context.
@ Change-point positions can be view as unknown variables.
o For a given dimensiol, it is desirable that the best segmentation
clearly outperforms the others:

foranym2 M g nfim(K)g: p(m(K)jY) p(mjY):
@ This can be measured by the posterior entragyK)
ICL criterion: X
ICL(K) =log p(Y;m) H (K)
m2M g
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Exploring the segmentation space
Comparison BIC/ICL: Simulation study

Simulations: Poisson signal with BIC(K)  BIC(m) ICL(K)
alternating means ¢ and 1,
n =100.

Criterion = % of recovery of the
true number of segments
(K =5).

@ BIC(m) achieves (much)
better performances than
BIC(K)
o ICL(K) outperforms both
BIC(K) and BIC(m). 1 o(o0=21
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Exploringjthelsegmentationjspace
Back to the example BICm)! R=3

BIC(K)! R =10 ICLK)! R=4

WhenK exceeds the 'true' dimension, all segmentations nestedinithe
'true’ one have a high posterior probability, which increasthe entropy.
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P
Multiple pro le analysis

Joint segmentation of multiple pro lessimultaneous analysis of multiple
pro le allows to account for Pique-Regiet al. (2009))

@ available covariates (e.g. GC probe content),
@ possible technological biases.
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Copy number variation (CNV) Perspectives

Multiple pro le analysis

Joint segmentation of multiple pro lessimultaneous analysis of multiple

pro le allows to account for Pique-Regiet al. (2009))
@ available covariates (e.g. GC probe content),
@ possible technological biases.

Linear (mixed model) provide a natural framework:

Y= X + T + ZU + E

covariates  segmentation ~ random technical e ect

E-M algorithm allow to use standard segmentation tools.
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Rerspectives
Multiple pro le analysis

Joint segmentation of multiple pro lessimultaneous analysis of multiple
pro le allows to account for Pique-Regiet al. (2009))

@ available covariates (e.g. GC probe content),
@ possible technological biases.
Linear (mixed model) provide a natural framework:
Y= X + T + ZU + E

covariates  segmentation ~ random technical e ect

E-M algorithm allow to use standard segmentation tools.

Looking for recurrent aberrationsWhen considering as set of patients
with similar disease, recurrent aberrations have to be fhuBleakley and
J.-P. (2009), R. and Stefanov, 08
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Rerspectives
Loss of heterozygoty (LOH).

Genomic alterations lead to abnormal allele frequencies:
o Deletion then duplication creates long homozygote regions
@ CNV create non-standard allele frequencies, 2 0; :5; 1g.

(sourcePopovaet al. (2009)).
I Segmentation in both CNV and allele frequencies allows &xcé& back
rearrangement history.

S. Robin (AgroParisTech / INRA) Statistical models for genomics Stat. Sud, June 2010, Meze 42 [ 124



Next Generation Sequencing
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NDUNEEHEIEUN ST LWLV NGS technology

NGS technology

Aim: Measure the abundance of DNA (RNA) in a given sample by
counting DNA fragments

Deep sequencing Millions of DNA fragments (reads) are sequenced
instead of hybridyzed on prede ned probes.
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INENHERETEUSELIERE'l NGS technology

NGS technology

Aim: Measure the abundance of DNA (RNA) in a given sample by
counting DNA fragments

Deep sequencing Millions of DNA fragments (reads) are sequenced
instead of hybridyzed on prede ned probes.

3 steps:for one sample
@ break DNA (or RNA) into small fragments,
@ sample a ‘'large’ number of fragments,
© sequence each of these fragments.
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INENHERETEUSELIERE'l NGS technology

NGS technology

Aim: Measure the abundance of DNA (RNA) in a given sample by
counting DNA fragments

Deep sequencing Millions of DNA fragments (reads) are sequenced
instead of hybridyzed on prede ned probes.

3 steps:for one sample
@ break DNA (or RNA) into small fragments,
@ sample a ‘'large’ number of fragments,
© sequence each of these fragments.

Amount of data: 1 experiment typically provided

10° 10’ fragments 9
of 30 500 bps. 10° “bps (10 every year)
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RSk ecy
lllumina technlogy
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RSk ecy
lllumina technlogy
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RSk ecy
lllumina technlogy
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NGSitechnology
Example: RNA-seq

Gene expression datdeasure the expression level of a given gene in a
given sample.

For a known, annotated genome
@ Extract RNA sample;
© BreakRNA into fragments;

© Sequencdhe reads (RNA
fragments);

© Align the reads along the
genome ();

© Count how many readnap
with each gene

(sourceParallab3
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NGSitechnology
Example: RNA-seq

Gene expression datdeasure the expression level of a given gene in a
given sample.

For a known, annotated genome
@ Extract RNA sample;
© BreakRNA into fragments;

© Sequencdhe reads (RNA
fragments);

© Align the reads along the
genome ();

© Count how many readnap
with each gene

(sourceParallab3

S. Robin (AgroParisTech / INRA) Statistical models for genomics Stat. Sud, June 2010, Meze 46 / 124



NGSitechnology
Example: RNA-seq

Gene expression datdeasure the expression level of a given gene in a
given sample.

For a known, annotated genome
@ Extract RNA sample;
© BreakRNA into fragments;

© Sequencdhe reads (RNA
fragments);

© Align the reads along the
genome ();

© Count how many readnap
with each gene

(sourceParallab3

() Note an easy bioinformatic /algorithmic task.
Statistical models for genomics Stat. Sud, June 2010, Meze 46 / 124



Newjgata
New data structure

Microarray: Probe (gene) sample

Gene Probe  Cy3 Cy5
CK770441 Bt0704 NA NA
CK770437 Bt0701 8.3984 8.5717
CK770394 Bt0686 9.5282 9.6046
CK770384 Bt0683 7.2852 7.5888
CK770381 Bt0680 6.8081 7.1563
CK770374 Bt0677 7.0503 7.2376
CK769877 Bt0378 7.7569 7.9613
CK769872 Bt0375 7.4008 7.4998
CK769869 Bt0372 9.2471 9.3777
10° 5 rows

S. Robin (AgroParisTech / INRA)
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Newjgata
New data structure

Microarray: Probe (gene) sample NGS:Reads

Gene Probe  Cy3 Cy5  >ccgtatcgegatctcecagtgagateg
CK770441 Bt0704 NA NA  >tgtgttgcattctagaatgcgecgea
CK770437 Bt0701 8.3984 8.5717 >chtatcgCgatctccagtgagatcg
CK770394 Bt0686 9.5282 9.6046 >tcttgcagcggcgcgaactcgcggcc
CK770384 Bt0683 72852 75888 >tttacccttcttgtgggctccgccca
CK770381 Bt0680 68081 71563 >tgCgcctgcgcggcgaagtcagcgcg
CK770374 Bt0677 70503 72376 >gCgcggcatcgccatggtcttcaagc
CK769877 Bt0378 7.7569 7.9613 >tttccagcaattcttttctggcccca
10° 5 rows 10° 7 rows
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Next Generation Sequencing EENEVAGEIE

New informations

Direct access to DNA sequencafiows to study not well known species.
!

Genome de-novo sequencing or re-sequencing

I Metagenomics

S. Robin (AgroParisTech / INRA) Statistical models for genomics
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Next Generation Sequencing JENEWAEIEY

New informations

Direct access to DNA sequencafiows to study not well known species.
I Genome de-novo sequencing or re-sequencing
I Metagenomics

Structural information. Pair-end reads

tcttgcagcggce 500bps!  gcgaactcgcggcece

Ease genome reconstruction
May reveal complex genome re-arrangements
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New data
New informations
Direct access to DNA sequencafiows to study not well known species.

I Genome de-novo sequencing or re-sequencing
I Metagenomics

Structural information. Pair-end reads
tcttgcagcggce 500bps!  gcgaactcgcggcece

I Ease genome reconstruction
' May reveal complex genome re-arrangements

Computational complexityNGS = information at thenucleotide level
' Nucleotide in biology = atoms in physics
I 'Reference’ scale for computational methods
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Needirofnewimetiodsg
Old or new questions?

Although NGS provide new data and information, some quesiionay be
addressed witlalready existing techniques

@ Gene expression ('RNAseq’)
@ Copy number variation (CNV)
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EETES NSNS Need for new methods?

Old or new questions?

Although NGS provide new data and information, some quesiionay be
addressed witlalready existing techniques

@ Gene expression ('RNAseq’)
@ Copy number variation (CNV)

whereas some will require nespeci ¢ developments
o Protein-DNA interactions (‘'ChlPseq’")

o Chromosome rearrangement in genomic alterations
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EETES NSNS Need for new methods?

Old or new questions?

Although NGS provide new data and information, some quesiionay be
addressed witlalready existing techniques

@ Gene expression ('RNAseq’)
@ Copy number variation (CNV)

whereas some will require nespeci ¢ developments
o Protein-DNA interactions (‘'ChlPseq’")
o Chromosome rearrangement in genomic alterations

and some other are (quite) new

@ exploring species diversity in a given middle (‘'metageracsii

S. Robin (AgroParisTech / INRA) Statistical models for genomics Stat. Sud, June 2010, Meze 49 [ 124



Genelexpression
Gene expression

Observed count:

Xjjk = number of reads mapping to genein conditionj and replicatek:
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REIESINNIESIISE Gene expression

Gene expression
Observed count:

Xjjk = number of reads mapping to genein conditionj and replicatek:

Standard model:From Gaussian to (over-dispersed) Poisson regression
(Robinson and Smyth (2007)

Xik = NB( ix: ); ik = Nk i
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REIESINNIESIISE Gene expression

Gene expression
Observed count:

Xjjk = number of reads mapping to genein conditionj and replicatek:

Standard model:From Gaussian to (over-dispersed) Poisson regression
(Robinson and Smyth (2007)

Xik = NB( ix: ); ik = Nk i

Same framework as for microarrays:

o Experimental desigin the (generalised) linear framework;
o Di erential analysisbetween two conditiong = 1; 2,

Hoif i1= i20;
@ Multiple testing, FDR control;
o etc.
Statistical models for genomics Stat. Sud, June 2010, Meze 50/ 124



REIES I NIIEROEE ChiPseq

ChlPseq

Observed data:

Protein-DNA interaction loci are revealed by unexpecteddbabundance
of reads (Johnsonet al. (2007)).
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REIES I NIIEROEE ChiPseq

ChlPseq

Observed data:

Protein-DNA interaction loci are revealed by unexpecteddbabundance
of reads (Johnsonet al. (2007)).

Similar to motif statistics in sequence analysis:

N(t) = IfX; tg Homogeneous (compound) Poisson progess
[
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REIES I NIIEROEE ChiPseq

ChlPseq

Observed data:

Protein-DNA interaction loci are revealed by unexpecteddbabundance
of reads (Johnsonet al. (2007)).
Similar to motif statistics in sequence analysis:
N(t) = IfX; tg Homogeneous (compound) Poisson progess
[
Scan statistics:

S(r) = miin XKisr  Xi); or T(w) = mft;lx[N(t +w)  N(t)]

Dembo and Karlin (1992)Glazet al. (2001), R. & al. (2005)
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Rephrasing old questions e\

CNV
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Rephrasing old questions &N\

CNV

Similar to aCGH modelling:

N(t) Poisson process with piecewise constant intensity
(t) = « if t2hk=[«k 15 «]

I Breakpoint detection with an additive log-likelihood.
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Rephrasing old questions &N\

CNV

Similar to aCGH modelling:

N(t) Poisson process with piecewise constant intensity
(t) = « if t2hk=[«k 15 «]

I Breakpoint detection with an additive log-likelihood.
. But

@ Much highercomputational burden O(Kn?) prohibitive.
@ Pair-end reads informs athromosomal rearrangemeifsee slide??).
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Metagenomics: Estimation of abundance
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(\VEEGE I SN B N RGN b EY W Bacterial communities

Bacterial communities

Biological context:Many bacterial species can not be grown arti cially ou
of their natural middle, mostly because of vital interaati® between them.

Such species can only be studied all together, within theidalie, e.g.

Ocean, Human gut, Soil, Cheese surface, etc
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(\VEEGE I SN B N RGN b EY W Bacterial communities

Bacterial communities

Biological context:Many bacterial species can not be grown arti cially ou
of their natural middle, mostly because of vital interaati® between them.

Such species can only be studied all together, within theidalie, e.g.

Ocean, Human gut, Soil, Cheese surface, etc

Their diversity and functiongan be studied via NGS by sampling and
sequencing DNA (or RNA) fronall species

@ simultaneously,
e without knowing who is who,
e without most genome sequences.
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(\VEEGE I SN B N RGN b EY W Bacterial communities

Bacterial communities

Biological context:Many bacterial species can not be grown arti cially ou
of their natural middle, mostly because of vital interaati® between them.

Such species can only be studied all together, within theidalie, e.g.

Ocean, Human gut, Soil, Cheese surface, etc

Their diversity and functiongan be studied via NGS by sampling and
sequencing DNA (or RNA) fronall species

@ simultaneously,
e without knowing who is who,
e without most genome sequences.
I' '"What's in the mix? (McHardy and Rigoutsos (200Y)
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Estimationjofiablindance
How many species are there?

An old ecological problemwhen exploring a given middle: how many
species are not observed?

@ X; = number of observed
individuals from speciels

o C, = number of species with
observed individuals,

° To@l number of species
- X OCX

Problem: @0 =?

(sourceFisheret al. (1943))
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Estimationjofiablindance
How many species are there?

An old ecological problemwhen exploring a given middle: how many
species are not observed?

@ X; = number of observed
individuals from speciels

o C, = number of species with
observed individuals,

° To@l number of species
- X 0CX
Problem: @0 =?
. (sourceFisheret al. (1943))
Metagenomics:
o X; = number of reads fromspecies (if the genome is available)
o X; = number of reads fromgenei (whatever the species)
Statistical models for genomics Stat. Sud, June 2010, Meze 55 /124



ST G Glerk s
General framework

.. n _ np(0)
fX|g i.i.d. P, @ - 17b(0), @0— 17p(0)
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Estimationjofiablindance
General framework

. n np(0)
fXjgiid. P; 6= — 6 = :
9 1 () 1 )
Parametric setting:
o P="P()
@ P = Log-normal (Doroghazi and Buckley (2003)

o Reference model: Poisson-Gamntagheret al. (1943), Hooperet al.
(2010)):

f jgiid. G am; fXig independentX; P ( i):
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Estimationjofiablindance
General framework

. n np(0)
fXjgiid. P; 6= — 6 = :
9 1 () 1 )
Parametric setting:
o P="P()
@ P = Log-normal (Doroghazi and Buckley (2003)

o Reference model: Poisson-Gamntagheret al. (1943), Hooperet al.
(2010)):

f jgiid. G am; fXig independentX; P ( i):

Generalisation of Fisher's model: 7

X
f jgiid. G; fXgindep.X;i P ( §); p(xX)= e Fg( )d
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=0T ERET G LU
'‘Non-parametric' framework

‘Non-parametric’ = mixture of Dirac massesNorris and Pollock (1998)

X X X
9( )= k() ) p()= ke *

X

k Ok (X):
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Estimationjofiablindance
'‘Non-parametric' framework

‘Non-parametric’ = mixture of Dirac massesNorris and Pollock (1998)
X X X
g( )= k () ) px¥)= k€ K= kOk (X):
k k k

X

Inference on truncated dataDenotingp; andgy+ the zero-truncated
distributions, inference can be made either for
|

X ' X
() p+(¥)= KOk (X) or (i) p+(x)= k O+ (X)
k + k

S. Robin (AgroParisTech / INRA) Statistical models for genomics Stat. Sud, June 2010, Meze 57 /124



Estimationjofiablindance
'‘Non-parametric' framework

‘Non-parametric’ = mixture of Dirac massesNorris and Pollock (1998)
X X X
g( )= k () ) px¥)= k€ K= kOk (X):
k k k

X

Inference on truncated dataDenotingp; andgy+ the zero-truncated
distributions, inference can bel made either for
- X - e X +
(i) p+(x)= KOk (X) or (i) p+(x)= k Ok+ (X)
k + k

o Inference ofmixture of truncated(ii) is often easier than this of
truncation of mixture(i).

@ MLE estimates are equivalenBphning and Kuhnert (2006)in the
Poisson case.

e Truncation is for free when PoissdR is replaced by geometriG.
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S EGERINTE =S nEU NG REGIRGEI  Estimation of abundance

Model selection vs model averaging

Model selectionfThe numberK of classes can be chosen with standard
criteria, such as BIC...

But the existence of d@rue K is questionable.
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Metagenomics: Estimation of abundance EESSdnE(elyNeI#E IValsETalel=}

Model selection vs model averaging

Model selectionfThe numberK of classes can be chosen with standard
criteria, such as BIC...

But the existence of d@rue K is questionable.

Model averaging:SincepX (0) is de ned for anyK, one may consider
X K
p(0)=  wkbp"(0):
K

In a Bayesian framework, the natural choice for the weight is
Z z
wk = P(KjX)/ P(zZ; jX;K)dzd / P(X;Z; ;K)dzd

whereZ denote the unknown classe&i{Thiao-Te & al.).
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Metagenomics: Estimation of abundance EESSdnE(elyNeI#E IValsETalel=}

Variational Bayes

VB-EM: For mixtures of (conjugatekxponential family distributionsthe
variational-Bayes EM Beal and Ghahramani (200B)provides the 'best'
approximation ofP(Z; jX;K) as

Q @i 1K) = Q(ZIK)Q ( K)=arg min KLQ(Z: )P iXiK)):
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Estimationjofiablindance
Variational Bayes

VB-EM: For mixtures of (conjugatekxponential family distributionsthe
variational-Bayes EM Beal and Ghahramani (200B)provides the 'best'
approximation ofP(Z; jX;K) as

Q @i 1K) = Q(ZIK)Q ( K)=arg min KLQ(Z: )P iXiK)):

Optimal weights: The minimisation of

KLIQ(Z: 5 K); P(Z: 5 KX)T = KLIQ(K): P(KjX)]

+ Q(K)KL[Q(Z; jK); P(Z; jX;K)]
k

provides the 'best' approximated weight¥¢lant & al.) as

we = Q (K)/ P(K)expf KL[Q (Z; jK);P(Z; jX;K)]+log P(XjK)g:
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Estimationjofiablindance
Back to estimation of abundance

Importance samplingLow-variance estimates of the true weights can als
be obtained as
X - b. b
W) Lo P ’Kz)'_a( K). wheref Pgiid. Q (jK):
B Q ( "iK)
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Estimationjofiablindance
Back to estimation of abundance

Importance samplingLow-variance estimates of the true weights can als

be obtained as
X . p. b;
e 17 PXLZROPCTAR). heret Pgiid. Q (jK):
B Q ( 7jK)

Mixture of truncated distributions.
e Truncated Poisson are not in the exponential family.
o Truncated Geometric are ... Geometric.

But Geometric mixtures are 'less identi able' and less bileé.
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Estimationjofiablindance
Back to estimation of abundance

Importance samplingLow-variance estimates of the true weights can als

be obtained as
1 X P(Xj P;K)P( PjK) b .
P — : ; wheref "giid. Q (jK):
B, Q ( °iK)

Mixture of truncated distributions.
e Truncated Poisson are not in the exponential family.
o Truncated Geometric are ... Geometric.

But Geometric mixtures are 'less identi able' and less bileé.

Truncated mixture of PoissonThe number of unobserved speci€s can
be viewed as another unobserved variable (in additiorZjowith negative
binomial distribution and VB-EM can be used to minimise

KL[Q(Z;Co; );P(Z;Co; JK)I:
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Estimationjofiablindance
Designing NGS experiment

How many readsNGS experiments are still expensive. Determining a
'su cient' number of reads is valuable.

Number of observed species = f(Thousands of reads)
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Metagenomics: Sequence classi cation
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Orphean sequenceclassilcation
Orphean sequences

Missing genomesBecause many (most?) bacterial species can not be
grown in labs, their genomes are unavailable.

I All reads from these species can no be mapped.

I Such reads represent a substantial part (50%, 75%) of an expent.
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Orphean sequenceclassilcation
Orphean sequences

Missing genomesBecause many (most?) bacterial species can not be
grown in labs, their genomes are unavailable.

I All reads from these species can no be mapped.

I Such reads represent a substantial part (50%, 75%) of an expent.

Genome signatureSpecies-speci c genome content can be due to
o G-C content,
@ based codon usage (speci c use of the genetic code),
o ...
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Orphean sequenceclassilcation
Orphean sequences

Missing genomesBecause many (most?) bacterial species can not be
grown in labs, their genomes are unavailable.

I All reads from these species can no be mapped.

I Such reads represent a substantial part (50%, 75%) of an expent.

Genome signatureSpecies-speci c genome content can be due to
o G-C content,
@ based codon usage (speci c use of the genetic code),
o ...

Sequence classi cation'Orphean' reads can be clustered based on the
only available informationoligonucleotide k-words) frequencies

N; =[Nj(aaa) Ni(aac) ::: N;(ttt )]:
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Orphean sequenceclassilcation
Distance-based clustering

Euclidian distance Standard classi cation and/or clustering
distance-based techniques can be appli€aiet al. (2008)) based on

Xi=Ni=%;  d?(i;)) = kX Xk
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Orphean sequenceclassilcation
Distance-based clustering

Euclidian distance Standard classi cation and/or clustering
distance-based techniques can be appli€aiet al. (2008)) based on

Xi=Ni=%;  d?(i;)) = kX Xk
Toward model-based clusterind-word frequencies constitute the

su cient statistics of a Markov chain of orderk 1):

N(ag:::ax 18) .
N(az::i:ag 1+)

b(S = &jSt ke1 = @i 1= & 1) =

Fitting a (k  1)-order Markov chain is 'equivalent’ to analysis based on
k-word frequencies.
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S EGIN N IHSTEL TG REEES Rl  Orphean sequence classi cation

Hybrid clustering

Markov chain context.Mean, variance and covariance of word frequencie
are known R. & al. (2005)

Distance-based method can be applied wittodel-based distancdn a
Markov chain context.

@ Mahalanobis distanceWu et al. (2001)

=V(X);  d¥(i) = kG Xk (or KX XjKgag )
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(VETEGI IR IR N ESS N Wl  Orphean sequence classi cation

Hybrid clustering

Markov chain context.Mean, variance and covariance of word frequencie
are known R. & al. (2005)

Distance-based method can be applied wittodel-based distancdn a
Markov chain context.

@ Mahalanobis distanceWu et al. (2001)

=V(X);  d¥(i) = kG Xk (or KX XjKgag )

o KL divergence:Wu et al. (2001)

d(i;j) = KL(bi;b) or KL(bi;by)+ KL(bj;by);
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(VETEGI IR IR N ESS N Wl  Orphean sequence classi cation

Hybrid clustering

Markov chain context.Mean, variance and covariance of word frequencie
are known R. & al. (2005)

Distance-based method can be applied wittodel-based distancdn a
Markov chain context.

@ Mahalanobis distanceWu et al. (2001)

=V(X);  d¥(i) = kG Xk (or KX XjKgag )

o KL divergence:Wu et al. (2001)

d(i;j) = KL(bi;b) or KL(bi;by)+ KL(bj;by);

o Likelihood ratio test statistics:Dai et al. (2008)
d(i;j) = log[P(N;; bi)P(Nj; by)=P(Ni; Nj; bif )]
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Orphean sequenceclassilcation
Model-based clustering

Mixture of Markov chains.For observed sequencéS§;g (with length 7;):

fzigiid. M (1;(p::;Pg))
fSig indep. jf Zig MC( z)

Q 1 proportions

Q1
3Q4k 1 transition probabilities (Q 1)+3Q4~ ~ parameters
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Orphean sequenceclassilcation
Model-based clustering

Mixture of Markov chains.For observed sequencéS§;g (with length 7;):

fzigiid. M (1;(p::;Pg))
fSig indep. jf Zig MC( z)

Q 1 proportions

Q1
3Q4k 1 transition probabilities (Q 1)+3Q4~ ~ parameters

Inference.Standard ML techniques can be applied
o for sequence with homogeneous lengths
e with known order for the Markov chain.
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Orphean sequence classi cation
Markov chain mixtures in practice

Heterogenous lengthsReads are often ‘assembled' before clustering,
resulting in sequences with (very) di erent length.
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(VETEGI IR IR N ESS N Wl  Orphean sequence classi cation

Markov chain mixtures in practice

Heterogenous lengthsReads are often ‘assembled' before clustering,
resulting in sequences with (very) di erent length.
I Information provided by each sequencteits length:
Y Y . .
fa(S)= oS alki )N e
" .
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(VETEGI IR IR N ESS N Wl  Orphean sequence classi cation

Markov chain mixtures in practice

Heterogenous lengthsReads are often ‘assembled' before clustering,
resulting in sequences with (very) di erent length.
I Information provided by each sequencteits length:
Y Y . .
fa(S)= oS alki )N e
" .

I Classi cation of very long sequences is almost ‘certain’

X
i9 = pqfq(Si)=  prfr(Si) n!!l f0;1g

r
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(VETEGI IR IR N ESS N Wl  Orphean sequence classi cation

Markov chain mixtures in practice

Heterogenous lengthsReads are often ‘assembled' before clustering,
resulting in sequences with (very) di erent length.
I Information provided by each sequencteits length:
Y Y . .
fa(S)= oS alki )N e
" .

I Classi cation of very long sequences is almost ‘certain’

X
i9 = pqfq(Si)=  prfr(Si) n!!l f0;1g
r
I 1 very long sequence = 1 group:

X X X
L()= . iqfq(Si) + . H(f iq0):
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Orphean sequence classi cation
Markov chain mixtures in practice (cont'd)

E cient number of parameters.The number of parameters grow
exponentially withk. p

I It may exceed. = ;.
I For k large w.r.t. L, a huge proportion ok-word do not even appear
once Rahman and Rivals (200R)
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Orphean sequence classi cation
Markov chain mixtures in practice (cont'd)

E cient number of parameters.The number of parameters grow
exponentially withk. p

I It may exceed. = ;.
I For k large w.r.t. L, a huge proportion ok-word do not even appear
once Rahman and Rivals (200R)

Handling huge sampleRunning EM on 10 sequences is not an easy tas}
I Dimension reduction
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(VETEGI IR IR N ESS N Wl  Orphean sequence classi cation

Application in comparative genomics

Aim: Compare the genomes of seveEal Colistrains.

Data: The genomes are shattered intbackbone'(i.e. common to all

strains) and'loops' (speci ¢ to one strain) fragments.

Combined mixture of Markov chains and sequence lengdenti es groups
of sequences with similar annotations:

Cluster 1 Cluster 2  Cluster 3 Cluster 4 Total
y Mean length 7147,96 727.01 123.38 30.88
[2417;40120] [335;2270] [43;323] [20; 42]
All sequences 77 156 365 289
Phage-like 10 1 0 0 11
IS ) 2 13 0 0 15
BIME/PU ( ?) 0 3 98 26 127

(Y) Insertion sequences / ) Bacterial interspersed mosaic elements

S. Robin (AgroParisTech / INRA)
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Biological Interaction Networks
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Whatkindjofinetworky
What kind of network?

Networks provide a natural description of the interactiohstween the
‘components' that are present in the cell.

Components may be physical
of 'conceptual’ objects:

@ proteins,
@ genes,
@ reactions.

Protein interaction network
(PIN):
@ vertices = proteins,
o edge = (possible)
physical interaction.
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Whatkindjofinetworky
Another network

Regulatory network:
@ Vertex = gene or operon
o Edges = Regulationi ! |
I Oriented & valued network

Aim:

o Information transmission
between genes.

e Dynamics of gene expression.
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Whatkindjofinetworky
A more complexe network

Metabolic network: relations between chemical reactions and the enzyme
which catalyse them.
Which (simple) represen-
tation?
Vertex =
@ Reaction / enzyme?
@ Compound?

o Bipartite?

Which de nition for the
edges?

o Existence of common
compound
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Biological Interaction Networks Dynamic systems

Dynamic systems
In the 'systems biology' literaturenetwork modelling'most often refers to
the desciption of a network as a (huge) dynamic system where

@ variables = metabolite concentrations,
o relations = di erential equations.
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Bynamicisystems
Dynamic systems

In the 'systems biology' literaturenetwork modelling'most often refers to
the desciption of a network as a (huge) dynamic system where

@ variables = metabolite concentrations,

o relations = di erential equations.

Another applied math. point of view:
@ constants (reaction speeds, etc) are supposed to be known,
e aim = understand the network dynamics (stability, limit cle
response to a ‘control’, etc).
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Bynamicisystems
Dynamic systems

In the 'systems biology' literaturenetwork modelling'most often refers to
the desciption of a network as a (huge) dynamic system where

@ variables = metabolite concentrations,

o relations = di erential equations.

Another applied math. point of view:
@ constants (reaction speeds, etc) are supposed to be known,
e aim = understand the network dynamics (stability, limit cle
response to a ‘control’, etc).

(very) Few connexions with statistics:
e parameter inference is not an issue (see the literature),
e dynamic analysis provides a qualitative description of tregwork
behaviour that may su cient,
o relevant data (single cell concentrations) are not (yet)aiable,
o statistical tools (stochastic di erential equation) areets standard.
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Network inference
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can= ailpniellnedSs
Gaussian graphical models

Aim: Infer gene regulation from gene expression datafkowetz and
Spang (2007)+ some ideas fromC. Matiass SFdS talk).
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INEIWGICAREICEHICE  Gaussian graphical models

Gaussian graphical models

Aim: Infer gene regulation from gene expression datafkowetz and
Spang (2007)+ some ideas fromC. Matiass SFdS talk).

Gaussian graphical model (GGMDenoting Yix = expression level of gene
i(=1:p) in replicatek(=1::n):
Yie = (Yo Ypk); fYggiid. N( ; )

reveals correlations ¢o-expressiors which are expected to be mostly
non-zero (spurious edge}.
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Gaussian graphicallmodels
Gaussian graphical models

Aim: Infer gene regulation from gene expression datafkowetz and
Spang (2007)+ some ideas fromC. Matiass SFdS talk).

Gaussian graphical model (GGMDenoting Yix = expression level of gene
i(=1:p) in replicatek(=1::n):
Yie = (Yo Ypk); fYggiid. N( ; )

reveals correlations ¢o-expressiors which are expected to be mostly
non-zero (spurious edge}.

'Regulatory’ network. Only direct, i.e. conditional correlations matters:
_ v vy — Wij _ _ 1
pi = (Yi;YjiY")= p——=  whereW = (w;) =
Wi Wij
Regulations are revealed by tm®n-zero terms of the precision matri/.
Statistical models for genomics Stat. Sud, June 2010, Meze 76 /124



INEIWGICAREICEHICE  Gaussian graphical models

Regulatory network

Result = Undirected graph
(while regulation is oriented).

Major issue:p n
I b s singular.

Most popular strategy:
Regularisel (or &)
assuming thatW is sparse

(sourceSchafer and Strimmer (2009)
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Inferring the precision matrix
Inferring the precision matrix

Making b regular: Schafer and Strimmer (2005use a shrinked estimates,
W=(b+

! minimisingMSE(W) can be determined;
I Multiple testing procedure is then applied to achieve sjitgrs
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Inferring the precision matrix
Inferring the precision matrix

Making b regular: Schafer and Strimmer (2005use a shrinked estimates,
W=(b+

! minimisingMSE(W) can be determined;
I Multiple testing procedure is then applied to achieve sjitgrs

Multiple testing. Partial correlations can be considered for a limited
number of ‘conditioning' genesWille and Buhlmann (2006)

i(S)=" (Yi:;Yjif YkOkas)

and to testHo = fp;(S) = 09 for each of the r}sjz possible subsets.

@ In practice, only smal5(=1;2) can be considered.

o Leads to a strong multiple testing issu®fton and Perlman (2007,)
Verzelen and Villers (2008)
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INEWGIGENICIENCI  Inferring the precision matrix

Inferring the precision matrix cont'd

Penalised regressiorPartial correlations are also revealedgression

coe cients. Sparsity can be achieved via LASSO penalization
Meinshausen and Bahimann (2006)

i =argminkY; Yn K3+ k kg
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Inferring the precision matrix
Inferring the precision matrix cont'd
Penalised regressiorPartial correlations are also revealedgression
coe cients. Sparsity can be achieved via LASSO penalization
Meinshausen and Bahimann (2006)

i =argminkY; Yn K3+ k kg

Penalised covariancelThe same strategy can be applied directly to the
precision matrixWW (Banerjeeet al. (2008)):

W =arg mv\iln logjWj +tr( SW)+ kWKky:

account for a modularity structure of the networkAfnmbroiseet al.
(2008),Chiquetet al. (2009),Charbonnieret al. (2010)).
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Inferring the precision matrix
Inferring the precision matrix cont'd

Penalised regressiorPartial correlations are also revealedgression
coe cients. Sparsity can be achieved via LASSO penalization
Meinshausen and Bahimann (2006)

i =argminkY; Yn K3+ k kg
Penalised covariancelThe same strategy can be applied directly to the
precision matrixWW (Banerjeeet al. (2008)):
W =arg mv\iln logjWj +tr( SW)+ kWKky:
account for a modularity structure of the networkAfnmbroiseet al.

(2008),Chiquetet al. (2009),Charbonnieret al. (2010)).

Model selection.Giraud. (2008)
Statistical models for genomics Stat. Sud, June 2010, Meze 79/ 124



INEIWGICARIEICERICI  Inferring the precision matrix

Time-course data

Accounting for time. When replicates are obtained along time, edge

orientation can be associated with time causality, considg (Lebre
(2009))

8
2 Ho=f (Y5Y! YfY ‘okesg=0g;
Yt — Yt 1 + Et )

z argmin k! YU k4 Kok

Regulatory changesRegulation rules may vary with time. The temporal
setting allows to look for change-point for .
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[nfemngjthelprecisionimatiix
Some comments

Huge networks.
@ Gene expression data are available for thousands of genes,
@ but the inference of very large graphs is clearly hazardous.

o A careful analysis of a reduced set of genes involved in a same
biological process is still complex.
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[nfemngjthelprecisionimatiix
Some comments

Huge networks.
@ Gene expression data are available for thousands of genes,
@ but the inference of very large graphs is clearly hazardous.

o A careful analysis of a reduced set of genes involved in a same
biological process is still complex.

Assessing edge¥illers et al. (2008) consider the assessment of few
putative edges in a given network.
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INEIWGICARIEICERICI  Inferring the precision matrix

Some comments

Huge networks.

@ Gene expression data are available for thousands of genes,
@ but the inference of very large graphs is clearly hazardous.

o A careful analysis of a reduced set of genes involved in a same
biological process is still complex.

Assessing edge¥illers et al. (2008) consider the assessment of few
putative edges in a given network.

No real gold-standardVery few regulatory networks are actually known,

I Methods assessment and comparison are mostly based oristieal
simulations.
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Network evolution (a brief excursion)
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Network evolution 2 models

2 models

Ratmannet al. (2007) propose a model to describe the evolution of a PF
network.

Model. At each timet, a new node joins Duplication divergence.
the network either according to a

@ duplication divergencavith
parent-child attachment (DDa:

prob. )
@ or to preferential attachmen{PA:
prob. 1 )
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Network evolution 2 models

2 models

Ratmannet al. (2007) propose a model to describe the evolution of a PF
network.

Model. At each timet, a new node joins Duplication divergence.
the network either according to a

@ duplication divergencavith
parent-child attachment (DDa:

prob. )
@ or to preferential attachmen{PA:
prob. 1 )

Likelihood. Since the history of the network is not observed, the likelbd
is asum over all possible paththat could give raise to the observed
network.

I Direct ML can not be achieved.
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AL
Inference

ABC inference:SeeO. Frarcoiss lecture yesterday.
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Network evolution 2 models

Inference

ABC inference:SeeO. Frarcoiss lecture yesterday.

Network evolution.ABC is based a pre-de ned distance between the
observed network and the simulated oné°

d[S(X); S(X9]:
whereS(X) is the vector ofsummary statisticse.g.
o number of edges,

e motifs counts (V,r , , etc.),
o ...
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Network evolution 2 models

Inference

ABC inference:SeeO. Frarcoiss lecture yesterday.

Network evolution.ABC is based a pre-de ned distance between the
observed network and the simulated oné°

d[S(X); S(XI:
whereS(X) is the vector ofsummary statisticse.g.

o number of edges,

e motifs counts (V,r , , etc.),
o ...

Remarks.

@ The proposed algorithm looks like a Metropolis-Hastings S0ERGM
with same statisticsS and xed parameter (summarised in the
choice of the distance).

© The calculation of the statisticsS for each simulated graph remains
an algorithmic issue

S. Robin (AgroParisTech / INRA) Statistical models for genomics Stat. Sud, June 2010, Meze 84 /124



Network topology
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Netiorksiasliandomiaraphs
Networks as random graphs

Aim:

@ The global topology of the network give some insights abdut i
general behaviour and properti¢Baralasi and Albert (1999),Albert
and Baralasi (2002).

@ Mechanistic modelexplaining the observed topology are not always
available, or mathematically tractable.

o 'Null' or reference modelprovide a naive and yet reasonably faithful
description of the observed network.
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Netiorksiasliandomiaraphs
Networks as random graphs

Aim:

@ The global topology of the network give some insights abdut i
general behaviour and properti¢Baralasi and Albert (1999),Albert
and Baralasi (2002).

@ Mechanistic modelexplaining the observed topology are not always
available, or mathematically tractable.

o 'Null' or reference modelprovide a naive and yet reasonably faithful
description of the observed network.

Reference models
@ Provide a global picture of the network structure,
o Predict expected topologies for 'similar’ networks,
@ Provide a proper framework to simulate 'realistic' netwsrk
o Allow us to detect 'unexpected' structures in observed netis.
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Netiorksiasliandomiaraphs
Networks as random graphs

Aim:

@ The global topology of the network give some insights abdut i
general behaviour and properti¢Baralasi and Albert (1999),Albert
and Baralasi (2002).

@ Mechanistic modelexplaining the observed topology are not always
available, or mathematically tractable.

o 'Null' or reference modelprovide a naive and yet reasonably faithful
description of the observed network.

Reference models
@ Provide a global picture of the network structure,
o Predict expected topologies for 'similar’ networks,
@ Provide a proper framework to simulate 'realistic' netwsrk
o Allow us to detect 'unexpected' structures in observed netis.
I Similar to Markovian models in DNA sequence analysis§cfSchbath
yesterday).
Statistical models for genomics Stat. Sud, June 2010, Meze 86/ 124



Fitting network characteristics
Some (simple) models tting network characteristics

Density (number of edges)The Erdes & Renyi (ER) model states that
fxij 01 i<j n i.i.d.; Xij B ( ) ( = )

I Does not t other characteristics (degree distribution, atheter, etc.)
of most real network.
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Fitting network characteristics
Some (simple) models tting network characteristics

Density (number of edges)The Erdes & Renyi (ER) model states that
fxij 01 i<j n i.i.d.; Xij B ( ) ( = )

I Does not t other characteristics (degree distribution, atheter, etc.)

of most real network.

Colour frequencies (coloured networkdPenoting C; the colour of nodd,

the coloured Erdes & Renyi (CER) model states that

fCor i niid,; G M (Lis=(s;%;::)) o
injgll i<j niid; Xi B () ( =(s )
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Fitting network characteristics
Some (simple) models (cont'd)

Node degreeGivend; = observed degree of node the x degree
distribution (FDD) models states that

X
X Uf x: xj = dig ( =d=fdg)
j
I Sampling such graphs is not that easy (edge swapping algarjt
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Fitting network characteristics
Some (simple) models (cont'd)

Node degreeGivend; = observed degree of node the x degree
distribution (FDD) models states that

X
X Uf x: xj = dig ( =d=fdg)
j
I Sampling such graphs is not that easy (edge swapping algarjt

Degree distribution.Givendgys = fdig; the degrees in the observed graph
the expected degree distribution (EDD) model states that

fKig i.i.d. Uf donsg (= dope)
f Xjjg independentf Kig : X; B (cKiKj) obs
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Fitting network characteristics
Some (simple) models (cont'd)

Node degreeGivend; = observed degree of node the x degree
distribution (FDD) models states that

X
X Uf x: xj = dig ( =d=fdg)
j
I Sampling such graphs is not that easy (edge swapping algarjt

Degree distribution.Givendgys = fdig; the degrees in the observed graph
the expected degree distribution (EDD) model states that

fKig i.i.d. Uf donsg (= dope)
f Xjjg independentf Kig : X; B (cKiKj) obs

Similar to permutation vs Markovian models for sequences.
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Fitting network characteristics
Some (simple) models (cont'd)

Node degreeGivend; = observed degree of node the x degree
distribution (FDD) models states that

X
X Uf x: xj = dig ( =d=fdg)
j
I Sampling such graphs is not that easy (edge swapping algarjt

Degree distribution.Givendgys = fdig; the degrees in the observed graph
the expected degree distribution (EDD) model states that

fKig i.i.d. Uf donsg (= dope)
f Xjjg independentf Kig : X; B (cKiKj) obs

Similar to permutation vs Markovian models for sequences.

Statistical inference:Easy until now!
Statistical models for genomics Stat. Sud, June 2010, Meze 88 /124



Fitting network characteristics
Some (more complex) models

Heterogeneity of connexion pro led:atent space modelsBollokas et al.
(2007)) suppose that each nodeoccupies arunknown latent positiorZ;
and that
fZigi.i.d. .
f Xj;g independentf Zig : X;; B [ (Z;Z)] (=)
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Fitting network characteristics
Some (more complex) models

Heterogeneity of connexion pro led:atent space modelsBollokas et al.
(2007)) suppose that each nodeoccupies arunknown latent positiorZ;

and that
fZigi.id. C=(: )
f Xj g independentf Z;g : X B [ (Zi;Z)] :

Continuous Ho et al. (2002)): (* PCA)
Z2RY  logit] (z;2%=ajz 24
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Fitting network characteristics
Some (more complex) models

Heterogeneity of connexion pro led:atent space modelsBollokas et al.
(2007)) suppose that each nodeoccupies arunknown latent positiorZ;
and that
fZigi.i.d. .
f Xj;g independentf Zig : X;; B [ (Z;Z)] (=)

Continuous Ho et al. (2002)): (* PCA)

Z2RY  logit] (z;2%=ajz 24
Discrete Nowicki and Snijders (200}) (* clustering, = mixture model)
Zi 211;:::;Kg; k;)= «:
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Fitting network characteristics
Some (more complex) models

Heterogeneity of connexion pro led:atent space modelsBollokas et al.
(2007)) suppose that each nodeoccupies arunknown latent positiorZ;
and that
fZigi.i.d. .
f Xj;g independentf Zig : X;; B [ (Z;Z)] (=)

Continuous Ho et al. (2002)): (* PCA)

Z2RY  logit] (z;2%=ajz 24
Discrete Nowicki and Snijders (200}) (* clustering, = mixture model)
Zi 211;:::;Kg; k;)= «:

Statistical inference:Not that easy
@ Burdensome MCMC inference (limited to small networks)
o Variational approximation Daudin et al. (2008), see later)
e Variational Bayes inference
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Fitting network characteristics
Some (more complex) models (cont'd)

Motif counts: Exponential random graphs (ERGM, or) (Pattison and
Robins (2007) constitute a wide class of models stating that

P(X; )=exp[u(X)® c( )]
whereu(X) is a vector ofsu cient statistics, e.g.

u(X) = [# edges, # V's, # triangles, # 3-stars, ...]
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Fitting network characteristics
Some (more complex) models (cont'd)

Motif counts: Exponential random graphs (ERGM, or) (Pattison and
Robins (2007) constitute a wide class of models stating that
P(X; )=exp[u(X)® c( )]
whereu(X) is a vector ofsu cient statistics, e.g.
u(X) = [# edges, # V's, # triangles, # 3-stars, ...]

I Statistical inference isjuite hard Ex:
!

X
c( )=log expli(x)° ]

S. Robin (AgroParisTech / INRA) Statistical models for genomics Stat. Sud, June 2010, Meze 90 / 124



Fitting network characteristics
Some (more complex) models (cont'd)

Motif counts: Exponential random graphs (ERGM, or) (Pattison and
Robins (2007) constitute a wide class of models stating that
P(X; )=exp[u(X)® c( )]
whereu(X) is a vector ofsu cient statistics, e.g.
u(X) = [# edges, # V's, # triangles, # 3-stars, ...]

I Statistical inference isjuite hard Ex:
!

X
c( )=log expli(x)° ]

X

I Motifs used inu(X) will never be exceptionad.r.t. this model.
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Network topology Mixture Model

Mixture Model

Discrete-valued latent labelssach node belong to clasg) with
probability q:

fZg i.i.d,; Zi M (1; )
where =( ;0 k);

S. Robin (AgroParisTech / INRA) Statistical models for genomics Stat. Sud, June 2010, Meze 91 /124



Mbtireliodel
Mixture Model

Discrete-valued latent labelssach node belong to clasg) with
probability q:

fZig iid,; Zi M (1; )
where =( 1;::: k);
Observed edged.Xj;gi;; are conditionally independent given thg's:
Xjjzi=kzj=") fe():
wherefy- () is some parametric distributiofi- (x) = f(x; «), €.0.
(XijjZiZp =1) B (k)
We denote = f 0k :
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Mbtireliodel
Mixture Model

Discrete-valued latent labelssach node belong to clasg) with
probability q:

fZig iid,; Zi M (1; )

where =( 1;::: k);

Observed edged.Xj;gi;; are conditionally independent given thg's:
Xjjzi=kzj=") fe():

wherefy- () is some parametric distributiofi- (x) = f(x; «), €.0.

(XijjZiZp =1) B (k)
We denote = f 0k :
Inference:We need to estimate

=( ) and  P(ZjX)
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Mbtireliodel
lllustration: A social network

SN
” Z' ‘{”‘o‘ 21
7 TN AHA e,
L7 2 =

Data. Social binary network of b (%)
friendship within a sport club. =] 1 2 3 4
1 | 100 53 16 16
Results. The splitis recovered and é 1? g 7;
the role of the leaders is under- 4 - - - 100
lined. n-| 3 13 16 2
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S i
Maximum likelihood inference

Maximum likelihood estimateWe are looking for

b= arg maxlogP(X; )
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Variational Inference
Maximum likelihood inference
Maximum likelihood estimateWe are looking for

b= arg maxlogP(X; )

Incomplete datg model:
o P(X; )= ,P(X;Z; )is generally not always computable.
o This of P(X;Z; ) is much easier ... except that is unknown.
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\vanationaljlnference
Maximum likelihood inference

Maximum likelihood estimateWe are looking for
b= arg maxlogP(X; )

Incomplete datg model:
o P(X; )= ,P(X;Z; )is generally not always computable.
o This of P(X;Z; ) is much easier ... except that is unknown.

Lower bound of the log-likelihoodFor any distributionQ(Z), we have
(Jordanet al. (1999),Jaakkola (2000)

logP (X) logP(X)  KL[Q(Z); P(ZjX)]
H(Q)+ EqllogP(X; 2)]

Q(2)log Q(2)dz
z

Eq[logP(X;2)] Q(2)logP(X;Z)dz
Statistical models for genomics Stat. Sud, June 2010, Meze 93 /124
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\vanationaljlnference
2 cases

If P(ZjX) can be calculatedtaking Q(Z) = P(ZjX) achieves the
maximisation of lod?(X) through this of

EollogP(X;Z; )I:

' E-M algorithm for independent mixtures, hidden Markov mdsjeetc.
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\vanationaljlnference
2 cases

If P(ZjX) can be calculatedtaking Q(Z) = P(ZjX) achieves the
maximisation of lod?(X) through this of

EollogP(X;Z; )I:
' E-M algorithm for independent mixtures, hidden Markov mdsjeetc.

If P(ZjX) can not be calculatedthe best lower bound of l0B(X) is
obtained for

Q =arg ngig KL[Q(Z); P(ZjX)]

I Mean- eld approximation for random graphs.
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\vanationaljlnference
Variational E-M

'‘Expectation’ step (E-step):calculate
P(ZjX; )
or its approximation

Q =arg S‘JS KL[Q(Z); P(ZjX; I

Maximisation step (M-step):estimate with

b - arg maxEQ[Iog P(X;Z; )]

which maximise lo@ (X) if Q(Z) = P(ZjX), and its lower bound
otherwise.
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95 /124



Network topology Variational Inference

Back to networks
Dependency structure.

Graphical rep.:
P(2)P(XiZ)

Moral graph
(Lauritzen (1996)

Cond. dependency:
P(ZjX)

S. Robin (AgroParisTech / INRA)
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Network topology Variational Inference

Back to networks
Dependency structure.

Graphical rep.:
P(2)P(XiZ)

Moral graph
(Lauritzen (1996)

Cond. dependency:
P(ZjX)

The conditional dependency & is aclique

!
Markov random elds)

I P(ZjX) can only be approximated.

S. Robin (AgroParisTech / INRA)

Statistical models for genomics
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no factorisation can be hoped to calcula®(ZjX) (unlike hidden
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S i
Likelihood

Complete log-likelihood:

X X X
|Og P(X; Z) = Zik |Og k t Ziij‘ |ng (Xij; k‘)i
ik i5j ki
'‘Completed' log-likelihood:
X X X
EqllogP(X;Z)] = FQ{ZZikﬂ log « + EolZikZj-1logf (Xij; «):
ik |k_ ik

M-step: weighted version of the MLE.
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\vanationaljlnference
Approximation ofP(ZjX)
Problem: We are looking for

Q =arg gﬁzig KL[Q(Z); P(ZjX)]:
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Variational Inference
Approximation ofP(ZjX)
Problem: We are looking for

Q =arg (gnzig KL[Q(Z); P(ZjX)]:

@ We restrict ourselves to the set éhctorisable distributions
( Y Yy . )
Q= Q:Q(2)= Qi(Zi) = i
i ik
Q s characterised by the set of optimal parametegs's:

ik = EQ[Zik] Prf Zi = ijg:
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Variational Inference
Approximation ofP(ZjX)
Problem: We are looking for

Q =arg (gnzig KL[Q(Z); P(ZjX)]:

@ We restrict ourselves to the set éhctorisable distributions
( Y Yy . )
Q= Q:Q(2)= Qi(Zi) = i
i ik
Q s characterised by the set of optimal parametegs's:

ik = EQ[Zik] Prf Zi = ijg:

@ The optimal , 's can be found using standard (constrained)
optimisation techniques.
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Network topology Variational Inference

Best factorisable approximation

The optimal ik's must satisfy the x-point relation:

Y'Y
i« fie (Xij)
isi

also known asnean- eld approximation in physics.

Intuitive interpretation:

Y'Y
PrfzZi = kjX;Zng/ « fie (Xij) 7" :
j6i -

Improvement: The approximation ofEg[ZikZ;-] can be improved via a
message passing algorithm
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Application to regulatory networks
Application to regulatory network

Regulatory network = directed graph
where

@ Nodes =genes (or groups of
genes, e.g. operons)

o Edges =regulations:
fit jg , i regulatesj

Typical questions are

@ Do some nodes share similar
connexion pro les?

o Is there a 'macroscopic'
organisation of the network?
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Application to regulatory networks
Meta-graph representation

by (%) 1 2 3 4 5
1 : : : : :
2 6:40 1:50 1:34
3 121 : :
4 : : : : :
5 8:64 17:65 : 72:87 11:01

b (%) 65:49 5:18 792 21:10 0:30

(sourcePicard et al. (2009))
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Variational approximation for networks
Variational Bayes inference

Bayesian settingBoth and Z are unobserved and we want to retrieve
P(Z; jX)
Exponential family / conjugate priorif

P() / exp[()°]
P(X;Zj ) 1 expl ( )U(X;2)]

the best approximate distribution
=arg min KL[Q(Z; );P(Z; [X
Q g min [Q(Z; );P(Z; [X)]
within the class of factorisable distribution®:
Q=fQ:Q(Z; )= Qz(2)Q ()9

can be recovered via @riational Bayes E-M algorithm (VBEM{Beal and
Ghahramani (2003)
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Network topology Variational approximation for networks

The optimalQ (Z; )= Q,(Z)Q ( ) can be recovered by an EM-like
algorithm

M step:  logQ () ( ) fEq,[u(X;Z)]+ g+cst

'E'step: logQz(2) Eo [ ()]'u(X;Z)+cst

Mean- eld approximation.For network mixture models, we get
v em (e)" Fert @ @ernl@) g
jgil=1

S. Robin (AgroParisTech / INRA) Statistical models for genomics Stat. Sud, June 2010, Meze 103 /124



Variational approximation for networks
VB-EM Credibility intervals

VB-EM Credibility intervalswith a mixture of 2 groups of nodes

1o 14, 120, 22

e For all parameters, VB-EM posterior credibility intervadshieve the
nominal level (90%), as soon as 25.

o ! the VB-EM approximation works well, at least for graphs.
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Variational approximation for networks
Convergence rate of the VB estimates

Width of the posterior credibility intervals. 1, 11, 12, 22

o The width decreases a;ﬁ nfor 1.
o It decreases as=h for 11, 12 and oo.

o Consistent with the penalty of the ICL criterion @audinet al.
(2008):
(Q 1)logn+ Q?logn(n 1)=2]:

S. Robin (AgroParisTech / INRA) Statistical models for genomics Stat. Sud, June 2010, Meze 105/ 124



Variational approximation for networks
Variational approximation for graphs

The quality of the inference based on the variational appnostion is not
very well known yet.

o VEM algorithm converge to ali erent optimum than ML in the
general caseGunawardana and Byrne (2006)except for
degenerated models.

@ Consistency is proved faome incomplete data mode($cGrory and
Titterington (2009)).

e VB-EM often under-estimate the posterior variances.
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Variational approximation for networks
Variational approximation for graphs

The quality of the inference based on the variational appnostion is not
very well known yet.

o VEM algorithm converge to ali erent optimum than ML in the
general caseGunawardana and Byrne (2006)except for
degenerated models.

@ Consistency is proved faome incomplete data mode($cGrory and
Titterington (2009)).

e VB-EM often under-estimate the posterior variances.

Speci ¢ case of graphs.

@ Speci ¢ asymptotic frameworkp®= n.

@ Mean eld approximation asymptotically exact for some mdslevith
in nite range dependency@pper and Winther (2001) law of large
number argument).

o Network mixtures are, in some sense, degenerated:®Pr zZg ! 1:
Celisse & Daudin
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Network motifs
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UEG
What motifs?

Local patternsconstitute functional modules or basic build-
ing blocks of complex networksSfien-Orret al. (2002)).

Transcription regulatory networksmotifs may perform spe-
ci ¢ regulatory functions (e.g. feed-forward loop, bi-farsee
right).

Milo et al. (2002), Mangan and Alon (2003) Prill et al.
(2005)

o

24

Metabolic motif may reveal systematic associations of reac-
tions in metabolic pathways.
Lacroixet al. (2006)
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2idicrengmots
Coloured motif in metabolic networks

A motif m is de ned by a set ok
colors (with possible repetitions).

Colour= Enzyme classi cation

A coloured motifm of sizek oc-
curs when

o a set ofk nodes
@ composing aconnected

S‘fbgraph . 3 occurrences of the motifn.
@ with prescriptedcolors
is observed. (Schbathet al. (2009))
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Network motifs 2 di erent motifs

Topological motif in gene-interaction networks

De nition. A topological motifm of is characterised by its adjacency

matrix (also denoted bym):

my = Ifu  vg

Permutations. For a given

motif m, we need to consider m

the setR(m) of its permuta- h i

tions. A
0

Right: the V motif may occure i j

in 3 ways at a xed position

= (i;);k):

S. Robin (AgroParisTech / INRA)
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2idicrengmots
Occurence of a topological motif

A topological motif m of sizek
occurs when

o a set ofk nodes
o with prescriptededges
is observed.

So-called 1 occurrence ofr' '

) . and 5 occurrences 'V'.
induced motif

6 exact occurrence. (Picardet al. (2008))
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Network motifs Motif count

Motif occurrence

Position. A (k-)position is a set ofk di erent nodes taken is ascending
order:

= (ig; ik); i1 <ip<:ii< g

. . n i
A graph of sizen contains K positions

Motif occurrence:Binary variableY (m) = Ifm occurs at g
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Network motifs Motif count

Motif occurrence

Position. A (k-)position is a set ofk di erent nodes taken is ascending
order:

= (ig; ik); i1 <ip<:ii< g

. . n i
A graph of sizen contains K positions

Motif occurrence:Binary variableY (m) = Ifm occurs at ¢
Coloured motif:

Y (m) = IfC =mg
If sub-graphX connected
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Network motifs Motif count

Motif occurrence

Position. A (k-)position is a set ofk di erent nodes taken is ascending
order:

= (ig; ik); i1 <ip<:ii< g

. . n i
A graph of sizen contains K positions

Motif occurrence:Binary variableY (m) = Ifm occurs at ¢

Coloured motif: Topological motif:

Y
Y (m) = IfC =mg Y (m)= (i i, )™
If sub-graphX connected 1 u<v k

(induced occurrence)
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Network motifs Motif count

Occurrence probability

Two assumptions Picard et al. (2008)):
(H1) Stationarity: (not true for FDD)

D(Xijjy; i1 Xij ) = D(Xigo; 1213 Xigo):
(H2) Independence of disjoint occurrences:

Y (m?2Y (m) if \ =
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Network motifs Motif count

Occurrence probability

Two assumptions Picard et al. (2008)):
(H1) Stationarity: (not true for FDD)

D(Xijjy; i1 Xij ) = D(Xigo; 1213 Xigo):

(H2) Independence of disjoint occurrences:

Y (m?2Y (m) if \ =

Occurrence probabilityUnder (H1), PfY = 1g does not depend on:

8; 8m°2 R (m); PfY (mY=1g=PrfY (m)=1g= (m):
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Motffcount
Occurrence probability (cont'd)

Coloured motif:
Coloured Erdes-Renyi (CER):

(m) = f(m)g(k;p)

where
o f(m) =Prfcolorg

kt Y
= Q—= f(m)

 s(e)! :

e g(k; ) =Prfconnectedness
1 gk )=

Xtk 1 i(k i
i g(i; )a )'«?n
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Motffcount
Occurrence probability (cont'd)

Coloured motif: Topological motif:
Coloured Erdes-Renyi (CER): Erdes-Renyi (ER):
Y
(m) = f(m)g(k;p) (m) = Moy
1 u<v k
where

o f(m) =Prfcolorg

kt Y
= Q—= f(m)

 s(e)! :

e g(k; ) =Prfconnectedness
1 gk )=

Xtk 1 i(k i
i g(i; )a )'«?n
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Motffcount
Occurrence probability (cont'd)

Coloured motif: Topological motif:
Coloured Erdes-Renyi (CER): Erdes-Renyi (ER):
Y
(m) = f(m)g(k;p) (m) = Moy
1 u<v k
where
o f(m) = Prfcolorgy Expected degree distribution (ED
ki Y W
= Q—— f(m) (my/  E(DM™):
 s(e)! : -1

e g(k; ) =Prfconnectedness
1 gk )=

Xtk 1 i(k i
i g(i; )a )'«?n

S. Robin (AgroParisTech / INRA) Statistical models for genomics Stat. Sud, June 2010, Meze 114 / 124



Motffcount
Occurrence probability (cont'd)

Coloured motif: Topological motif:
Coloured Erdes-Renyi (CER): Erdes-Renyi (ER):
Y
(m) = f(m)g(k;p) (m) = Moy
1 u<v k
where
o f(m) = Prfcolorgy Expected degree distribution (ED
ki Y W
=Q—— f(m) (m) / E(D™M+):
sy
i u=1
o g(k; ) =Prfconnectedness Mixture model:
1 gk )=
x x
K 1 o (m) = e SRS
i=1 Muy .

Cu,Cv "
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(Exact) Momentsjafithejcount
Count

Count. The total number of occurrences is the sum over all positi¢asd
all permutations) of the binary variables:

Coloured motif: Topological motif:

X X X
N(m)= Y (m) N(m) = Y (m9Y
m%R (m)
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Network motifs (Exact) Moments of the count

Count

Count. The total number of occurrences is the sum over all positi¢asd
all permutations) of the binary variables:

Coloured motif: Topological motif:
X X X
N(m) = Y (m) N(m) = Y (m9Y
m%R (m)

Counting the occurrencem a given network is a non-trivial algorithmic
task for both motifs:

@ coloured (acroixet al. (2006));
o topological Wernicke and Rasche (20065hen-Orret al. (2002)).
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Network motifs (Exact) Moments of the count

Count

Count. The total number of occurrences is the sum over all positi¢asd
all permutations) of the binary variables:

Coloured motif: Topological motif:
X X X
N(m) = Y (m) N(m) = Y (m9Y
m%R (m)

Counting the occurrencem a given network is a non-trivial algorithmic
task for both motifs:

@ coloured (acroixet al. (2006));
o topological Wernicke and Rasche (20065hen-Orret al. (2002)).

Other types of exceptionalitgan be considered, such as local
concentration of occurrencesB(rmek (2009))
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(SEE)NETEDE EHlE G
Moments

Mean: Straightforwardly

ENM)= | (M) EopoN(m)= ' jR(m)j (m)

n
k
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(Exact) Momentsjafithejcount
Moments

Mean: Straightforwardly

EoN(M)= | (M) EopoN(m)= ' jR(m)j (m):

Variance: Obtained via the calculation oE[N(m)?].
X

NZ(m) Y (m9Y (m%
21l mO&mO2R (m)

XX X

if topological Y| (mosm(’?

s=0 j \ j=smO%mOo®R (m)
where is the overlapping operatowith s common nodes aneh® m%is
S S
the super-motifmade of two overlapping occurrences rof and m
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Network motifs (Exact) Moments of the count

Overlaps of coloured motifs

We have to calculate

E[Y (m)Y (m)] / Prf(X connected) (X connectedy
& PrfX | connected= g(2k s; )

This requires to explore all
possibilities for the shared
edges

Right: Example for a motifm
of sizek =2 and s=1.
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(Exact) Momentsjafithejcount
Overlaps of topological motifs

Super-motifs are made of
overlapping occurrences of
equivalent versions ah.

The adjacency matrices of all
super-motifs can beystemat-
ically enumerated

Right: All m°s m®with s =3
for the 4 spike star motif:

m = X

Alternative strategyproposed
in Matias et al. (2006)
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(Exact) Momentsjafithejcount
Choosing the model: FDD vs EDD

Case of the FDD modelThe number of star motifany, (with k arrows) is
given by the degrees of the nodds

Nobs(Mk);

8
X g < Erpp[N(my)]

Kk

N(mg) = .
i " Vepp [N(Mg)]

0:
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Network motifs (Exact) Moments of the count

Choosing the model: FDD vs EDD

Case of the FDD modelThe number of star motifany, (with k arrows) is
given by the degrees of the nodds

8
X g < Eprpp [N(mg)] Nobs(Mk);
I ) .
K " Vepp [N(Mg)]

N(myg) =
0:

Expected degree distribution (EDD) modetlops = fd;g; degrees in the
observed graph;

fK;g i.i.d. Uf dopsg
f Xjjg independentf Zig : Xj; B (cKiKj)
I Preserves the distribution of the degrees,
I Satis es the stationarity assumption (H1).
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Network motifs (Approximate) Distribution of the count

Compound Poisson approximation

Compound Poisson heuristidvotif occurrences appear in clumps

Number of clumpsC P ()
Clump sized Scgc i.i.d. G@ a

X
Nm) © s

c=1

(inspired from sequence motifRkR. & al. (2005)).

Moment t:

_ VN(m) EN(m)
~ VN(m)+ EN(m)’

=(1 aEN(m):
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(AEEEES) DT G S G
Some simulations

Mixture model
K=2
n=200

Distributions

'G". Gaussian,
'CP" com-
pound Poisson

Accuracy

D: total varia-
tion distance,

£: actual level
of the 99%
quantile.
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(Approximate) | Distributioncfithe count
Some simulations

Mixture model

Motif V (frequent) (D, F in %)

K=2 1

= 200 E \% = | Dg | Dep | Fo | Fep
n= 159.5| 2034.0| 23.1| 6.66 | 20.4| 19.7| 25| 1.6

S 104.9| 5905 | 316 3.33|152| 14 | 19| 1.2
Distributions 98.5 | 484.0 | 33.3| 2.27| 13.1| 12.6| 1.1 | 0.7
'G" Gaussian, 98.5 | 484.0 | 33.2|2.27|143|132|16]| 1.1
'CP" com- 985 | 488.4 | 33.1| 2.27| 145| 148| 25| 0.9

pound Poisson

Accuracy

D: total varia-
tion distance,

£: actual level
of the 99%
quantile.
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(Approximate) | Distributioncfithe count
Some simulations

Mixture model

Motif V (frequent) (D, F in %)

K=2 1

= 200 E \% = | Dg | Dep | Fo | Fep
n= 159.5| 2034.0| 23.1| 6.66 | 20.4| 19.7| 25| 1.6

S 104.9| 5905 | 316 3.33|152| 14 | 19| 1.2
Distributions 98.5 | 484.0 | 33.3| 2.27| 13.1| 12.6| 1.1 | 0.7
'G" Gaussian, 98.5 | 484.0 | 33.2|2.27|143|132|16]| 1.1
'CP" com- 985 | 488.4 | 33.1| 2.27| 145| 148| 25| 0.9

pound Poisson
Motif  (rare)

Accuracy E \% = | Do | Dcp | Fo | For
D: total varia- 7.31| 21.72| 3.68 2 11.8| 54 | 3.2| 0.9
tion distance, 257 342 (221116 93 | 2.7 | 36| 05
£ actual level 274 3.69 | 233|117 | 123| 36 4.7 | 1.2
: 194 240 | 1.74| 111|113 20 | 3.2| 1.6

of the 99% 74| 372 |232| 117|108 45 |3.7| 0.7
quantile.
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Network motifs (Approximate) Distribution of the count

E coliregulatory network

Comparison with 'M nder'

Here

Occurrences: induced

Model: mixture

Distribution: compound Poisson

M nder

Occurrences: exact
Model: FDD
Distribution: Gaussian

Motif  Nops(m) — E(N) (N) P Nobs(m) Nico 100 p
Y 14113 13118 2599 3ElL 13888 13648 518 2E 6

s 75 64.4 20 3E1 75 155 173 2E 6

3 98697 90059 26064 3E1 87869 112532 1957 1E36

“ 112490 89372 26423 2EL 109113 103186 1084 2EB

o 1058 492 202 1E 2 979 796 64.7 2E3

“ 3535 2756 1087 2E1 3219 8734 945 3E9

b%s 79 33.2 195 3E 2 79 273 66.7 2E3

b 0 0.165 0.432 1.00 0 6.2 3.7 4E 2
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Network comparison: in progress
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S
Network comparison: in progress

Aim: De ne a (dis-)similarity measure to compare networks.

Strategy: De ne it based on network motif frequencies.
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Rerspectives
Network comparison: in progress

Aim: De ne a (dis-)similarity measure to compare networks.

Strategy: De ne it based on network motif frequencies.

Desirable propertiesavoid dependency on 'irrelevant’ characteristics, suc
as

@ network sizes,

@ network densities,

@ colour frequencies in each network,

e redundancy between motifs frequencies.
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Network motifs Perspectives

Motif-based description

Vector of counts.For a set of (coloured or topological) motifs

Ng =[Ng(m1) ::: Ng(mm)]:

Moments. For a series of random graph models { satisfying (H1) and
(H2) {, we know how to compute

@ means:

n
ENg(m) / kg g(m);
m
@ variances:VNg(m),

o covariancesCoV[Ng (m); Ng (mO9] (not shown).
Idea: De ne a distance

d(9;9% = f(Ng;NgoEN; VN):
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