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Conserved genomic region
Two chromosomic regions, in two different species, sharing
a certain number of orthologous genes.
(No restriction on the gaps between the orthologs or on their order).

Significant, if very improbable to have appeared by chance.

 a sign for
evolutionary relationships between species ;
functional selective pressures.
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reference-region approach.
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Statistical test for significance

H0 : random gene order in the genome B.

Statistical test :

adapted to the reference-region approach ;
taking into account the existence of multigene families
(co-orthologs) ;
taking into account gene order and gene orientation.
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The data
m : the # of genes in the reference region having orthologs in B ;
φj : the # of orthologs in B for the gene j from the

reference-region, j = 1, ...,m ;
n = φ1 + · · ·+ φm : the # of genes in B, orthologous of genes

from the reference region ;
N : the size of the genome B.

Notation
φmin := min{φj : j = 1, ...,m}
nmin := #{j : φj = φmin}.
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Simplified mathematical model
The genome B as the interval [0,1] ;
Under H0, the positions in B of the n orthologs
as i.i.d. r.v.’s ∼ U([0, 1]).

Taking into account the multigene families
The weight of an interval I ⊂ [0, 1] :

µm(I) =
n∑
i=1

Li1{U(i)∈I}

U(1) < · · · < U(n) : order statistics of n i.i.d. r.v.’s ∼ U([0, 1]) ;

Li = 1
φj
, if the gene in position U(i) is orthologous to the gene j

from the reference region.
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Cluster significance
Observed cluster, of weight h and length r ∈ (0, 1).

Let h∗ := dhφmine.

For every i = 1, ..., n− h∗ + 1,

Ai := {µm([U(i), U(i) + r]) ≥ h}

(the event of having a cluster of weight ≥ h and of length ≤ r
starting with the i-th ortholog).
The # of clusters of type (h, r) in B :

Wm :=
n−h∗+1∑
i=1

1Ai .

 the p-value of the cluster = P(
⋃
i

Ai) = P(Wm ≥ 1).
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Compound Poisson approximation for Wm

The events Ai are locally strongly dependent.

Approximate the distribution of Wm by a compound Poisson
distribution.

Compound Poisson distribution

CP (λ) = L(
M∑
j=1

Xj),

λ =
∞∑
i=1

λiδi, Λ :=
∞∑
i=1

λi <∞ ;

Xj ∼ 1
Λλ are i.i.d., independent of M ∼ Poisson(Λ).
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Stein-Chen method, the coupling approach
Barbour, Chen, Loh (1992), Roos (1993)

The # of events which occur in the neighborhood of strong dependence
of Ak :

Zk :=
k+h∗−2∑

j=k−(h∗−2)

1Aj .

The choice of λ

λ̂i :=
1
i

n−h∗+1∑
k=1

P(Ak ∩ {Zk = i}), i = 2, ..., h∗ − 1,

λ̂1 = E(Wm)−
h∗−1∑
i=2

iλ̂i.
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P(Wm ≥ 1) ' 1− exp
{
−
h∗−1∑
i=1

λ̂i
}
.

Theorem
If n −→∞, r −→ 0 s.t. nr −→ 0, nmin � n and E(Wm) is constant,
then the error of the approximation is O( 1

n).

Computation of the parameters
For i = 2, ..., h∗ − 1 :

λ̂i ' (n− h∗ + 1)P(AC1 ∩A2 ∩A3 ∩ · · · ∩Ai+1 ∩ACi+2).

“Markovian” approximation :

λ̂i ' (n− h∗ + 1)πqi−1(1− q)2,

where π = P(A1) and q = P(A2|A1).

Simona Grusea (INSA, IMT) Conserved genomic regions 23 juin 2010 13 / 31



1 Biological context

2 Compound Poisson approximation

3 Measures for the exceptionality of gene order

Simona Grusea (INSA, IMT) Conserved genomic regions 23 juin 2010 14 / 31



The case of no multigene families

Observed conserved genomic region R in the genome B :
containing h orthologs ;
starting with the i-th ortholog, in position U(i).

Goal : measure the exceptionality of the order of the orthologs
in R / the reference region.

Problem : find a “good” measure

(biologically relevant + computationally accessible).
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Idn : the order of the orthologs in the reference region ;

π : the order of the orthologs in the genome B ;

πi,h = [π(i), ..., π(i+ h− 1)] : the order of the h orthologs in R.

Under H0 :
π is a random uniform permutation in Sn ;
πi,h is a random uniform permutation of h elements out of n.
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The transposition distance

dtrp(σ, Idn) = n− c(σ) ;
# of permutations of Sn having k cycles = s(n, k)
(signless Stirling number of first kind).

Notation

p(n, k) :=
1
n!

n∑
j=k

s(n, j),

the probability that a random permutation in Sn has at least k cycles.
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A simple strategy...

Example :
n = 10, h = 5, i = 3, πi,h = [1, 7, 5, 2, 4].

Compare the order of the h orthologs in R vs. the reference region.(
1 2 4 5 7
1 7 4 2 5

)
 dtrp = 5− 3 = 2.

Under H0, random permutation in Sh.

Proposition
For 0 ≤ d ≤ h− 1

P(dtrp(πi,h, Idn|{π(i),...,π(i+h−1)}) ≤ d) = p(h, h− d).
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...a more complicated strategy...

d(πi,h, Idn) := min{dtrp(σ, Idn) : σ ∈ Sn, σi,h = πi,h}.

Example : Here i = 3.(
1 2 3 4 5 6 7 8 9 10
. . 1 7 4 2 5 . . .

)
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cc(πi,h) := # of closed cycles of πi,h.
We have

d(πi,h, Idn) = n− {cc(πi,h) + (n− h)} = h− cc(πi,h).

Example : (
1 2 3 4 5 6 7 8 9 10
3 6 1 7 4 2 5 8 9 10

)

Here

cc(πi,h) = 1 (the cycle (4, 7, 5)) ;
d(πi,h, Idn) = 5− 1 = 4.
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Theorem
For 0 ≤ d ≤ h− 1

P(d(πi,h, Idn) ≤ d) =
1(
n
h

) h∑
m=h−d

(
n−m− 1
n− h− 1

)
p(m,h− d).
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Sketch of the proof
Condition on

M := # of elements of {i, ..., i+ h− 1} in closed cycles of πi,h;

P(d(πi,h, Idn) ≤ d|M = m) = p(m,h− d) ;

P(M = m) =
#{πi,h : M = m}(

n
h

)
h!

=
1(
n
h

)
h!

∑
k1,...,kn−h≥0

k1+···+kn−h=h−m

(
h

k1, ..., kn−h,m

)
m!

n−h∏
j=1

kj !

=
1(
n
h

)(n−m− 1
n− h− 1

)
.
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...a too complicated strategy...

d(πi,h, Idn) := min
1≤k≤n−h+1

min{dtrp(σ, Idn) : σ ∈ Sn, σk,h = πi,h}.

Simona Grusea (INSA, IMT) Conserved genomic regions 23 juin 2010 26 / 31



...and a strategy of compromise

d(πi,h, Idn) := min{dtrp(σ, Idn) : σ ∈ Sn, σi∗,h = πi,h},

where i∗ ∈ {1, ..., n− h+ 1} maximizes

L∗ := #{π(i), ..., π(i+ h− 1)} ∩ {i∗, ..., i∗ + h− 1}.

Example : Here i∗ = 1 and L∗ = 4.(
1 2 3 4 5 6 7 8 9 10
1 7 4 2 5 . . . . .

)
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...and a strategy of compromise

d(πi,h, Idn) := min{dtrp(σ, Idn) : σ ∈ Sn, σi∗,h = πi,h},

where i∗ ∈ {1, ..., n− h+ 1} maximizes

L∗ := #{π(i), ..., π(i+ h− 1)} ∩ {i∗, ..., i∗ + h− 1}.

Example : Here i∗ = 1 and L∗ = 4.(
1 2 3 4 5 6 7 8 9 10
1 7 4 2 5 6 3 8 9 10

)
cc(πi,h, i∗) = 2 (the cycles (1), (5)) ;
d∗(πi,h, Idn) = 5− 2 = 3.
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The distribution of d∗

Condition on

L∗ = #{π(i), ..., π(i+ h− 1)} ∩ {i∗, ..., i∗ + h− 1}.

The distribution of L∗ is known (conditional discrete scan statistic).

Proposition
For 0 ≤ d ≤ h− 1 and h− d ≤ ` ≤ h

P(d∗(πi,h, Idn) ≤ d|L∗ = `) =
1(
h
`

) ∑̀
m=h−d

(
h−m− 1
h− `− 1

)
p(m,h− d).
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Perspectives

try other ways of taking into account the multigene families ;
take into account the gene order in the case of multigene families
(distances between multipermutations) ;
generalize to other distances between permutations ;
take into account gene orientation also (distances between signed
permutations) ;
proximity + order = ?
multiple genomes comparison.
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MERCI

à Etienne Pardoux, Pierre Pontarotti et
l’Equipe Evolution Biologique et Modélisation,

L.A.T.P, Université de Provence,

aux organisateurs pour l’invitation,

à vous pour votre attention !
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