QUANTIZATION OF QUASI-LIE BIALGEBRAS

BENJAMIN ENRIQUEZ AND GILLES HALBOUT

ABSTRACT. We construct quantization functors of quasi-Lie bialgebras. We establish a bi-
jection between this set of quantization functors, modulo equivalence and twist equivalence,
and the set of quantization functors of Lie bialgebras, modulo equivalence. This is based
on the acyclicity of the kernels of natural morphisms between the universal versions of Lie
algebra cohomology complexes for quasi-Lie and Lie bialgebras. The proof of this acyclicity
consists of several steps, ending up in the acyclicity of a complex related to free Lie algebras,
namely, the universal version of the Lie algebra cohomology complex of a Lie algebra in its
enveloping algebra, viewed as the left regular module. Using the same arguments, we also
prove the compatibility of quantization functors of quasi-Lie bialgebras with twists, which
allows us to recover our earlier results on compatibility of quantization functors with twists
in the case of Lie bialgebras.

Let k be a field of characteristic 0. Unless specified otherwise, “Lie algebra”, “vector space”,
etc., mean “Lie algebra over k”, etc.

1. INTRODUCTION AND MAIN RESULTS

The main result of this paper is the construction of quantization functors of quasi-Lie bial-
gebras. We first recall the situation of this problem in the theory of quantum groups.

This theory started, on the mathematical side, with the discovery by Drinfeld and Jimbo of a
noncocommutative deformation U,g, in the category of Hopf algebras, of the enveloping algebra
of a Kac-Moody Lie algebra. This discovery was soon related to important developments in knot
theory and representation theory. At the same time, Drinfeld developed a program of formal
deformation of enveloping algebras in the category of Hopf algebras (such a deformation is called
a quantized universal enveloping, or QUE, algebra). Any QUE algebra leads to Lie algebraic
data (more precisely, a Lie bialgebra), its “classical limit”, and Drinfeld asked whether a QUE
algebra could be reconstructed from its classical limit; this question was solved by Etingof and
Kazhdan, who constructed “quantization” functors from the category of Lie bialgebras to that
of QUE algebras.

The introduction of U,g was motivated by mathematical physics, more precisely, the Wess-
Zumino-Novikov-Witten model in conformal field theory. One of the mathematical incarna-
tions of this model is the differential system obeyed by its correlation functions, the Knizhnik-
Zamolodchikov (KZ) system. The relation between the KZ system and U,g was first made pre-
cise by Kohno, who expressed the monodromy representation of the KZ system using the repre-
sentation theory of U,g, when g is finite dimensional. This theorem was then reproved by Drin-
feld, who developed for this purpose the theory of quasi-Hopf algebras (QHAs). The main novel
feature of this theory with respect to that of Hopf algebras is that the coassociativity axiom of
the coproduct is weakened: namely the coassociativity identity (id @A) (A(x)) = (A®id)(A(x))
for z € A is replaced by (id ®A)(A(x)) = ®(A®id)(A(z))® !, where ® € A®3 is invertible and
subject to a “pentagon” consistency condition. Similarly to Hopf algebras, QHAs lead to tensor
categories via their categories of representations; finite-dimensional QHAs play an important
role in the ongoing program of classification of finite tensor categories.
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Drinfeld also developed a program for constructing a particular class of QHAs (the quasi-
Hopf quantum universal enveloping, or QHQUE algebras) using formal deformation theory.
Namely, he showed that such a QHA gives rise to a Lie algebraic object called a quasi-Lie
bialgebra (its classical limit). This gives rise to a functor {QHQUE algebras} — {quasi-Lie
bialgebras} (we recall this theory in Section 2). In [Dr4], Section 5, Drinfeld posed the problem
of functorially constructing a QHQUE algebra corresponding to any given quasi-Lie bialgebra,
i.e., of constructing a section @ of this functor, such that the structure maps of Q(a) can be
expressed using the structure maps of a quasi-Lie bialgebra a using universal acyclic formulas;
@ is then called a quantization functor for quasi-Lie bialgebras. This is the problem which we
solve in the present paper.

As in the case of Lie bialgebras, quantization functors of quasi-Lie bialgebras are best defined
in the framework of “props” (these are particular symmetric monoidal categories; see [McL] and
Section 3.1). In Section 3.2, we introduce a graded prop QLBA of quasi-Lie bialgebras together
with its completion QLBA. A quantization functor of quasi-Lie bialgebras is then the same
as a QHQUE algebra in QLBA, satisfying suitable conditions (see Proposition 3.2); there are
natural notions of equivalence and twist equivalence for these QHQUE algebras. In the same
way, quantization functors for QUE algebras as in [EK2] may be viewed as certain QUE algebras
in the prop LBA of Lie bialgebras. There is a natural prop morphism QLBA — LBA, which
induces a map {quantization functors for quasi-Lie bialgebras} — {quantization functors for
Lie bialgebras}. Our main result is then (Theorem 4.1):

Theorem 1.1. The map {quantization functors of quasi-Lie bialgebras}/(equivalence, twist
equivalence) — { quantization functors of Lie bialgebras}/(equivalence) is a bijection.

Together with the results of [EK1, EK2], where is constructed a map {associators over
k} — {quantization functors of Lie bialgebras}, and of [Dr3] on the existence of associators
over k, this result implies the existence of quantization functors for quasi-Lie bialgebras.

Let us explain the idea of the proof of Theorem 1.1. According to the Gerstenhaber-Schack
deformation theory ([GS]), the obstruction to lifting a given deformation of a (quasi-)bialgebra
A from order n to n + 1 belongs to a cohomology group H*(A) (H*(A) in the quasi case), and
when this obstruction vanishes, such lifts modulo equivalence (and twists in the quasi case)
form an affine space over H3(A) (H?(A) in the quasi case). When A = U(a) is an enveloping
algebra, these cohomology groups have been computed by Shnider and Sternberg in terms
of the Chevalley-Eilenberg cohomology and cocycle groups H?(a, AY(a)) and Z'(a, A%(a)) (see
[ShSt]). We develop the categorical analogue of this theory in Sections 2.4, 2.6. In particular, we
construct N-graded groups Hiq);py = ®n>0H g5 0], such that HE‘Q)LBA [n+ 1] contains the
obstruction to lifting a quantization functor of (quasi-)Lie bialgebras from order n to n+1, and
H (‘O’Q)LB Aln+1] parametrizes classes of such lifts. This viewpoint is not used in the quantization
of Lie bialgebras, since the groups H{ 5, are not known (in the same way, it is not known how to
construct associators using deformation theory; see Remark 2, p. 854 in [Dr3]). However, this
viewpoint can be used in our context. Namely, we construct maps Hd; s — Hfp,, compatible
with the map from Theorem 1.1, and prove:

Theorem 1.2. The map H&LBA — Higa is an isomorphism of N-graded vector spaces, for
1> 0.

Theorem 1.1 then follows immediately (see Section 4). Note that we use Theorem 1.2 only for
1 = 3,4. More precisely, surjectivity in Theorem 1.1 follows from the injectivity of HéLB A
Hipa and surjectivity of H;py — Hipga (ie., from the vanishing of the relative H*) and
injectivity in Theorem 1.1 follows from injectivity of the latter map (i.e., from the vanishing of
the relative H?).
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Let us give some details on the proof of Theorem 1.2. We have H(Z'Q)LBA = @PW:%POH&)LBA (id, A7),
where H{Q)LBA(id,AQ) is the cohomology of a complex Cfq) s = ((QILBA(A®, A9), [, —])-
Our aim is to prove that the relative complex Ker(Cg; gy — Cfpa) is acyclic.

We introduce a filtration of the prop QLBA by powers of an ideal {¢). Our first main result
is Theorem 5.1, which gives an isomorphism gr QLBA ~ LBA,, of the associated graded prop
with an explicitly presented prop. For this, we construct a morphism LBA, — gr QLBA, which
is clearly surjective; to prove its injectivity, we use the existence of “many” quasi-Lie bialgebras,
namely, the classical twists of Lie bialgebras of the form F'(c¢) (where ¢ is a Lie coalgebra) by
an element 7 € A2(c) (in the same way, the existence of the Lie bialgebras F(c) is the argument
underlying the structure theorem for the prop LBA; see [E, Pos)).

The associated graded (for the filtration of QLBA) of the relative complex is then the positive
degree part of the complex Cfp, , which has the form 0 — LBA,(1,A?) — LBA,(id, A?) —
LBA, (A% A9) — ..., where LBA,(X,Y) = Coker(LBA(D ® X,Y) — LBA(C ® X,Y)) and the
map corresponds to k € LCA(C, D). Here C, D are sums of Schur functors of positive degree,
and the differential is the universal version of the differential of Lie algebra cohomology.

The proof of the acyclicity of this complex (Theorem 4.2, proof in Section 6) involves several
reductions. We first show that in this complex, the spaces of cochains may be modified as fol-
lows: LBA (AP, A7) is replaced by LBA z (AP, A7) = LBA(Z® AP, A7), where Z is an irreducible
Schur functor, and the space of cochains is reduced to the sum of its components, where the “in-
termediate Schur functor between Z and A?” is Z. (This notion is based on the structure theo-
rem of LBA, see Proposition 5.1. We say that the intermediate Schur functor between X; and Y
in the summand appearing in the r.h.s. of (1) is Z;;.) We next introduce a filtration on the com-
plex, viewing A? as a subobject of id®? and counting the number of intermediate Schur functors
between the p factors id and A? which are equal to id. We identify the associated graded com-
plex with a subcomplex of 0 — LBA(Z®1®id®pH JAD) — LBA(Z®A7’, ®id®?" JAD) —
where the differential involves Lie brackets between the components of id®? "5 AP’ and of these
components with Z, formed by the sums of components, where the intermediate Schur functor
between a component id of id®?’ (resp., of id®”" 5 AP") and A7 s id (resp., has degree > 1) and
antisymmetric with respect to &,». This subcomplex decomposes according to the intermediate
Schur functors between the factors of id®?” and A%, and these subcomplexes are obtained from
the complexes C%,, = (0 — LA(Z@1@(®7_, Z),A9) — ... — LA(Z@AP @ (17_, Z"), A9) — ...)
with the same differentials (the Z!" are irreducible Schur functors of degree > 1) by taking tensor
products with vector spaces LCA(id, Z/') and taking anti-invariants under &,~. We therefore
have to show the acyclicity of the complexes C7,,,.

For this, we show that A9 may be replaced by id®?, Z by id®* (where N,z are suitable

integers), and ®filZ{’ by id®N, and we express the corresponding complex as a sum of tensor
products of complexes. This reduces the problem to showing the acyclicity of a complex 0 —
LA(id®* ©1®id®" ,id) — ... — LA(id®** @ A” ®id®"id) — .... The spaces of chains are now
spaces of multilinear Lie polynomials. Using Dynkin’s correspondence between free Lie and free
associative polynomials, we identify the complex with a complex A? v ;, defined in terms of
associative polynomials, which we decompose as a direct sum &,.A% of subcomplexes, indexed
by permutations. We then identify each summand A% with a tensor product of “elementary”
complexes. These complexes &7, (e, € {0,1}) are 1-dimensional in each degree, and are
universal versions of the complexes computing the Lie algebra cohomology of a Lie algebra g in
U(g), equipped with one of its trivial, adjoint, left or right g-module structures. We show that
two of these complexes are acyclic, using the PBW filtration of free associative algebras (when g
is a finite-dimensional Lie algebra, the corresponding complexes have 1-dimensional cohomology,
concentrated in degree dimg). As £ necessarily enters the tensor product decomposition of
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each subcomplex A%, the Kiinneth formula implies that each of the A2 is acyclic, which implies
that A7 v ; is acyclic.

In the final section of the paper, we apply Theorem 4.2 for proving that quantization func-
tors of quasi-Lie bialgebras are compatible with twists (Proposition 7.1). This allows us to
generalize our earlier results ([EH]) on compatibility of quantization functors of Lie bialgebras
with twists; see Proposition 7.2 (in [EH], this result was established for Etingof-Kazhdan quan-
tization functors, while Proposition 7.2 applies to any quantization functor of Lie bialgebras).

2. THE PROBLEM OF QUANTIZATION OF (QUASI-)LIE BIALGEBRAS

In this section, we recall the basic results of the theory of quasi-Lie bialgebras and their
quantum courterparts, QHQUE algebras. The material is essentially borrowed from [Dr2, ShSt].

2.1. Quasi-Hopf algebras. A quasi-bialgebra over k is a set (4, A, ¢, @), where A is an asso-
ciative algebra with unit, A : A — A®? and ¢ : A — k are morphisms of algebras with unit,
and ® € (A®3)*, such that!

(id®A)(A(a)) = (A ®id)(A(a))®™!, ac€ A,
(id®? @A) () (A ®id®?)(D) = (1 ® ®)(id RA @ id)(®)(® ® 1),
(e®id)(A(a)) = a = (id®e)(A(a)), a € A,
(id ®e ®id) (@) = 1.
When ® = 1, this definition reduces to that of a bialgebra.

If F' € (A®?)* is such that (e ®id)(F) = (id®¢)(F) = 1, we define the twist of (4, A, ¢, ®)
by F as (A4, A, ¢, ®), where A(a) :== FA(a)F~! and

P := (10 F)(id®A)(F)®(A @id)(F)"Y(Feo1)~L

This defines an action of the group (A®2)* on the set of quasi-bialgebra structures over the
associative algebra A.

A quasi-Hopf algebra is a quasi-bialgebra equipped with supplementary data satisfying ax-
ioms, which in the bialgebra case reduce to the existence and invertibility of an antipode (see
[Dr2]).

We now introduce generalizations of the above notions in symmetric tensor categories. Let
C be a symmetric tensor category? with unit object 1.

An algebra with unit in C is a triple (X, m,n), where X € Ob(C), m € C(X ® X, X),
n € C(1,X), such that mo (m®idx) = mo (idx ®m) and mo (n®idx) =idx = mo (idx ®n).
If (X;, m;,n;) are algebras with unit in C (i = 1,2), then a morphism from X; to X5 is an
f €C(X1,Xs), such that fom; =myo f¥2, ny = fon.

If (X;,mq,m;), i = 1,2, are algebras with unit in C, then so is (X1 ® X2, m,n1 ® 12), where
m = (m1®ms)o(idy, ®F®idx,), and 8 : Xo® X; — X7 ® X5 is the commutativity constraint
in C. In particular, if X is an algebra with unit in C, then so is X®" for n > 0 (X®° = 1).

If (X, m,n) is an algebra with unit in C, then C(1, X) is equipped with the structure of a k-
algebra with unit, with product f*g := mo(f®g) and unit . Moreover, for any Y € Ob(C), the
space C(Y, X) is equipped with a C(1, X )-bimodule structure, where fxz*g :=m®o(fRz®g),
and m® =mo (m ® idx). Note that if X7, X5 are algebras with unit in C, then the tensor
product in C yields an algebra morphism C(1, X;) ® C(1, X2) — C(1, X1 ® X3).

T Risa ring with unit, we denote by R* the group of its invertible elements.
2We denote by C(X,Y) the set of morphisms between two objects of C, and by End¢(X) and Aute(X) the
sets of endomorphisms and automorphisms of an object of C.
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A quasi-bialgebra in C is then defined as a set (X, A, e, @), where (X, m,n) is an algebra in C,
A € C(X,X®?) and € € C(X, 1) are morphisms of algebras with unit in C, and ® € C(1, X®3)*,
such that

(idX ®A) oA =®x ((A ® ldx) o A) * (1)71,
(602 ) 0 8) = (A ©10F%) 0 ®) = (7 © B) » ((idx ®A @ idx) 0 B) x (B 1),
(6 X 1dx) oA =idx = (1dX ®6) oA,
(idy ®e @ idx) o ® = n®2.
When ® = n®3, this definition reduces to that of a bialgebra in C. As above, the group
C(1, X®2)* acts on the set of quasi-bialgebra structures over X by A = F A x F~1,
b= (n@F)* ((idx ®A) o F) x®* (A®idx) o F) "% (Fon) .

One can similarly introduce the notion of a (quasi-)Hopf algebra in C. Similarly to associative
algebras with unit, (quasi-)bialgebras, (quasi-)Hopf algebras in C form a category.

When C = Vect (the category of k-vector spaces), one recovers the notion of an associative
algebra with unit, of a (quasi-)bialgebra, and of a (quasi-)Hopf algebra over k.

2.2. Quasi-Lie bialgebras. A quasi-Lie bialgebra over k is a set (a,d, ), where a is a Lie
algebra over k, and § : @ — A2%(a) and ¢ € A3(a) are such that?

0[r,y]) =[z®@1+1®z,0y)]+[0(z),y®@1+1®y], =x,y€<a,

1
§Alt3(5®id)(5(x)):[a:®1®1+1®x®1+1®1®x,<p], x € a,

Alty (0 @ id®id)(¢) = 0.

Here Alty, : a®% — a®* is the operator . ¢ sgn(o)o.
When ¢ = 0, this definition reduces to that of a Lie bialgebra.
If f € A%(a), we define the twist of (a,d, ) by f as (a,d, @), where

(1) = 6()+ [z @ 1410, f], $—¢+ %Aug((a 2id)(f) + [f*2, /).

This defines an action of the additive group A%(a) on the set of quasi-Lie bialgebra structures
over the Lie algebra a.
If now C is a symmetric tensor category, then a quasi-Lie bialgebra in C is a set (x, u, 0, ¢),
where x € Ob(C), u € C(x%2,x), § € C(x,x%?), p € C(1,x®3), such that:
/,606:—/1, 605:_55 6[70%0:6(0-)@

for 0 € S3 (here 3 € Aute(x®?) and the morphisms Sy — Aute(x®%), o — 3, are induced by
the commutativity constraint), and

po(n®idx) o Alts =0, dopu = Altgo(p ® idx) o (idx ®J) o Alta,

Alts o ®idy) 0 § = Alts o(p ®1id2?) o (idy ®¢), Altyo(d ®1id2%) 0 p =0,

where, as above, Alty, =) 5 sgn(0)8, € Ende (x®F).
When ¢ = 0 (resp., ¢ = 0 and 6 = 0), this definition reduces to that of a Lie bialgebra (resp.,
Lie algebra) in C. When C = Vect, we recover the notions of (quasi-)Lie (bi)algebra over k.

3We view A¥(a) as a subspace of a®k.
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2.3. QHQUE algebras. Let h be a formal variable. Topologically free k[[h]]-modules are
modules of the form V{[A]], where V is a vector space. We call Vect, the tensor category of
topologically free k[[A]]-modules; then reduction mod # is a tensor functor Vect, — Vect.

A QUE (quasi-)bialgebra is a (quasi-)bialgebra (A, A, e, ®) in Vecty, whose reduction mod
R is a universal enveloping algebra and such that Alt ® € h2A®3. One similarly defines (quasi-
JHopf QUE algebras. It follows from [Dr2], Theorem 1.6, that a QUE (quasi-)bialgebra is
equipped with a unique (quasi-)Hopf structure.

We define {(Q)HQUE algebras over k} as the full subcategory of {(quasi-)Hopf algebras in
Vectr} whose objects are the (Q)HQUE algebras.

We now define the classical limit functor {(Q)HQUE algebras over k} — {(quasi-)Lie bial-
gebras over k}. If A is a (Q)HQUE algebra, then its reduction mod h has the form U(a), where
a is a Lie algebra. If € a and @ € A is any lift of a, then (A~ Alt A(a) mod &) € A*(U(a))
in fact belongs to A%(a), and depends only on a. This defines a map & : a — A%(a). Letting
¢ = (h"?Alt ® mod k) € A*(U(a)), one proves that in fact ¢ € A3(a) and that (a,d,¢) is
a quasi-Lie bialgebra. The assignment A — (a,d, ) is the classical limit functor { QHQUE
algebras} — {quasi-Lie bialgebras}. It restricts to a functor {Hopf QUE algebras} — {Lie
bialgebras}.

If (A,m,A,®) is obtained from (A, m,A,®) by twisting by F € 1+ hA®2 and if &, & e
1+ h?A®3, then f := — (i Alt(F) mod h) € A%(a) and the classical limit (a,d, @) of (4, ..., ®)
is obtained from (a, d, ¢) by twisting by f.

2.4. Categorical versions of (QH)QUE algebras. Let (x,u) be a Lie algebra in a sym-
metric tensor category Cy. Assume that:

(1) for any projector p € QS,,, its image px € Endc,(x®") admits a kernel and a cokernel;
this enables us to define the symmetric and exterior powers S™(x) and A" (x) as objects of Cp;

(2) the class of objects of Cy contains the infinite direct sum S(x) = @,>05™(x).

Then there exists a unique bialgebra structure on S(x) in Cy such that:

(a) the coproduct Ag : S(x) — S(x)®? is the sum of the morphisms %(S(L-H)(X) —
x®@ath _, x®a @ x®0 , §9(x) ® Sb(x)); the unit 1 — S(x) and the counit S(x) — 1 are the
obvious morphisms;

(b) the product my, : S(x)®2 — S(x) is such that the composition S(x)®2 "5" §(x) — x
coincides with the sum over a, b > 0 of the morphisms S%(x)®S%(x) — x, obtained by replacing
the Lie bracket by p in the Lie series cqp(21, ..., Zo|Y1, .-, Yp) defined by the conditions: (i) it
is multilinear in 1, ..., 4, and symmetric in each group of variables (z4/)%_; and (yp )% _;
(i) cap(z,...; |y, ....,y) = albleap(x,y), where c(z,y) = log(e®e?) = 3, 150 Cap(T,y) is the
decomposition of the Campbell-Baker-Hausdorff series according to the de7gr_ees in x,y.

We will call the bialgebra (S(x),mx, ., Ag) the universal enveloping (UE) algebra of (x, u)
and denote it by U(x).

Now let C be an N-graded symmetric tensor category with a Lie algebra object x satisfying
conditions (1) and (2) (with Cp replaced by C). The N-grading condition means that C(X,Y) =
®a>0C(X,Y)[d], the composition and tensor product are compatible with the grading, and the
commutativity constraints have degree 0. Then C gives rise to a completed category C with
C(X,Y) = [1,50C(X,Y)[d], categories C<4 with C<q(X,Y) = @¢C(X,Y)[i], and functors
= ng — ... CSO'

A (QH)QUE algebra in C quantizing U (x) is a (quasi-)bialgebra structure (m, A, €, ) (resp.,
(m, ..., ®)) on S(x) in C, whose image in C<p is U(x). In the “quasi” case, one adds the con-
dition that ® = 7®3 in C<g, and Alt30® = 0 in C<;. Two (QH)QUE algebras (m, A, ...)
and (m/,A’,...) are called equivalent if they are related by some i € Ker(Aute(S(x)) —
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Aute, (9(x))), i.e., m’ = iomo (i~1)®2, etec. One also defines twists of QHQUE algebras
as above.

One recovers the usual notion of a (QH)QUE algebra as follows. First note that Vecty is
equivalent to the category Vect[[#i]], where objects are k-vector spaces and Vect[[h]](X,Y) =
Vect (X, Y)[[A]]. Let C := Vect[h], the category where objects are vector spaces and morphisms
are given by Vect[h](X,Y) = Vect(X,Y)[h]; the grading is given by powers of h. Then C =
Vect[[A]]. A (QH)QUE algebra quantizing (a, ) is then the same as a (QH)QUE algebra in
Vect][[h]] quantizing U(a).

2.5. Deformation complexes. In [GS], Gerstenhaber and Schack constructed a deformation
theory for bialgebras. It can be summarized as follows. For (A,m,A) a bialgebra, there is a
bicomplex C(A) = @, 4>0C?9, with CP? := Vect(A®P, A®?) and differentials d?? : CP7 —
crtla i . cra — Cpatl given by

(@10) (a1 ® . ® ayi1) = ATV (ar) 002 @ . © i)

P
+ Z(—l)io(al ® o ® GG @ . @ apyr1) + (—1)P (a1 @ ... @ ap) * AUV (apy 1),
i=1

where * is the product on A®4, A= : A — A®9 is the (¢ — 1)th iterate of A, and

(dPio)(a1 @ ... ® ap) = (ayq) * ... * ap1)) @ 0(a12) @ ... @ ap(2))

q
+) (1A (0(a1 ® ... ©@ ap)) + (=1)" o (a11) © . ® ap()) © (ar(2) * - * Ay(2));

=1

where * is now the product in A, A; = id® "' A ®id®9777!, and we use Sweedler’s notation
A(a) = ag1y ® a(z). The total cohomology is denoted by H*(A). Obstruction to prolongation
of a given deformation of A at a given order belongs to H*(A), and if this obstruction van-
ishes, the space of possible prolongations, modulo equivalences, is an affine space over H?(A)
(see [ShSt], Prop. 3.6.1). In [ShSt], Shnider and Sternberg construct a theory for the de-
formation of a bialgebra A in the category of quasi-bialgebras. The relevant bicomplex is
C(A) = ®p>0,4>0CP1(A) with the same differentials as above (only one row has been added to
the bicomplex). Obstructions and parametrizations of prolongations of formal deformations of
A in the category of quasi-bialgebras (modulo twists and equivalences) then belong to the total
cohomologies H*(A) and H3(A).

When a is a Lie algebra and A = U(a), these cohomology groups are given by

e H"(A) = ®ptgenip.g>0HP?, where HP? = H9(a, AP(a)) if ¢ > 1, and HP! = Z1(a, AP(a));

o H"(A) = ®pigmnip>0.4>0HP?, where H?Y = H9(a, AP(a)); here a acts on AP(a) via the
adjoint action (see [ShSt], Props. 10.9.1 and 10.9.2).

2.6. Categorical deformation complexes. Let C be an N-graded symmetric tensor category
(so C(X,Y) = [[;50C(X,Y)[d]). Let (X,m,A) be a bialgebra in C<g; we have a functor
C<o — C, so it is a bialgebra in C. We construct a bicomplex C(X) = @, 4~0C??, with
CP1:= C(X®P X®1) and differentials

p
d"(o) =m0 Byp0 (AT @ o)+ (1)l o (id® " @m@id®P ™)
=1
+ (=1)Ptm®io By20(0® A(q—l)),
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q
(o) i=(mT ) © )0 12,0 A + Y (1P (A A ®iAF ) 00

j=1
+ (=) (e @mP) 0 By 0 AP,

where (3,  (X®™)®@™ — (X ®™)®™ ig the morphism induced by the natural bijection {1, ...,n}x
{1,....,m} —={1,...,m} x {1,...,n}.

These differentials have degree 0 for the N-grading of C, so the resulting total cohomology
H*(X) is N-graded. A lifting of (m,A) to a bialgebra structure on X in C<, being given,
the obstruction to lifting it further to C<,41 is a class in H*(X)[n + 1], and when this class
vanishes, the set of possible lifts modulo equivalence (i.e., the natural action of Ker(Aut¢(X) —
Aute_,(X))) is an affine space over H3(X)[n + 1].

The bicomplex controlling the deformations of (X, m, A) as a quasi-bialgebra in C is C(X) :=
@p>0,q>0CP 4 with the same differentials. Its cohomology H* (X) is again N-graded. A lifting of
(m, A, n®3) in C<,, being given, the obstruction to lifting it to C<,41 is a class in H*(X)[n 4+ 1],
and if this class vanishes, the set of possible lifts modulo equivalences and twists is an affine
space over H3(X)[n +1].

If now (C<o,x,u) is as in Section 2.4 and (X,m,A) = U(x), the cohomology groups
H*(X), H*(X) may be computed as follows. Set c(x) := @, 4>0c”%(x), where ¢”9(x) =
C(AP(x),A%(x)) (we view ¢?(x) as a subspace of C(x®?,x®%)). According to [KS, LR], ¢(x)
is equipped with a structure of a Z2?-graded Lie superalgebra, where c”9(x) has bidegree
(p—1,q—1). The bracket is defined by [a,a/] := aod’ — (=1)PTDC+4) ¢/ 6 ¢ for a € 4(x),
a' € 9 (x), where aoa’ = (=1)P~ D@ =D Alt 1 0(a® id?}q/_l) o (iIdP ™' @a’) o Alty, 1
if p,¢’ > 1 and 0 otherwise. As u € ¢*!(x) defines a Lie structure, we have [u, i) = 0. It follows
that for any ¢ > 0, ¢*9(x) := (C(A®, A9),[u,—]) is a complex; its cocycle and cohomology
groups are denoted by Z°(x,A9(x)) and H*(x, A?(x)).

The cohomology groups H*(U(x)) and H*(U(x)) are then computed by the same formulas
as in the case of A = U(a), replacing a by x; the gradings of these groups are induced by the
grading of C.

3. QUANTIZATION FUNCTORS

Acccording to [Drd4], a quantization functor for (quasi-)Lie bialgebras is a section of the
classical limit functor {(Q)HQUE algebras} — {(quasi-)Lie bialgebras}, such that the structure
maps of (a) may be expressed by universal acyclic formulas involving the structure maps of
the (quasi-)Lie bialgebra a. As was observed in [EK2], the definition of quantization functors
is best expressed in the setup of props, which we first recall.

3.1. The theory of props. Recall the definitions of the Schur categories Sch and Sch ([EH]).
These are braided symmetric tensor categories, defined as follows. The objects of Sch are Schur
functors, i.e., finitely supported families X = (X,), of finite-dimensional vector spaces, where
pE I—anOén (p is therefore a pair (n,m,), where n > 0 and 7, is an irreducible representation
of G,,; n is called the degree of p; by convention, & is the trivial group). The set of morphisms
from X to Y is Sch(X,Y) := &, Vect(X,,Y,). The direct sum of objects is X &Y = (X, 8Y,),.
Their tensor product is X @ Y = (@ ,» M), ,» @ Xy @ Y,),, where for p € S,, p €6,
p" € &, we set M/, =7, Indg:,xen// (my @ mpr)] if n=mn"+n" and 0 otherwise. Sch is
defined similarly, dropping the condition that X is finitely supported.

An object X of Sch or Sch is called homogeneous of degree n iff X, = 0 if the degree of p is
# n. If X is homogeneous, we denote by | X| its degree.



QUANTIZATION OF QUASI-LIE BIALGEBRAS 9

We have a bijection Irr(Sch) ~ I—anO@na where Irr(Sch) is the set of equivalence classes of
irreducible objects in Sch. The unit object of Sch is 1, which corresponds to jhe element of @0.
We also define id, SP, AP as the objects corresponding to: the element of &1, the trivial and
the signature character of &,. We set T}, := id®? and S := @,>0S5? € Ob(Sch).

A prop (resp., an Sch-prop) is then an additive symmetric monoidal category C, equipped
with a tensor functor Sch — C (resp., Sch — C), which is the identity on objects.

A prop morphism C — D is a tensor functor, such that the functors Sch — C — D and
Sch — D coincide. An ideal I of the prop C is an assignment (X,Y) — I(X,Y) C C(X,Y),
such that (X,Y) — C(X,Y)/I(X,Y) =: C/I(X,Y) is a monoidal category; C/I is then called
the quotient prop. If f, € C(X4,Y,) are morphisms in C, then the ideal (f,) is the smallest
ideal I in C such that f, € I(X,,Ya).

Props may be presented by generators and relations. If V. = (Vj, m)n,m>0 is a collection
of vector spaces, there is a unique prop Free(V), such that for any prop C, we have a bi-
jection [, ., Vect(Vy m,C(Tn, T1)) ~ Prop(Free(V),C) (where Prop denotes the set of prop
morphisms). If R = (Rym)n,m>0 is a collection of subspaces of the Free(V)(T},, Ty,), then the
ideal generated by V with relations R is the quotient prop Free(V)/(R).

We say that C is a topological prop if for any X, Y € Ob(Sch) we have a filtration C(X,Y) =
C2%(X,Y) > C2YX,Y) D ..., complete and separated, and compatible with the prop operations
(i.e., CZV(Y, Z)oC2%(X,Y) C CZ*H¥(X, Z) and CZ%(X,Y)®CZ% (X', Y') C CZT (X @ X', Y ®
Y’)); and if C(X,Y) = ¢ZvUXLIYD(X,Y) for any homogeneous X, Y, where v(z,y) — oo when
& — 00, y being fixed, or y — 0o, 2 being fixed. Such a C gives rise to an Sch-prop C, given by
C(X,Y) = [ ; C(X:,Y)), where X = &, X;, Y = &;Y; are the homogeneous decompositions of
X,Y € Ob(Sch); C is then equipped with a complete and separated filtration, compatible with
the prop operations.

3.2. The props LBA and QLBA. The prop LBA of Lie algebras is defined by generators
1 € LBA(id®? id), § € LBA(id, id®?) and relations po f = —pu, f08 = -6,

Lo (,u ® idid) o Altz = 0, Alts 0(5 X idid) 0d=0, do n= Alty O(/,L ® idid) o (idid ®5) o Altg

Then id is a Lie bialgebra in LBA, and it is an initial object in the category of props equipped
with a Lie bialgebra structure on id.

LBA is graded by N2, with u,d of degrees (1,0), (0,1); we denote by (deg,,, degs) this
grading. LBA is then N-graded by the total degree deg,, +degs. If z € LBA(X,Y) and X,Y,z
are homogeneous, then deg, () —degs(x) = [X[-]Y],so LBA(X,Y) = LBAZIXI=VII(X v). So
the total degree completion of LBA is a topological prop. We denote by LBA the corresponding
Sch-prop.

The prop QLBA of quasi-Lie bialgebras is defined by generators u € QLBA(id®?,id), § €
QLBA(id, id®?), » € QLBA(1,id®?) and relations o f = —u, S0 = —6, B, 0 ¢ = sgn(o)e,
o € Ss,

o (1 ®idig) o Alt3 =0, dop = Altyo(u ® idiq) o (idig ®9) o Alts,

Altz0(8 @ idig) 0 0 = Altz o(u ® id$’) o (idia ®¢), Altyo(d ®idS) o = 0.
This prop is graded by {(u,v) € Z* | v > 0,2u+ v > 0}, with u,§,¢ of degrees (1,0),
(0,1), (—1,2); we denote this grading by (deg,,degs). QLBA is then N-graded by the total
degree deg,, +degs; the generators then have degree 1. If » € QLBA(X,Y) and z, X,Y are
homogeneous, then deg,, (r) —degs(z) = | X[ —|Y], so QLBA(X,Y) = QLBAZ%HXHY”(X7 Y),
which implies that the total degree completion of QLBA is a topological prop. We denote by
QLBA the corresponding Sch-prop. In the prop QLBA, the object id is equipped with a
quasi-Lie bialgebra structure, and QLBA is an initial object in the category of props equipped
with a quasi-Lie bialgebra structure on id.
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We have a natural isomorphism LBA ~ QLBA /(y), and we denote by = +— (z mod (y)) the
projection QLBA — LBA; it is such that u,d, ¢ — p,d,0.

3.3. Quantization functors of Lie bialgebras.

Definition 3.1. A quantization functor (QF) of Lie bialgebras is a bialgebra structure (m, A, n, €)
on S in LBA, such that:
(a) its reduction modulo (i, §) is the standard bialgebra structure on S in Sch = LBA /{u,d);

(b1) (id®? — 5§92 mmelg id) = p+ terms with total degree > 2, and

(b2) (id — S AR g2, id®?) = 6+ terms with total degree > 2.

One checks that Ker(Autpga (S) — Autgen(S)) (where the map is p,d — 0) acts on the set
of QFs of Lie bialgebras; quantization functors which are related by this action will be called
equivalent.

Now view C := LBA as graded by degs. Then C<o = LA, and (id, u) is a Lie algebra
in C<g. We consider QUE algebras in LBA, quantizing U(idra) (the index emphasizes that
this is a bialgebra in LA), and satisfying condition (b2) above. The group Ker(Autrga (S) —
Autpa (5)) acts on this set of QUE algebras. QUE algebras which are related by this action
will be called equivalent.

Proposition 3.1. The natural map {quantizations of U(idra) satisfying (b2)}/(equivalence)
— {QFs of Lie bialgebras} /(equivalence) is a bijection.

Proof. We have:
Lemma 3.1. If X is any Schur functor and n > 0, then the map Sch(S™, X) — LA(S™, X) is
bijective.

Proof. Tt suffices to prove this for X = T,,. When m = 1, LA(S",id) = LA(T,,,id)®" and
LA(T,,id) is the space £,, of multilinear Lie words in n letters 1, ..., z,; as an S,-module, this
is a submodule of the space A,, of multilinear associative words in these letters; as A,, identifies
with the regular representation of S,, AS" is 1-dimensional, spanned by Y oves, To(1)To(n)s

k if n=1 } _ SCh(Sn,id)

which is not in £, unless n = 1; hence LA(S",id) = LS» =
n 0 else

In general,

LA(S", Tm) = LA(Tn; Tm)Gn = Ga(nl,...,nmﬂ > ni=n ®:11 LA(TW1 ) id)Gni

= 69(nl,...,nm)\ > ni=n ®zn;1 SCh(TW1 ) id)Gni = SCh(Snv Tm),
where the second equality uses the fact that LA(T,,,T,,) identifies with

@(nl,...,nm)\ >, ni=n Indgzl XX Gy ( ®1m:1 LA(Tn77 id))

as an G,-module, and the third equality uses the already treated case m = 1. O
Lemma 3.2. Let m € LA(S®2,S) be such that (/, o) is a bialgebra structure on S in LA.
Then for some s € k, T = Myq, s, (see Section 2.4).

Proof. It follows from its compatibility with Ag that / is uniquely determined by the
compositions ., = (S ® S° — %2 LSRN id). Each 7, identifies with a multilinear Lie
polynomial in two sets of free variables (v4/)%_;, (y»)%_,, symmetric in each set of variables,
hence with a Lie polynomial p,(z,y) in two free variables x,y, of degree a in z and b in
y. The associativity condition is translated as p(p(x,y),2) = p(x,p(y, z)), where p(z,y) =
> ab>0Pab(,y). According to [AT], Prop. 2.1, this implies that p(z,y) = x +y or p(z,y) =
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s7Le(sz, sy) for s € kX, which implies that m = mid,0 in the first case and M = Mmjq s, in the
second case. O

Lemma 3.1 implies that Autpa(S) — Autsen(S) (where the map is induced by p +— 0) is
bijective, so Ker(Autrpa (S) — Autpa(S)) — Ker(Autrpa (S) — Autscn(S)) is bijective.

Now let (m, A) be a QF for Lie bialgebras, and let 7, A be the reductions of m, A mod (J)
(these are morphisms in LA). Lemma 3.1 then implies that A = Ay, which using Lemma 3.2
and (id®? — 5§92 g id) = p implies that (1, A) coincides with the morphisms of
U(idra). So {quantizations of U(idr,a) satisfying (2b)} — {QFs of Lie bialgebras} is bijective.
This ends the proof of Proposition 3.1. O

Remark 1. A QF of Lie bialgebras yields a functor @ : {Lie bialgebras over k} — {QUE
algebras over k} by (a, tta, da) — (S(a)[[R]], the maps obtained from m, A,... by the substitution
(11,8) — (pa, hdq)). It also yields a functor @' : {Lie bialgebras over k} — {quantized formal
series Hopf algebras} by a — (S(a)[[h]], the maps obtained by (u,8) — (fita,84)). Then Q(a)
and Q'(a) are related by the QUE algebra-QFSH algebra correspondence ([Drl, Gav]).

3.4. Quantization functors of quasi-Lie bialgebras.

Definition 3.2. A QF of quasi-Lie bialgebras is a quasi-bialgebra structure (m, A, ®,n,€) on
S in QLBA, such that:
(a) its reduction modulo (1,9, @) is the standard quasi-bialgebra structure on S in Sch;
(b1) (id®2 — 52 mmoR S — id) = p+ terms with deg,, +degs > 2;
(b2) (id — S A0A ger id®?) = 6+ terms with deg,, + degs > 2;

(b3) (1 Alts o® §®3 _, id®3) = @+ terms with deg,, +degs > 2.

As above, one checks that Ker(Autqrpa (5) — Autgen(S)) acts on the set of QFs of quasi-Lie
bialgebras; quantization functors which are related by this action will be called equivalent. A QF
for quasi-Lie bialgebras being fixed, one checks that its twist by an element of LBA(1, S%2)*
is again a QF of quasi-Lie bialgebras.

Now view C = QLBA as graded by deg;. Then C<p = LA. We consider QHQUE algebras
in QLBA quantizing U(idpa ), and satisfying conditions (b2), (b3) above. Such an element
being fixed, its twist by an element of QLBA (1, S®%)* again satisfies (b2), (b3). The group
Ker(Autqria (S) — Autra(S)) acts on this set of QHQUE algebras.

Proposition 3.2. The natural map {QHQUE algebras quantizing U(idLa) satisfying (b2),
(b3)}/ (twists, equivalence) — { QF's for quasi-Lie bialgebras}/(twists, equivalence) is a bijection.

Proof. The proof is similar to that of Proposition 3.1. One also has to show that for (m, ..., ®)

a QF of quasi-Lie bialgebras, (Altz o®); = 0, where the index 1 means the degree 1 part for degs.
Linearizing the pentagon identity satisfied by ®, we get (Ag o id{y —idia ®Ag @ idiq +idiy’) o
P =n® Py + D1 ®n. According to [Dr2], Prop. 2.2, this implies that Alts o®; belongs to the
image of QLBA(1,A%) — QLBA(1,5%?). We now show that an element of QLBA(1,A3%)
with degs equal to 1 necessarily vanishes. More generally, QLBA(1,X)<; = 0 if | X| # 0,
because this space is linearly spanned by compositions of u, d, ¢, with at least one ¢, as this is
the only generator with source 1, and degs(p) = 2. It follows that (Alt o®); = Altzo®P; = 0.
0

Proposition 3.3. There is a unique map {QFs of quasi-Lie bialgebras} — {QFs of Lie
bialgebras} such that (m,...,n, ®) — (m mod {(p),....,n mod {(p)). It induces a map {QFs of
quasi-Lie bialgebras} [ (twists, equivalence) — {QFs of Lie bialgebras}/(equivalence).
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Proof. (m mod (p),...,® mod (p)) clearly satisfies the quasi-bialgebra axioms. Moreover,
LBA(1,59%) = kn®3, which implies that (® mod (¢)) = 7®3. So (m mod (p),...,n mod
(p)) satisfies the bialgebra axioms. The fact that (m,...,®) satisfies (a)-(b2) in Definition
3.2 implies that (m mod (), ...,n mod (p)) satisfies (a)-(b2) in Definition 3.1. We also have
LBA(1,5%%) = kn®?, which implies that the images of twists under z — (z mod (y)) are
trivial. g

Remark 2. As above, a QF of quasi-Lie bialgebras yields a functor {quasi-Lie bialgebras over
k} — {QHQUE algebras} by (a, ftq, 04, 0a) — Q(a) := (S(a)[[1]], the morphisms derived from
m, ..., ® by the substitution (u,d,©) — (g, Ada, h2pq)).

3.5. Deformation complexes. Recall that the props LBA and QLBA are N-graded by deg;.
As in Section 2.4, this gives rise to props LBA<,, QLBA_,,.

Proposition 3.4. The obstruction to lifting a QUE algebra in LBA<, (resp., a QHQUE
algebra in QLBA_, ) quantizing U(idra) to LBA<, 1 (resp., to QLBA_,, ) belongs to
Higa[n+1] (resp., to HéLBA [n+1]). If this obstruction vanishes, possible lifts are parametrized,
modulo equivalence (resp., and lifts), by Higs[n +1] (resp., by HEpa[n+1]). Here

Hé = eap+q:i;10>0,(120Hg (id, Ap)v

for C = (Q)LBA (the index C emphasizes the dependence of the groups defined in Section 2.6
in the ambiant symmetric monoidal category), with grading induced by degs.
In particular, the prop morphism QLBA — LBA induces a degree zero linear map H(gLBA —
Hipa-
Proof. The statement follows from Section 2.6 in the case of the quantization problem in
QLBA. In the case of LBA, the relevant cohomology groups are, according to Section 2.6
Hig\(id,AP) if ¢ > 1,
i _ > > _ 1 3 q : —
Hipgp = ®pg=ip>0420H[5x, Where Hig, = ¢ Zipa(id, A7) 1£ q=1
0 if ¢=0.
Now CPy4(id, AP) = LBA(1,AP) = 0 as p > 0, which implies that H{5, (id, A?) = 0 and
Hipa(id, AP) = Z1 5, (id, AP). Therefore Hi g, (id, A?) = H{,, (id, AP) for any p > 0,q > 0,
as wanted. O

4. THE MAIN RESULT
The main result of our paper is:

Theorem 4.1. The map {QFs of quasi-Lie bialgebras}/(twists, equivalence) — {QFs of Lie
bialgebras}/(equivalence) (see Proposition 3.3) is a bijection.

Its proof is based on
Theorem 4.2. For any i > 0, the map HéLBA — Higa is a graded isomorphism.

Theorem 4.2 will be proved in Sections 5 and 6. In the rest of the present section, we prove
that Theorem 4.2 implies Theorem 4.1.

Set @, := {bialgebra structures (m, A) on S in LBA<,,, such that m = mjq , mod LBA>1,
A = Ap mod LBA>q, and (id — S A8 gez id®?) = § mod LBA >}/ (equivalences),
Qn := {quasi-bialgebra structures (m, A, ®) on S in QLBA_,,, satisfying the same conditions
(replacing LBA by QLBA)}/(equivalences, twists). Here we denote by (Q)LBA., ., the

prop ideal Ker((Q)LBA — (Q)LBA_,) and miq,, € LA(S®?,5) is as in Section 2.4.
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We have projection maps Qni1 — Qn, and the projective limit Q. := lim._ Q,, identi-
fies with {QFs of Lie bialgebras}/(equivalence). Similarly, we have natural maps Q, 11 —3
Q.. To show that the projective limit Qoo := lim. Q, identifies with {QFs of quasi-Lie
bialgebras}/(equivalence, twists), we note that (a) if (m,A,®) € Quo, then Altzo®; = 0
(see proof of Proposition 3.2), and (b) the pentagon identity then implies that Altso®s €
QLBA(1,A?), so Alt3 o®, is proportional to ; if now 6:=A—foA, then Alt; 0(<§®ids) 00 =
2 Altz o(idges —® * idges *® 1) o A(?; restricting to id and retaining only the terms in degree
2, we get Altz o(d ®idiq) 00 = Alts o(u ® idjge2) o (idia ®(Altg o®P3)), which implies, given that
the same identity holds with ¢ in place of Altg o®s, the equality Altg o®y = .

We also have a reduction map Q,, — Q,, compatible with the above projections. We will
show that for any n > 0, this map is a bijection. When n = 0, this is clear as QLBA ., =
LBA<y. Assume that we have proved that Q. — Q, is a bijection. For ¢ € Q,, let ¢
be its preimage in Qn The obstruction to lifting ¢ to Q.41 (resp., ¢ to Qnﬂ) is a class
obs(q) € Higaln + 1] (resp., obs(q) € HéLBA [n + 1]). These classes are mapped to each other
under Hiypaln + 1] = Higa[n + 1], so Theorem 4.2 implies that obs(q) = 0 iff obs(g) = 0; in
other terms, the bijection Qn — @, restricts to a bijection between image(QnH — Qn) and
image(Qn+1 — Qn). To complete the proof, it remains to show that for any ¢ € image(Q,+1 —
@), the map Qnt1 — Qno1 induces a bijection 771(G) — 7, (q). These fibers are affine spaces
over Hd; pa[n+1] and HPp,[n+ 1], and the map between them is a morphism of affine spaces,
compatible with the natural map H%LBA [n+ 1] — Higa[n + 1]. Theorem 4.2 says that this
map is an isomorphism; therefore the map 7, 1(¢) — 7, '(q) is a bijection, as wanted.

5. STRUCTURE OF THE PROP QLBA

In order to establish Theorem 4.2, we study the structure of QLBA.

5.1. Products of ideals in props. If C is a prop and Iy, ..., I,, are ideals of C, then the product
I...1, is the smallest ideal containing the morphisms f; * ... ¥ f,,, where f; is a morphism in I;
and * is o or ®. One defines in this way the powers I"™ of an ideal.

5.2. Structure of the prop LBA. Define LA (resp., LCA) as the prop generated by p €
LA(id®?,id) subject to the antisymmetry and Jacobi relation (resp., § € LCA(id, id®?) subject
to antisymmetry and the co-Jacobi relation). We have prop morphisms LA, LCA — LBA. The
structure of LBA is given by

Proposition 5.1. For (X;)icr, (Y;)jes finite families of objects in Ob(Sch), we have an iso-
morphism

(1)  LBA(®:iXi, ®;Y)) = @z, ctm(sen) <7 (©: LCA(X:, ®; 7)) ® (®; LA(®:Zi;,Y)),

whose inverse is the direct sum of the maps (®;c;) ® (®;a;) — (®ja;) o B,y o (®ic;), where
Br.0: Qi(®;Zij) = ®;(®;Z;;) is the braiding morphism.

This is proved in [E, Pos]; see also Appendix A.

5.3. A filtration on QLBA. Let (p) be the prop ideal of QLBA generated by ¢ and denote
by (¢)™ its nth power. For X,Y € Ob(Sch), we have a decreasing filtration QLBA(X,Y) D
(E)(X,Y) D (p)2(X,Y) D .... As ¢ is homogeneous for the Z2-grading, so are the (p)", i.e.,

(@)"(X,Y) = ©aezz(p)" (X, Y)[a].
Lemma 5.1. This filtration is complete, i.e., Ny>0(p)™(X,Y) =0.
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Proof. Observe that (¢)"(X,Y) is supported in n(—1,2) + N(1,0) + N(0,1) + N(-1, 2)
(2n +N)(0,1) + Z(1,0). Then Ny>0(p)"(X,Y) is supported in Ny>o((2n + N)(0,1) + Z(1,0)
which is empty. So this intersection is zero. O

The composition of QLBA restricts to a map (@)™ (G, H)®@{p)"(F,G) — {p)"T™(F, H), and
the tensor product restricts to (p)" (F, G)® (@)™ (F',G') — ()" (FQF',GRG'), so QLBA D
(p) D ... is a prop filtration. The associated graded prop is defined by gr QLBA(F,G) :=
@nzo8r, QLBA(F, G), where gr, QLBA(F, G) = (¢)"(F, G)/(¢)"*}(F, G).

)

)

5.4. The graded prop LBA,. Define P to be the prop with the same generators f, s, ® as
QLBA and the same relations, except for the third, which is replaced by Alts 0(<§®idid) 06 = 0.
We now construct a prop isomorphic to P. The following general construction goes back
to [EH]. For C' € Ob(Sch), we have a prop LBA¢ defined by LBA¢(F, Q) := @,>9 LBA(F ®
S™(C),G) (the composition is induced by the coproduct S — S®2). For D € Ob(Sch), we
set LBA¢ p(F,G) = @®p>0 LBA(F ® S™(C) ® D,G); for a € LBA(C,D), we have a map
LBA(F®S™"(C)®D,G) — LBA(F®S"(C),G), x — zo(idpgsn (o) ®a)o (idp @A, 1), where
A S"THC) — S™(C)®C is the component n+1 — (n, 1) of the coproduct S(C) — S(C)®2.
We then have commutative diagrams
LBAc,p(F,G) @ LBA¢(G, H)
©LBAG(F.G) ® LBAc.p(G,H) — BAcn(FH)
!

l
LBAG(F,G) @ LBAG(G, H)  — LBAG(F, H)
and .
LBAC7D(F, G) ®LBAO(F ,G ) , ,
©LBAG(F,G) ® LBAp(F', /) — MBhep(Fal,Ged)
l

!
LBAC(F,G) @ LBAG(F',G')  — LBAc(F®F,G®G')

induced by the composition and tensor product, which implies that if
LBA,(F,G) := Coker(LBA¢, p(F,G) — LBA¢(F, G)),
then we have a prop morphism LBAs — LBA,,.
In what follows, we will set C' := A3, D := A%, a := pr, 0 Alty o(§®id;q)oinj; € LBA(A?, A%),
where inj; : A% — id®? and pry : id®? — A* are the canonical injection and projection.

Lemma 5.2. We have a prop isomorphism LBA, ~ P.

Proof. Let P be the prop with generators f, 5, @ and the following relations: Lie bialgebra
relations between ﬂ,g, and ¢ = %Altg op. We have a morphism P — LBA,s, defined by
fi — p € LBA(Id®? @ S°(A®),id) ¢ LBA,s(id®?,id); 0 — ¢ € LBA(id ® S°(A?),id®?) ¢
LBA s (id, id®?); ¢ + inj; € LBA(1® S(A%),id®?) € LBAs(1,id®?), as inj; = & Altz oinjs.
We also have a morphism LBA,s — P, defined by LBAs(F,G) D LBA(F ® S™(A®),G) D
f — can(f) o (idp ®S™(@)) € P(F,G), where can : LBA — P is the prop morphism defined
by u, 0 — p, 8. One proves that these are inverse isomorphisms, which induce an isomorphism
LBA, ~ P. O

5.5. A graded prop morphism LBA, — gr QLBA.

Lemma 5.3. There is a unique prop morphism LBA, ~ P — gr QLNBA, defined by P(id®2, id) >
i — p € LBA(id®?)id) = gr, QLBA(id®?,id), P(id,id®?) > 6 — § € LBA(id,id®?) =
gro QLBA(id,id®?) (we have QLBA /(p) = LBA, so gr, QLBA = LBA), P(1,id®?) 5 ¢
] € gr, QLBA(1,id*?),
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Proof. The images in gro QLBA of the Jacobi relation for u, of the cocycle relation between
u,d, and of the quasi-co-Jacobi relation between u,d, ¢ (which hold in (¢)° = QLBA) are,
respectively, the Jacobi relation for [u], the cocycle relation between [u], [4] and the co-Jacobi
relation for [6]. The images in gr; QLBA of the relations ¢ = § Alts op and Alty o(6@idP)op =
0 (which hold in (y)) are the similar relations, with d, ¢ replaced by [d], [¢]. It follows that we
have a prop morphism P — gr QLBA, /,4,5 — (1], 9], [¢]- O

Theorem 5.1. The morphism LBA, — gr QLBA is a prop isomorphism.

Proof. We say that a prop morphism C — D is surjective (resp., injective) if the maps
C(F,G) — D(F,QG) are.

As QLBA is generated by p, d, ¢, the prop gr QLBA is generated by their classes [u], [d], [¢],
and since the generators of P ~ LBA, map to these elements, the morphism LBA, — gr QLBA
is surjective.

We now prove the injectivity of LBA, — grQLBA. Let us first explain the main points
of this proof. We construct a filtered prop morphism QLBA — L(LCA ,z); composing the
associated graded morphism gr QLBA — L(LCA,2) with LBA, — grQLBA, we obtain a
morphism LBA, — L(LCA »2). This morphism factors as LBA, — L(LCA,) — L(LCA,2).
The injectivity of LBA, — L(LCA,,) is a consequence of a general argument (already used in
the proof of the structure result for the prop LBA; see Appendix A), while the injectivity of the
second morphism follows from that of a morphism LCA, — LCA 52, which is a consequence of
Lemma 5.6. This establishes the injectivity of LBA, — L(LCA 2) and therefore of LBA, —
gr QLBA. Let us now proceed with the details of the proof.

We first define the auxiliary props mentioned above. LCA,2 is the prop with generators
droa :id — id®?, r 1 — id®2, and relations: antisymmetry and co-Jacobi for drca, and
antisymmetry for r. Similarly, LCA, is the prop with generators 6 :id — id®? and G : 1—
id®3, and relations: antisymmetry and co-Jacobi for 5, antisymmetry for ¢, and Alty 0(5 ®
id??f) 0 = 0. One checks that there are unique Sch-props LCA 2, LCA,, associated to these
props (for example, LCAx2(F, G) = [[, ; LCAx2(F;, G)) for F = @1, G = ©;G;). We denote
by L € Ob(Sch) the “free Lie algebra” Schur functor, i.e., if V' is a vector space, then L(V) is
the free Lie algebra generated by V;so L = L; @ Ly @ ..., where L1 = id, Ly = A2, etc.

We now define the prop morphism QLBA — L(LCA ,z2). The universal version of the Lie
algebra bracket on L(V) is an element pce € Sch(L®2,L). The prop morphism QLBA —
L(LCA2) is then defined by: p© +— pfree; 0 — Ofee + ad(r), ¢ +— %Altg O(((Sfree ®idy) o
T — (id%2 ®ptree) 0 (idr ®Br. ®idr) o (T ® f)), where: we identify pgree with its image under
L(Sch) — L(LCA,:); we identify dfee with its image under L(LCA) — L(LCA,z2) (see
Appendix A); ad(r) € LCAp2(L, L®?) is (ffree ® idy, +(idL @pttree) © (Br.r ®idy)) o (idf, ®F);
T o= inj?2 or, where inj; : id — L is the canonical injection. This morphism is the propic
version of the following construction: to a Lie coalgebra (c,d.) and . € A?(c), we associate the
quasi-Lie bialgebra defined as the twist by A?(inj{)(r) of the Lie bialgebra (L(c), 81 (c)), where
L) : L(c) — L(c)®? is the unique derivation extending d. (and inj{ : ¢ — L(c) is the canonical
injection).

The powers of the prop ideal (r) define a filtration on the prop LCA 52; the associated graded
prop gr LCA 2 is canonically isomorphic to LCA 2. The prop morphism QLBA — L(LCA,2)
is compatible with the filtrations (as it takes ¢ to (r)), and the associated graded morphism
gr QLBA — L(LCA,:2) is given by [u] — pfree, [0] — Ofree and [p] — %A1t3 0(Ofree ® idy,) ©
inj%<>2 or. The composed morphism

(2) LBA, — gr QLBA — L(LCA,2)

is then given by i — fifree, 5 — Ofroe and P %Altg 0(Ofree ®idy) © inj‘%g’2 or.
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We now define two prop morphisms LBA, — L(LCA,) and LCA, — LCA,2, such that
the above morphism LBA, — L(LCA2) coincides with LBA, — L(LCA,) — L(LCA ).

First define LBA, — L(LCA,). There is a unique morphism LBA — L(LCA), taking u, ¢
tO Ufree, Otree (s€e Appendix A); this is the propic version of the functor {Lie coalgebras} —
{Lie bialgebras}, (c,dc) — (L(c), free Lie bracket, unique cobracket extending d.). We define
LBA, — L(LCA~a) by fi,0 — pfree; Ofree (We identify fifree, dfree With their images in L(LCA,))
and @ — inj®? o@. This morphism is the propic version of {(c,d., )|(c,d.) is a Lie coalgebra,
@ € A3(c), Alty o(5:2id®?)(¢.) = 0} — {(a, da; tas Pa)| (4, fia, 0a) is a Lie bialgebra, ¢, € A%(a),
Alty o(0y ®1d9?) 0 4 = 0}, extending the above functor by ¢q := A3(inj$) (o).

We then define the morphism LCA, — LCA,2 by 5 OLCA, 95 — %Altg((SLCA ® idjq) o 7.
One checks that (2) coincides with LBA, — L(LCA,) — L(LCA2).

Let us prove that LBA, — L(LCA,,) is injective. Using the symmetric group actions, this
is equivalent to proving that for any p,q > 0, the map
(3) LBAL(T),T,) — LCAL(L®, L%7)
is injective.
Lemma 5.4. The map @ zcnrsch) LCAL (T, Z) ® LA(Z,Ty) — LBAL(Ty, Ty), induced by the

prop morphisms LCA,, LA — LBA, (S, P s, @, p— fi) and by composition, is an isomor-
phism of vector spaces.

Proof of Lemma. Recall that C = A3, D = A* a € LBA(D,C). One may construct as
above a prop LCA¢ by LCA¢(F, Q) = @n>o LCA(F @ S™(C), G); setting LCA¢ p(F,G) :=
@n>0 LCA(F ® S"(C) ® D, G), then using the fact that « € LCA(D, C), one constructs a map
LCA¢,p(F,G) — LCA¢/(F, G) and one then checks that LCA, (F, G) = Coker (LCA¢,p(F,G) —
LCA¢(F,G)). For F,G € Ob(Sch), we have a commutative diagram

69ZEIM(Sch) LCAC,D(Fv Z) ® LA(Zv G) = LBAC,D(Fv G)
! !
69ZEIH(Sch) LCAC (Fv Z) ® LA(Zv G) = LBAC (Fv G)

whose vertical cokernel is an isomorphism
69ZEIrr(SCh) LCA, (Fv Z) ® LA(Za G) — LBA, (Fv G)7
this isomorphism coincides with the map described in the statement of the lemma. [l

We now consider the composite map

(4)
@ zenr(sen) LCAG(Ty, Z)QLA(Z, T,) — LBAL(Ty, Ty) — LCAL(LEP, L&) — LCA (T, L),

where the first map is described in Lemma 5.4, the middle map is (3), and the last map is
induced by the injection T}, = id®? — L®P.

Lemma 5.5. The map (4) coincides with the composite map @z LCA4(Tp, Z) @ LA(Z,T;;) ~
@z LCAL(T}), Z) @ Sch(Z, L®1) — LCA,(T,, L®1), where the first map is induced by the iso-
morphism LA(Z,T,) ~ Sch(Z, L®1) and the second by composition.

Proof. Note that the isomorphism LA(Z,T,) ~ Sch(Z, L®?) is proved in Appendix A. By
using symmetric group actions, one shows that it suffices to prove the above statement with
Z replaced by Ty. We have composite prop morphisms p : LCA, — LBA, — L(LCA,)
and ¢ : LA — LBA, — L(LCA,); actually o factors through LA — L(Sch). The map
(4) (with Z replaced by Ty) then takes f ® g to o(g) o p(f) o inj$?, where inj, : id — L
is the canonical morphism, f € LCA,(T,,Ty), g € Sch(Tx,T,), p(f) € LCA,(L®P, L&),
o(g) € Sch(L®N, L®9).
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We have p(f) o inj?p = inj?N of, as this property can be checked for f = dpca,r and is
preserved by composition and tensor products. Moreover, o(g) o inj?N € LA(Ty, L®YN) is the
image g of g under LA(Z,T,) ~ Sch(Z, L®?). It follows that (4) coincides with f ® g — go f,
which was to be proved. U

According to Lemma A.1, the composite map @z LCA, (T}, Z)QLA(Z,T;) ~ &z LCAL(Ty, Z)®
Sch(Z, L®?) — LCA, (T}, L??) is an isomorphism, so Lemma 5.5 implies that the composite
map (4) is an isomorphism. The first map in (4) is also an isomorphism by Lemma 5.4, so the
map (3) is injective, which was to be proved.

Let us now prove that LCA, — LCA,2 is injective. For this, we outline the structure of
these props. We have

LCA x> (T, T.)

= @10 @ A4S e, .xe., (LCA(T, T) @ @1 LCA(A%,T2,)))

!’
221,28

z'+zl+...+zk:z

Sk

and

LCAa (Tp, Tz) - @zZO (GB ’

2" 21,50,2k)

s.
A co., .xs., (LOAT, T)@
Z'tz1+..Fzp=z2

@k, Coker (LCA(A* T,) — LCA(A®, Tzi))))g .

The injectivity of LCA, — LCA 2 is therefore equivalent to that of Coker(LCA(A*,T,) —
—oAlty 0(5®id%?
LCA(A3,T.)) — LCA(A2,T.); in other terms, we have a sequence LCA(A*, T,) ta 20®idia)

LCA(A3,T,) ~oAlts o(o®idia) LCA(A2, T,) where the composite map is zero, and we should prove
that the homology vanishes.
To prove this, we will prove that the second homology of the complex

()
.. = LA(T.,A"Y)

Altz o(p@id%?))o—
—

LA(T,, A3) M oW ha)em p y o AZ) #7 LA(T,,id) — 0
vanishes. We will prove more generally:

Lemma 5.6. If z > 2, the complex (5) is acyclic; if z = 1, its homology is 1-dimensional,
concentrated in degree 0.

Proof. Let L, (resp., A,) be the free Lie (resp., associative) algebra with generators x1, ..., z.
These spaces are both graded by @®7_;NJ;, where |z;|] = d;. For V a vector space graded
by ®7_;N§;, and® I C [1,2], we denote by Vi the part of V of degree Y, ;d;. We have
LA(T.,A*) ~ (A¥(L.))p,,)- This isomorphism takes the complex (5) to

Altz o(p,s ®id®?) Alts o(p,®id)
(6) LT (AL BT (AL 25 (L) — 0,
where pp is the Lie bracket of L.
Let Party, (1) be the set of k-partitions of a set I, i.e., of the k-tuples (11, ..., I) with U¥_, I; =
I. The group &y, acts on Party([1, z]), and we have a decomposition
(AR (L)) 2] = @10 eParti (1,20 /6 (A (L)) (1 1)

where the summand in the r.h.s. is the space of antisymmetric tensors in ©sce,, (£2)1,,) @ - @

(CZ)IG(IC) :

4We set [p,q] :={p,p +1,...,a}.
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We have a bijection { (11, [(I2, ..., I)D|L] C [2,2], [(I2, ..., k)] € Party_1([2,2] —I1)/Gk_1} —
Party([1, 2]), taking (11, [({2, ..., Ix)]) to [(I{L{1}, Is, ..., I)]. The inverse bijection takes [(I1, ..., It)]
to (I; — {1}, [(I1, ..., Ti—1, Lig1, -, Ix)]), where i € [1, k] is the index such that 1 € I.

For (I7,[(I2, ..., It)]) in the first set, we have an isomorphism

(A (L) 1101y vt = (L) oy © (AFTHL)) (L)

(whose inverse is given by Alty, or, up to a factor, by the sum of all cyclic permutations if k is
odd, and their alternating sum if k is even), which gives rise to an isomorphism

(A (L))2) = B (ot (L) 101y © (ML) (111 © (L2 @ A THL)) 12
We have a complex
(7) e = (L @ A2 (L2))p,e) = (L2 ® L),z — (L2)p,z — 0,
where the differential (£, @A*(L£.))1,.) — (L2@AF71(L.))}1 2 is induced by 2o ® (@1 A...Azy,)

Sy (1) o, 2] @ (@1 A i AT) + g i gy (1) 0 @ (@1 A Al T AL Ej o A
If I, J C [1, 2] are disjoint, we have [(L.)r,(£.)s] C (£.)rus, which implies that if

Ch =D (s, o) (L) 11y © (AL (R 1))

then
e CQ — Cl —0
is a subcomplex of (7), isomorphic to (6).

For I' C [2, z], we have an isomorphism (A.)r — (£.)puqiy, given by @, .., = [[[71, 24, ], 74, ], ...
the inverse isomorphism is the restriction of the map (A.);ugy — (A.)r taking a monomial
not starting with z; to 0, and a monomial starting with x; to the same monomial with the x;
removed (see [B]).

The compatibility of these isomorphisms with the Lie bracket can be described as follows:
for I', I C [2, 2] disjoint, we have a commutative diagram

(A)r @ (L)1 - (A:)
! |
(L)rugy @ (L)1 — (L) ooy
where the upper horizontal map is induced by the product in A, (£, being viewed as a subspace
of A,) and the lower horizontal map is induced by the Lie bracket of L.

We have a complex
(8) e = (A ® Az(ﬁz))[zz] - (A, ® »Cz)[27z] — (Az)[z,z] — 0,
where the map (A, @ A*(L.))2,.) — (A ® AF71(L,))2,,) is induced by zg ® (21 A ... Axy) —
Zle(—l)iJrlxowi QKX AN .Zj... N T} + Zl§i<j§k(_1)j+lx0 Rx1 A ... N\ [xi,xj] Ny N xg.
The isomorphisms (£.)ruq1y =~ (Az)r induce isomorphisms Cy =~ @1 ((1,.....1)) (A1 @
(Ak_l(ﬁz))[(bw71k)] = (A, ®Ak_1(ﬁz))[2’z], which are compatible with the differentials. Hence
the complex (8) is isomorphic to ... — Cy — C; — Cy — 0.

The complex (8) is the degree g + ... + 0y part of the complex
(9) o AL QN(L) 5 AL, — A, — 0,
where the differentials are defined by the same formulas.

Define a complete increasing filtration on (9) by Fil"(A, ® A*(L,)) = (A.)<n—r @ AF(L.),
where (A)<p is the part of degree < n of A, ~ U(L,) (i.e., the span of products of < n
elements of £,). The associated graded complex is the sum over n > 0 of complexes ... — 0 —
A(L,) — ... — S Y L) ® L, — S™(L,) — 0, which add up to the Koszul complex

W S(L) @ AX(L.) — S(L2) @ Ly — S(L2) — 0,
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where the differential S(L£.)®A*(L,) — S(L)QAFY(L,)is fR(v1A...AzE) Zle(—l)”lfxi@@
(1 A B N T).
Now if V' is a vector space, then the Koszul complex

C(V)=(.. > S(V)QAX (V)= S(V)®V — §(V) —0)

is a sum of complexes, indexed by N (this index corresponds to p + ¢ in SP(V) ® A%(V)). It
is well known that the homology of this complex is concentrated in homological degree 0 and
in degree 0, where it is equal to k. Recall a proof. One checks this directly when V is one-
dimensional; we have isomorphisms C(V & W) ~ C(V) @ C(W) of N-graded complexes, which
implies the statement when V is finite dimensional. It follows that the Koszul complex in Sch
given by ... - S®A? - S®id — S — 0 has its homology concentrated in homological degree
0 and degree 0, where it equals 1. This implies the statement in general.

It follows that the homology of (9) is concentrated in degree 0, where it is equal to k; a
nontrivial homology class is that of 1 € A,. It follows that the degree ds + ... + &, part of this
complex is acyclic if z > 2, i.e., (8) is acyclic if z > 2. The computation of the homology of (9)
is straightforward when z = 1. O

This ends the proof of Theorem 5.1. g

6. COMPARISON OF COHOMOLOGY GROUPS

Theorem 4.2 means that for any p > 0 and ¢ > 0, the canonical map HgLBA(id,Aq) —
HYp A (id, A7) is an isomorphism.

Recall that H;Q)LBA(id,Aq) = H.(C(.(SI)LBA)v where C;Q(I)LBA = ((QQLBA(A®,AY), [, —]). If
I'is a prop ideal in QLBA, we also set C7*? := I(A®, A?); this is a subcomplex of Cip,. We

then have an exact sequence of complexes 0 — C&/’g — Cipa — Crga — 0, inducing a long

exact sequence in cohomology, so Theorem 4.2 will be proved if we show that (C&g, [, —]) is
acyclic.

Observe now that we have a decreasing sequence of complexes C&;{g >\ C&;‘gz D ... All these
complexes are graded by degs and in each fixed degree, the decreasing filtration is complete (i.e.,
for any fixed p, d, Cff)” [d] = 0 for n large enough, where [d] means the part with degs equal to
d). It then suffices to prove that the associated graded complex (®i>oC<°f>,i / C&;%Hl, induced

differential) is acyclic. This complex coincides with (B;=¢ LBA((;) (A®*,A9), [, —]), where the
exponent (7) means the homogeneous part with deg; equal to i, and deg; is the degree on
LBA,, such that (i,8,%) — (0,0,1).

In order to prove that the latter complex is acyclic, we will prove more generally:

Theorem 6.1. Let C, D be homogeneous Schur functors of positive degrees; let k € LCA(C, D).
Let LBA,(X,Y) := Coker (LBA(D ® X,Y) — LBA(C ® X,Y)). Then for any q > 0, the
complex (LBA, (AP, A7), [p, —])p>0 is acyclic.

Proof. Let us make this complex explicit. For Z € Irr(Sch), define pz € LA(Id ® Z,Z2)
and iz € LA(Z ®id, Z) as follows: ur, € LA(id ® T},T},) is the universal version of z ®
TR @y = b 101 ® .. Q [T, 2] @ ... ® p; as it is Sp-equivariant, it decomposes under
LA(id ® T, Tp) ~ @ zw)||z|=|w|=p LA(Id ® Z, W) ® Vect(nz,Tw) as ©zuz @ idr,. We then
set fiz := —piz o Bzia, where 8734 : Z ® id — id ® Z is the braiding morphism.

Then [p,—] : LBA(C ® AP,A9) — LBA(C ® APT1 A%) is the composed map LBA(C ®
AP, A7) — LBA(C ® AP ® id,AY) — LBA(C ® AP*1 A%), where the first map is x — z o
(ide ®fiar) — fine o (x ® idja) and the second map is y — y o Alt,+1. We have a similar
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differential, with C replaced by D, and  induces a commutative diagram

LBA(D ® AP, A9 — LBA(D® AP ®id,A9) — LBA(D® AP*1 A9)

! ! !
LBA(C ® A?,A%) — LBA(C®AP®id,A?) — LBA(C ® AP+! A9)

The cokernel of this diagram is LBA, (AP, A?) — LBA, (AP ® id, AY) — LBA,(APT! A9) and
the composed map is the differential of our complex.

Recall that for X;,Y € Ob(Sch), i = 1, ..., n, we have an isomorphism LBA(X;®...0X,,,Y) ~
® 7. zneter(Seh) LCA(X1, 21)®...QLCA(X,,, Z,) QLA(Z,®..© Z,,Y ) = ®z,,....z, LBA(X1 ®
.®Xn,Y)z, . .z, The inverse isomorphism is the direct sum of the maps ¢1 ® ... ® ¢;, ® a +—
ao(c; ®...®cy). If X; is homogeneous of positive degree, LCA(X;,1) = 0, so the above sum
may be restricted by the condition |Z;| > 0.

We now define a complex 0 — C° 4 C! — ... as follows. The analogue of the above complex
[, —] : LBA(C ® AP, A?) — LBA(C ® APT! AY) (with C replaced by Z) admits a subcomplex,
namely C% = @ zenr(sch) LBA(Z @ AP, AY) 7 7/

p,p+1 . ~p p+1
dZ,q : CZ,q - CZ,q

is then the restriction of the differential [u, —]. We then have an isomorphism between the
complexes (LBA(C' @ AP, AY), [, —])p>0 and @ zerrr(seh), 210 LCA(C, Z) @ (Y, d50 )0
We have a similar isomorphism replacing C' by D, and these isomorphisms are compatible
with the morphisms of complexes induced by . Taking cokernels, we get an isomorphism of
complexes

(LBA/{ (Ap’ Aq)a [/147 _])pZO =~ @Zelrr(Sch),|Z\>0 Coker (LCA(Dv Z) - LCA(Ca Z))®(Cg,qv d%f;rl);ﬂzo'

We now prove the acyclicity of (C} , d%f1+1)p20, for any ¢ > 0 and any Z € Irr(Sch), |Z| > 0.
To lighten notation, we will denote it by (C?,dP?T1),>. We reexpress this complex as follows.
View C? as the antisymmetric part (under the action of &,) of Ccr .= ©z,,....z,clrr(sch) LBA(Z®
id®?, A%z, 2,.....z, C LBA(Z ®id®?, A7) (we may restrict this sum by the conditions |Z;| > 0).
Define

dPPHL L LBA(Z ® id®P, A7) — LBA(Z ® id®PT! A9)

by A" () := zo(idz QUi ™ )o(X 1 <y jepyr (71T By Fano(idia ©2)0( 1 <izpyr (1)1 60),
where (3;; is the automorphism of Z®id®p+1, which is the universal version of 2®z1®...Qxp41 —
2T Q1 ® ... &i..Tj... @Tpt1, and G : Z2id®P*! — id® Z ®id®? is the universal version
of 2021 ®...QTpt1 — TR 2T ® ...&y... ®Tpy1. Then dPP+1 restricts to dPPtL . OP — OPFL,

We now introduce a filtration on CP. Let (C’p)ﬁp, C CP? be the sum of all terms where
card{i|Z; = id} < p’. This subspace is invariant under the action of &,, so its totally antisym-
metric part is a subspace (CP)<P' C CP.

Lemma 6.1. dp7p+1((CP)§P’) - (CP+1)§p’+1.

Proof. To prove this, we will prove that d?P+1((CP)<r') c (CPtH)<P'+1 If 2 € LBA(Z ®
id®?, AY) 7 7, ...z, then pipao(idig ®x)of; is clearly in LBA(Z®id*P ™ AY) ;. 7, .. 7, id.2,.....2,-
Here card{i|Z; = id} has been increased by 1. Moreover, for any W € Irr(Sch), the image of
LCA(id, W) — LBAG{d®?, W), ¢ — co p lies in @, wyereesen jw,1»0, LBA(IA®?, W)w, w,. So

[Wil+|Wa|=|W|+1

zo(idz @p@idZP ") o B lies in

s 1®p+1
(10) ®w,,waetrr(Sch) ||W|+|Wal=|2:|+1 LBA(Z @1d™"" AN 7 7, . 2, W1, Zi 1,025 1 W Zss 2
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When (W1, Ws) € Irr(Sch) are such that |[W;| > 0, |[Wh| + |Wa| = |Z| + 1, {i|]|W;| =1} is < 1if
|Z1] > 1 and = 2 if |Z1| = 1. So in the summands of (10), card{i||Z;| = 1} is increased by at
most 1. U
It follows that the differential dPP*! is compatible with the filtration (C?)<° c (CP)St C
... C (CP)=P = CP. To prove that it is acyclic, we will prove that the associated graded complex
is acyclic. For this, we first determine this associated graded complex,. .
For p/+p" = p, let C¥' 7" .= ®zy.....2, €lre(Sch), | 27| >1 LBA(Z®id®? ®id” A z5d,. a2y, 21,

Let CP?" be the antisymmetric part of this space with respect to the action of &, x &pn.
Lemma 6.2. (CP)<P' /(CP)<P'=1 = CP'?"  where p"" =p—p'.
Proof. We have

(CPYSP' J(CPYSP' =1 = g LBA(Z ©id®?, A% 2.2, . 7.

Z1,...,Zp€lrr(Sch),| Z;|>0,
card{i|Z;=id}=p’

As a G,-module, the r.h.s. identifies with Indg”/XG . (CPP"). (CP)SP' J(CP)<P'~1 is then the
P p
GS,p-anti-invariant part of this space, which identifies with the &,/ x &,~-anti-invariant part of
cP' " ie., CP ", The isomorphism®
o

P

(@(Zl,...,Zp)||Z,;|>O,card{i\Zi:id}:p’ LBA(Z ®id®?, Aq))
(&, x6& )~

— (@(z;’,...,Z;’//)IIZ;'\x LBA(Z id@p,Aq)z,id,...,id,z;',...,z;',,) o

is given by projection on the relevant components, and the inverse isomorphism is given by

the action of (1/p!) degp e(o)o (or (p'lp”!/p!) Zaeep,,pu €(o)o, where &, v is the set of

p’, p”-shuffle permutations). O

Define
d”' PP LBA(Z @ id®Y @ id®, AY) — LBA(Z ® id®” T @ id®P" | A9)
by @ = zo(idz @U@ ™ )o(X) <ijap g1 (1) B Fao(uz@idig)o( <z i (1) 6:)-

Lemma 6.3. The map d* P 17" restricts to maps C*'»" — CV'+1#" and @7 P’ +1e" . cP'v"
CP'+LP" | and the map (CP)SP' /(CP)SP =1 — (CP+L)SP'HL/(CPHY)SP induced by dPPFY coin-
cides with d” P +UP" where p" = p —p'.

For each p”, (C’p/’p”, dp’,p’+1|p”)p,20 is therefore a complex (this can be checked directly); it
is embedded in the similar complex, where the restrictions |Z!'| # 0,1 are dropped, which is
the universal version of the complex computing H (a, Z(a)*) ® A" (a)* ® A%(a), where a is a
Lie bialgebra.

Proof. If v € LBA(Z ® id® ® id®p”,Aq)Z’idw’id,Z“”,,Z;/“, then one checks that both z o

(idz @uidEF ™" )of,; and zo(uz ®idEF)of; lie in LBA(Z@id® T1@id®"" | AY) 254, a2y, .27,
’ P

1
which implies that d?’ " +1P" induces a map C?"*?" — CP'+12" The map d? » 1" maps the
S,y X Gpr-antisymmetric part of LBA(Z ® id® ® id®p”, A7) to its analogue with p’ increased
by 1, so it restricts to a map d¢?' +1P" . or' " P’ 1P
Let us now show that the map CP'»=¢" — CP'+12=2" induced by dPPt! : (CP)<F' —
(Cerl)Sp’Jrl is qp’ P +1p—p"

5For M a module over I1; Sp;, we denote by M Gp)™ the component of M of type ®;¢€;, where ¢; is the
signature character of &y, .
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Let Zi,...,Z, € Irr(Sch) be such that Z; = id for i < p’ and |Z;| > 1if ¢ > p’ + 1. Let
y € LBA(Z® id®p,A’1)Z7zl7m7Zp be of the form a o (idz ®c1 @ ... ® ¢), where ¢; € LCA(id, Z;)
and « € LA(Z ® Z1 ® ... ® Z,,A?). Let z := yo (idz ®(ZU€GHX®M €(o)o)) and T 1= yo
(idz ®(EU€GP e(0)o)). Then & € CP*?" 7 € (CP)<F', and z corresponds to the class of 7
under CP' 2" ~ (CP)SP' /(CP)<P' 1,

Let us compute dPP+1(&). We have

(11) Zo(idz@peidyy ) o (> (-1)""8;)
1<j
= Z (—1)i+j Z e(o)ao (idz ®0By) o (idz R(Co(1) 0 1) ® Co(a) @ ... ® co(p)) o Bij,

1<i<j<p €S,

where 85 1 Z5(1) @ ... ® Zg(p) — Z1 @ ... ® Zy, is the braiding map.
We now use the fact that if ¢ € LCA(id, Z), then

(12) cop=pyzo (idig ®c) + fiz o (¢ ®idia) + k(c),

where x(c) € LBA(id®?, Z) is such that:
K(c) € By, | jwy>1 LBAGA®?, Z)w, ws, if |Z] > 1,
k(c) = —copif Z=id
(12) is proved as follows: it is obvious when Z = id; we first prove it when Z =T, (p > 0)
and c = (0 ® 1d®p 2) .06 (iterating the use of the cocycle identity); as this element generates
the &, module LCA(ld, T,), this implies the identity when Z = T),. The case of Z & Irr(Sch),
|Z| = p is derived from there by taking isotypic components under the action of &,.
When [Z,(1)] > 1, the contribution of £(cs(1y) to (11) belongs to (CPT1)<P' The class of
(11) in (CPH1)<P'+1/(CP+1)=<P is then the same as that of
(13)
> (=)™ Y ao(idz®B,) 0 (idz ®(z,q, © (idid ®co(1))) @ Ca(z) @ - ® Cap)) © Bij

1<i<j<p+1 ceB,

+ Z (_1)i+j Z a o (1dZ ®ﬂa) o (1dZ ®(ﬂZU(1) o (Ca(l) ® idid)) & Co(2) ®R...R Cc,(p)) o ﬁij
1<i<j<p+1 cEG),

+ Z (=1t Z €(o)ao (idz ®fs) o (idz @(ca(1) © 1) ® Co(2) @ oo @ Co(py) © Bij-
1<i<j<p+1 TEG,|a(1)€L,p’]

The first line may be rewritten as follows. Let a; € &, be the cycle a;(1) = 2,..., a;(j —2) =
j—1,a(i—-1)=1, a;(j) =J,.., aj(p) = p. In terms of 7 := o o o, this line can be expressed
as

Z Z Z T)ao(idz ®06;)o(idz ®CT(1)®---®(//&ZT(j71)O(idid ®Cr(j=1))) D+ BCr(p))OVis)
JE[L,p+1] i<j TES,

where 7;; € Aut(Z ® id®p) is the categorical version of 2 ® 1 ® ... ® Tpy1 — 2 Q 1 @ .. Ej... ®
Tj—1 QT @ Tj41 @ ... ® Tpy1. In the same way, one shows that the second line has the same
expression, with the condition ¢ < j replaced by i > j and ~;; the categorical version of
2Q0xT1 ®...Q Tp41 — 2 Rr1R... X Tj—1 R x; X Tj+1 (24 .f?l X Tp4-1-

Adding up these lines, and using the identity

k
pw o (idig ®a) Z (idw, ®... @ pw, ® ... @ idw, ) © Ba,
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in LAId ® W1 ® ... ® Wy, W), where a € LAW; ® ... ® Wy, W) and f(, is the braiding
doWi®..eW, - W ®..0 Wi 1id® W, ® ... W, we express the contribution of (11)
as (last line of (13)) +aau o (idia ©7) o (S (—1)'85) + 7 0 (uz @ 1dZF) 0 (S0 (1) ).

The class of dPP+1(z) in (CPHL)<P'+1/(CP+1)=P is therefore the same as that of (last line
of (13)) +Z o (uz @1dZF) o (2P (—=1)P+16;). To evaluate its image in CP'+1P" we apply the
projection of @z, . z,,, LBA(Z ® id®p+1, A)zz,,....2,., on the sum of the components with
Iy =...=Zyy1 =1id, |Zy 1], ..., | Zp41| > 1 along the other components.

We have & o (17 @ idef) o B; = Zaeep €(o)ao (idz ®By) 0 (hz ® Co(1) @ .. ® Co(p)) © Bi, and
the summand corresponding to o belongs to LBA(Z @ id®?, AY) 2,200y oo Zor (119 i Zin iy oo Zor ()
the projection is the identity on the components such that i € [1,p' + 1] and 0 € &, X S,
and zero on the other ones. So the projection of Z o (uz ®idSF) o (SPF ! (=1)16;) is zo (uz ®
A o (P (—1)7+1y).

Let us compute the projection of the last line of (13). The term in this line corresponding
to i, j, 0 belongs to LBA(Z X id®p, Aq)Z7ZU(2)7"'7Z<7('i)7id7ZU(i+1)7"~7Za(j71)7id7ZU(j)7"'1ZU(p)' The pro-
jection is then the identity on the terms such that ¢,5 € [1,p’ 4+ 1] and 0 € &)y x &, and zero

on the other ones. The projection of the last line of (13) is therefore z o (idz @u ® id%p_l) o

(Zlgi<j§p'+1(_1)i+jjr16”)' _
The projection of dP?*+1(%) is then the sum of these projections, i.e., d? »+1P" (). O
The associated graded complex of the complex (CP, dPP+1),5 ¢ is therefore @m0 (CP P, dP P 1P .

We now prove that for each p”’ > 0, the complex (Cp"p”,d;"p/“‘p”)pfzo is acyclic.
For 2" = (21, ..., Z}},) € Trr(Sch), let

&P LA(Z @ id® @ (2,2)), A7) — LA(Z ® id®" ' @ (®,2)), A)

be defined by the same formula as @ »+1P" replacing idor ', id3P by id%p/*1 ®idg, 7,
idEY ®idg, zv. Let C7,, be the antisymmetric part of LA(Z®id®" ®(®;Z!"), A7) (with respect
to the action of &,/). Then dg;,p "+1 restricts to a differential dg,’,p 1 Cg,, — Cg,j'l; moreover,

i

we have an isomorphism between (C? P
respect to the action of &,) of

,dP PP o and the antisymmetric part (with

1’ !/ / !/
D : " P p,p +1
Dzy,.... 20, €lrr(Sch), | 21/£0,1 Diz1 LA(id, Z]') ® (Cgn, d" ™ )pr>o0.

Since the differential of this complex is &,/-equivariant, it suffices to prove that each complex
(Cou,dyif >0 is acyclic.
Let z:=|Z|, N := >, |Z]|; let

&V LAGA®® ©id® ©id®Y,id®7) — LA(d®* @ id®" ' @ id®",id®?)

be defined by the same formula as CZP';}"“, replacing ®;Z; by id®Y and tz by pyqe-. Let

CS:N’q be the antisymmetric part of LA(id®* ® id® ©id®V, id®7) (with respect to the action
of G,/). Then JZ:ﬁ:;l restricts to a differential di:ﬁ:;l : Cf:N’q — Cf:;}q. The complex
(C% N4 Z}}@}jl)pgo is equipped with a natural action of &, x[[; &z x&,, and (C}.,, d%.F )
is an isotypic component of this action. It suffices therefore to prove that (CS:N, g’ df:}\’;:(jl)p/zo
is acyclic.

In what follows, we denote by L(uq,...,us) (resp., A(u1,...,us)) the free Lie (resp., associa-
tive) algebra generated by ui,...,u,. These spaces are graded by @;ep1,,)NJ; and for S C [1,p],
we denote by L(uy,...,us)s, A(u1, ..., us)s the subspaces of degree @;csd;. In the case of two
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sets of generating variables (u, ..., us) and (v1, ..., v;), the spaces are graded by® Dicqn,s 110, N0:
and we use the same notation for homogeneous subspaces.

Lemma 6.4. We have an isomorphism of complezes
(14) C.;,N,q ~® ud L Ta=[1,2], ®g¢:1 C\.I“\,\J“\,l'
ud _Ja=2+[1,N]
Proof. Identify C* ,  with (L(a a x x /)®q)6;
. y 2,N,q 1y ey Qz4 Ny L1y -0y Tp [1,z4+N] LI[1,p']’
the gth tensor power of L(a1, ..., z, ), multilinear in a1, ..., az+ N, T1, ..., Tp, and antisymmetric

which is the part of

in x1,...,2p (ai,...,a, correspond to the z factors of id®=, Q41 ..., 0z N to the N factors of
id®N | and 21, ...,z to the p’ factors of id®?"). The differential di_}\’;_;l can then be expressed
as

F(a1, oy Qo Ny T1,5 ey Tyt ) Z (—1)i+j+1F(a1,...,az+N,[xi,a:j],xl,...ji...jj...,xp/+1)
1<i<j<p/ +1

(15) + Z Z (=) TV (e [4y ar],y ooy Qg N T1y oy Tpg1)-
1<i<p/'+12/=1

On the other hand, we have an isomorphism LA (id®" , id®?) ~ @Ilumulq:[l’N]®g:1LA(id®|IO‘ 3 id),
with its inverse given by the sum of the maps a1 ® ... ® aq — (a1 ® ... ® aq) o By, ,....1,, Where
Br,...1, id®"Y — ®,id®/=l is the braiding induced by the maps [1, N] — ], [1, |14, taking I,
to [1, |[I|] x{a} by preserving the order. Analyzing the action of & on the set of g-compositions
of [1, N], we derive an isomorphism LA(AY,id®?) ~ @&y, 4. 4 n,—n ®%_; LA(AN,id), with in-
verse given by the direct sum of the maps a1 ® ... ® ag — (a1 @ ... ® aq) © ﬂNl,qu, where
BNy, Ny - AN - AN ®...® AN is the composite Schur morphism AN — id®Y ~ ©,id®Ne -
®aANe. One proves similarly that we have an isomorphism LA (id®* ® AP @ id®V, id®7) ~
OUpIo=[1,2],UnJa=2+[1,N],5,, pa=p' ®1_, LA(id@W“| ® AP~ ® id®|J0‘|,id), with its inverse in-
duced by the direct sum of the maps ®ata — (®aba) © B(1,),(70),(a)> Where B(1.). (7). (pa)
id®* @ AP ®id®Y — ®4(1d®el @ AP> @ id®Y=l) is constructed from the above Schur mor-
phisms. It follows that we have the isomorphism (14) between graded vector spaces. Let us
show that it is compatible with differentials.

For Ualo = [1,2], Uada = 2z + [LLN], 32, pa = p/, the map @q_,Cf7| ;1 — f:N’q
identifies with the map

’

Gp(‘l
®aLll(a, ..., xp')(lauJa) L1+t part[Lpa]) — (L(al, s a:pf)®q)[17z+N] L[]

®O¢Fa = ZUEGZH
(preserving the order of the elements of [1, p1], p1 +[1, p2], etc.) and * is the permutation action

€(0)o * (®oFy), where &, ., is the set of shuffle permutations of &,

on 1, ...,z . The projection C7 \ = — ®q \pszJalJ to the component indexed by ((14), (Ja))a

along the other components can then be described as follows: the composite map

¥4 ~ ’
(e, o 2p)*) 1 oo 1.1 = ® orazti Ba LA Ty ) (120 11 P
UPq=[1,p’]
— ®aL(ar, ..., xp’)(IQUJQ) [I(p1+...+Pa—1+[1,pal)
(where the second map is the projection along all other components) restricts to

S, &
® o

(Lars s 2p) ) M T — @aL(@1s s ) () Lot pe 1+ 1pa])

For A1,...,As CN, we set [[; A; := U;(A; x {i}) C N x {1,...,s}.
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. . . . . . . p, p(\’
which identifies with the projection C’/NY#I — ®ac|za\,uw\,1-
Extending formula (15) defining d’;)ﬁ;l, we define a map

+1
dgl\l;q : (L(a, ---’xp’)®q)[1,z+zv]L[[Lp’] = (Llav, . azen, a1, ""xp'+1)®q)[1,z+zv}L[[Lpurl]'

It follows that the map diiﬁf;l : Cf_/N . —CF ;1(1 may be identified with the composite map”

&
q Pa
® Ua la=[1,2] ( ®a:1 C(al’ o xpl)Ia;Joupl+~~~+p(171+[1vpa])

UaJa=2z+[1,N]
Y Pa=p'
B(XCoce ,, €(@)) ' p'
o Py ®q z,N,q
i (C(al,...,xp/) )[1,z+N]|_I[1,p’] — (C(al,...,

~ q .~ o~
=~ Uala=[1,2] (®a:1 C(alv"'vxp”rl)lmePw)
Ua:ia=2+[1~N]
Ua Po=[1,p"+1]

®q
Tpr+1) )[1,z+N]|_I[1,p’+1]

- D Uala=[1,7] (®Zz:1 L(as, ---vxp’+1)ia,ja,ﬁ1+...+ﬁa,1+[1,ﬁa])
UaJa=z+[1,N]
> o Pa=p'+1

We have a decomposition d’z’ e ;rl Di<ici<y di 30 1 S%,_,d*¥. Then:

e d takes the summand indexed by ((In)a, (Ja)a (P )o) to the summand indexed by
(In)as (Ja)a» (Pi7)q), where (P), is the partition of [1,p’ + 1] given by P/ = (Pan2,d]) —
DU(Panfi+1,j—1)U((Pan[j,p]) +1) if 1 ¢ P., and the union of the same set with {7, j}
if 1 € P, (all these unions are disjoint);

e d* takes the summand indexed by ((Ia)a, (Ja)as (Pa)a) to the summand indexed by
((Ia)as (Ja) v, (Pé’zl)a), where (]5&’2,)& is the partition of [1,p’ + 1] given by va’zl = (PyNIl,i—
1)U ((PaN[i,p]) + 1) if 2’ ¢ I,, and the union of the same set with {i} if 2’ € I, (all these
unions are disjoint).

As the partitions (la)a and (Ja)a of [1, 2] and z + [1, N] are not modified, (14) is a decom-
position of complexes. If (P,), is one of the partitions (P#), or (P*'),, then the sequence
(|Pa|)a=1.....q has the form (py + 6ap)a, where B € [1,q] and p, = |Pa|.

Fix 8 € [1,q] and set p? := p, + ag. The partition (Py)a coincides with (pf + ... —|—p§_1 +
[Lpg])a if:

(@) Pa=14p1+..+pa1+[Lpalif a<fB Ps=(1+pi+..+ps-1+[1ps— 1) U{1},
Po=pi+..4+pa—1+[L,ipa]ifa>Fandpr +... +pg_1+1 <Z<] <p1+..+psg+1;in that
case, (P4, is given by P¥ = pi+...4pa_1+[1,pa] for a < 3, P ﬁ =p1+...+ps-1+[1,pg+1],
and P9 =1+ py + ... + pa_1 4 [1,pa] if @ > B. In particular, i < j belong to PY;

(b) Po = p1+ ... + pa—1 +[1,pa] for any o, pr + ... + pp—1+1 < i < pr+..+pg+1
and 2z’ € Ig; in that case, (f’é‘z/)a is given by 13(22/ =p1+ .. +pa-1+ [1,pa] for a < 3,
]5;2, =pi1+..+pg-—1+[1,pg+1] and Péz, =14p1+...+ps-1+][L,pg] for a > 8. In particular,
i € P§¥ and 2 € Ij.

-

D)L T (o1 tpo 1 +Lpo]): LD image of

Now let ®qFy(as,...,xzy) belong to @qL(ay, ...,
6_ ’ /
this element in L(aq, ... )[1 NI, 38 (Zaeepl 6(0)0)* (®aFa). Let us apply d? P 1
o
‘o ; : . q g
to this element, and let us project the result to ®;_; ®q L(ai, ..., Ty +1)I(X,Ja,p1+ R

According to what we have seen, the nontrivial contributions to the summand indexed by
are:

"We lighten the notation by writing X Io,Ja,Po instead to X7 us0) ] Pa-
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e fori < jinpy +..+ps_1+[1,ps+ 1], the projection of d” (e(c)o * (©4F,)), where o is
the shuffle permutation taking the p1 + ... + pa—1 + [1, pa] to P, described in (a) above;
o fori € p1 + ...+ pg_1+[1,pg+ 1] and 2’ € I3, the projection of dizl(®aFa), where d¥’ is

~ 1 ’
the summand of di_}\’;_;l corresponding to (7,2’).

&5 &>
ps.pa+1 | rg pg+1
Let dﬁ ) 'C(al’ ""xp')IﬁJmm+...+;Dﬁ—1+[1,z)ﬁ] - 'C(al’ “'7xp,+1)Iﬁu][f7p1+~~~+p[-1—1+[1ypﬁ+1]
. . 17 g .
be the differential of the complex C? and let d, d¥ be its components. We have
FEIAREIN! B 7B

A (o % (@aFy) =F1 ®...® dg (F3) ® ... ® Fy (to prove this equality, note that the 1 present
in the Bth factor of o % (®F,) gets replaced by [z;,x;] on both sides; the signs coincide
since the “usual” indices of the variables x;,x; are shifts of ¢,j by the same quantity, and
this does not alter (—1)77+1) while (o) = (—1)P*+*Ps-1; on the other hand, d* (R Fy) =
(—1)PrttPs P @ L ® d%z' (Fg) ® ... ® F, (here the sign is due to the fact that the index
of x; is, in the usual ordering, i — (p1 + ... + ps—1)). It follows that the contribution to the
summand indexed by §is (=1)PrT-FPs1F @ .. ® dgﬁ’pﬁ+1(F,3) ®...® F,. So the projection of

dpl?pl—i_l((Z(rEGm P 6(0)0) * (®(¥FO‘)) is

,,,,, g
(Z(_l)p1+...+m_1 d®...® dPo Pt @ . ®id)(® Fa),
B
as was to be proved. O
As z # 0, for each partition (I1, ..., I;) of [1, z], there exists 7 such that |I;| # 0. So renaming
L, |J;| by z, N, it suffices to prove that if z # 0, then C? is acyclic.
z,N,1

’ G, W] . .
Recall that C7 v | = L(a1, ., Zp )" vy 11110 20D diﬁjl is given by (15). On the other
hand, the map a — ad(a)(a1) gives rise to an isomorphism
’ (S ’
AZ,N,l = A(az, "'7xpl)[2f)z+N]]_[[1,p’] = Cf,N,p
where A(uq, ..., uy,) is the free associative algebra generated by u1, .., u, and ad : A(uq, ..., us) —
End(L(u1,...,us)) is the algebra morphism derived from the adjoint action of £(uq, ..., us) on

itself. The differential dz:}@:fl : ./4’;:]\,71 — -Az:j\—/h is given by

(16)

Q(a‘27"'7az+N;x17"'7‘1317') = Z (_1)i+j+1Q(a‘27"'7az+N;[xivxj]vxla---i‘i-"jj"'vxp’-‘rl)

1<i<j<p'+1
P +1 i
+ Z(—l)lﬂ(Q(aza ey Qo f Ny Ty ey Ty 1) T4 + Z Qaz, ..., [wi,az], ..., a4 N, T1, ~-fim,$p'+1)>a
=1 z'=2

as ad(a)([z, a1]) = ad(az)(a1), for any = € L(a1,...,xp ) and a € A(a1, ..., Tp ).
We have an isomorphism

/ ’
p ~
'Az,N,l - 69o’EPerm({Z,...,erN}).A;g s

’ G_/ . . . .
where A = (A(zy, ..., xp/)®Z+N)[1pp,], whose inverse is the direct sum of the maps induced by
QN Qa(@1, ooy ) = Q1(T1, ooy Ty ) o(2)Q2(T1, ooy Ty ) Ay (3) Uy (54 N) Qg N (T 1, ey Ty ).
The explicit formula (16) shows that if Q(a1,...,z,) is a multilinear monomial, then the im-
age of () by the extension of di)}@jl given by the same formula is a linear combination of
monomials, where the a; appear in the same order as in Q(a1,...,zy ). It follows that for
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each o € Perm({2,...,z + N}), A% is a subcomplex of A? 5 ;, and that we have a direct sum
decomposition of the complex A3 v ;,

(17) SN Do AS

The acyclicity of A? y ; is then a consequence of that of each subcomplex A%, which we now
prove. Let us fix 0 € Perm({2, ...,z + N’}). There is a unique linear map

Jg Pl : (A({Eh ...,.’Ep/)®z+N)[17p/] — (A(xl, ...,xp/+1)®z+N)[17p,+1],

given by
Qar, v zy) = > (=D)HQw, ], w1, iy, T 41)
1<i<j<p’+1

p'+1 4 R y
+ Z(—l)"“(@(ml, SIS QR S ) B GRS L Vo1 ...zi...,xp,ﬂ)),

i=1 aglo—1([2,2])~1] aco~1([2,2])

U{z+N}

where f(®) = 1901 @ f @ 19*+N= Tf we set €; =0, €,4n4+1 = 1, and
(18) ta=150(a) €[2,2], €a=0<0(a) € z+[1,N],

for a € [2,z+ NJ, then this map is

(19)  Qr,.my)— > (D)™MQ(wi, 2], w1 iy 1)
1<i<i<p/+1
p'+1 4 R R
+ Z Z (=) (ea41Q(21, ..d..., a:pz+1)x§a) - eaxl(.a)Q(arl, Ty Ty 41)).

a€ll,z+N] i=1

The map dg’@’“ then restricts to a linear map between the subspaces of totally antisym-
metric tensors (under the actions of &, on the left side and &,/11 on the right side), which
coincides with d?#'+1.

For e, € {0,1}, define the “elementary” complexes &2 as follows. We set 52/6, =

’

G, oy ’
A(@1, .oy p )5y, and define df 7 T Lo — & by

€€’ €€’
’ / . .
(20) (@B (@1, 1) = Y (D) E([m, 2], w0, B, D)
1<i<j<p’+1
p'+1 p 41
+e€ Z (—1)7'.237;E(Z‘1, JVL, $p1+1) + 6’ (—1)1+1E(Z‘1, JVL, xp/+1)x7;.
=1 =1

Lemma 6.5. For e, ¢’ € {0,1}, £, := (Epl dp’,p’+1)p/20 is a complexz.

’ ’
e€,e’? Ve, e

Proof. Note first that for any p’ > 0, 5216, is 1-dimensional, spanned by ey (21, ...,y ) =
ZGGGPI e(o)xg(l)...x{,(p,).

If g is a Lie algebra, let U(g)e,r be the universal enveloping algebra of g, equipped with the
trivial g-module structure if (¢,€’) = (0,0), the left (resp., right) regular g-module structure
if (e,¢’) = (1,0) (resp., (0,1)), and the adjoint g-module structure if (e,¢’) = (1,1). Let
(c? ;, (g),d” P /+1(g)) be the cochain complex computing the cohomology of g in these modules.

’ Ve, e’

We have Cf;,(g) = Hom(A? (g),U(g)). There is a unique linear map 55;, — Cs;, (g), taking
ey to the composite map AP (g) — g® — U(g), where the last map is the product map,
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, g’ p 1 ,
gge’ = gfe—’i_l
and one checks that the diagram | ! commutes. Since C?(g) is a
: e
C?.(g) = C'Ig)

complex, and there exists a Lie algebra g such that the morphisms 52 le, — Cz ;, (g) are injective
(for example, g is a free Lie algebra with countably many generators), &2 o 1s also a complex.
O

Lemma 6.6. We have an isomorphism of compleves A5 ~ &7 ., ® &2, . ®...QE& where

€2,€3 e.z+N,17
(€2, ..y €2 n) s as in (18).

Proof. The proof is parallel to that of Lemma 6.4. Let us set

(SHY ~ 1
p’

A = A = (A, ey )2 N) 7 A = (A e ) O

L)
if pr+ ... +p.un =9, set
@ tN Spa
Apr e = Doy Al “"xp,)Pllif'...+pa—1+[17pm]
and if UZEY P, = [1,/], set
AP17---1Pz+N = ®(Z)1111V'A(x15 ceey xp’)Pa'
We have a decomposition
AP = EBI—IQPw:[LP’]APl,~~~,Pz+N'
We will define the support of an element x of AP as the set of partitions (Py, ..., P.yn) of
[1,p'] such that the component T(p,,...,P.,y) is nonzero. We also have natural morphisms
Apiooposn — AP’ given by z — (ZUGGm 11111 . €(0)o) * x, where x is the permutation action
of &, on z1,...,x,. The direct sum of these morphisms gives rise to an isomorphism
Bpr+..cApsn=p Ap1 e poin 2 A

As the Lh.s. identifies with ©p, 4 4p., v=pEF%, @ . @ EZ7/Y |, we obtain the identification
AS o~ ®(z;11v o scurs at the level of graded vector spaces. We now show that this identification
is compatible with the differentials.

The composite map

~ Ap/ can Ap, ™ A
DO, pa=p' Ap1,epein = - = DY, pa=p" ALp1].p1+[Lp2)seespr+ e Apo s N1 [Lpa g ]

where the last map is the projection along the components indexed by the other (nonconsec-

utive) partitions, is the canonical inclusion map. It follows that the map (®a56°m6a+1)1’/ —
(®a5:m€a+l)p'“ may be identified with the composite map
p/ ~pl d"};’,p’%—l ~p/+1 ~
B, pa=p' Ap1poyy X AT = A AP T > @5 pamp 1 ALB ] 1 AP s N 1+ LB N]
6;04

Now let Q, € &P~ ~ A1, ... zp)

€as€at1

Pt Apaitlipa) 200 @ = Bala € Apy, . p. . The

image of this element in A?" is (ZUGGm B €(0)o) * Q. The summand €(c)o * @ belongs to

APIU’”"P;7+N, where P := o (p1 + ... + Pa—1 + [1,pal)-

o g0 0’ 1. gp AP 41 ac 4 o T Fij p’ 41 Ticx

Decompose d 7+ : AP — AP asasumdh P =37 o dY AT D e Lo 47

If UaPo = [Lp/]v then le(APIwH:Pa) - APfj7~~~7P:iN S dla(APl""’PZ+N) = APliav"'aPziiN’
where
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o (P7,....PY ) is given by Pg = ((PaN[2,4]) — 1) U(Pan[i+1,5— 1)U ((PaN[j,p']) +1)
if 1 ¢ P,, and the union of the same set with {7, j} if 1 € P,;

o (P, ..., Pi%y) is given by Pi* = (P, n[1,i — 1]) U ((Py N [i,p']) + 1) if ¥ # «, and the
union of the same set with {i} if v = a.

Note that the sequences (|P, ..., |Pz7f|_N|) and (|P{*|, ..., |Pi¥ y|) are necessarily of the form
(pf, ...,pf+N) = (p1+018; .-, P2+ N +0:4nN,8), where § € [1, z+ N] is the index such that 1 € P,
in the first case, and « in the second case. Then:

(a) for any 4,5 (1 < i < j < p'+1)and any § € [1,z + NJ, (Pfj,...,PZ_N) coincides
with ([l,pf], ...,pf + ... —|—pf_i_N_1 + [1,p§+N]) if P, =14+p1+4...4+pa1+][1,pa] for a < g,
Ps=(14p1+..+ps-1+[1,psg— 1)) u{l}, and Py = p1 + ... + pa—1 + [1, pa] for 8 > a, and
i,j €p1+ .. +ps_1+[Lpg+1]; 4 ,

(b) fori € [1,p' + 1] and a € [1, 2+ N], (P}%, ..., P}{ ) coincides with ([1,p{], ..., p$ + ... +
Pein_1 T[S N]) if Po =p1+...4+pa—1+[1,pa] for any a and i € p1 + ... +pa—1+[1, pat1].

If 4,7 are such that 1 < ¢ < j < p’ 4+ 1, then the condition on o € &, . for the
support d* (e(o)o* Q) to consist in a consecutive partition of [1,p’ + 1] is therefore: there exists
B €[l,z4 N]such that 4,5 € p1 +...+pg—1+[1,pg+1], and o is the shuffle permutation taking
[1,p1),p1 + [1,p2]s ooy p1 + oo + Doy N—1 + [1, D24 N] to the partition described in (a) above.

If i € [1,p' + 1] and « € [1, 2z + NJ, then the condition on o € &, .. for the support
of d"(e(o)o * Q) to consist in a consecutive partition of [1,p’ + 1] is therefore: o = id and
i6p1+...+pa—1+[1;pa+1]- 3

In the first case, we have e(c) = (—1)P1++Ps-1 and rod (Q) = Q1®...®Jg (Q8)®...9Q 14 N;

in the second case, 7 o d¥(Q) is (—1)P1t-*tPs-1Q, @ ... ® d! (Qp) ® ... ® Q.4n. Here

Pz+N

Pz+N

€B,€6+1
3,PE+1 .
deﬁf-ﬁﬂ : A(xla "'7xp’)m-i—----l—pﬁﬂ-l-[l@ﬁ] - A(xlv "'7xp/"l’l)pl+~~~+Pﬁ—1+[17pﬁ+l] is decomposed as
JPBPB+1 7tj i
dfﬁvefﬂ—l - ZP1+---+PB71+1S7:<J'§P1+---+pﬁ+1 dﬁ + Zi€p1+---+;0ﬁ71+[1,[)5+1] dﬁﬁa€ﬁ+1'

Then

z+N
mody P ocan(Q) = Y (~D)P T PQu @ . @ diEE (Qp) © . ® Qatw,
B=1
which proves our claim. O

Proposition 6.1. The compleves £5 1 and £y are acyclic; moreover, for e € {0,1}, H? (&2e)
is zero for any p’ # 0 and k for p’ = 0.

Proof. If uq, ..., u, are free variables, let k = A<o(ui,...,upn) C ... C A<i(u1,...,un) C ... C
A(uq, ..., up) be the increasing PBW filtration of A(uq, ..., uy), induced by its identification with
U(L(u,...,upn)). The symmetrization isomorphism A(ui,...,un) =~ S(L(u1,...,u,)) identifies
A<i(ut, ..., upn) with EBygSi, (L(u1,...,upn)). The graded space associated to this filtration is
the free Poisson algebra P(u1,...,un) = S(L(u1, ..., u,)); its degree i part is P[i](u1, ..., un) =

SHL(uy .., up)).
, &,
Define a filtration on £2_, by F, (€)= A<u(w1, oy Ty )y oy for w > 0. I B, .., 2p) €

.Agu(xl, ...,xp/)[Lp/], then: E([Z‘“ a:j],xl, B DI 7 B a:p/+1) S Agu(l‘l, ...,Z‘p/+1)[1’pl+1];

xiE(xl, ceilgenny afp/+1), E(J?l, ceilgenny Jﬁp/+1)$i S .A§u+1($1, . $p1+1)[1’p/+1],
while [z, E(x1, ...Zi..., Tpr41)] € A<u(@1, oy Tpry1)1,pr41)- It follows that for € € {0,1}, we have
dr N (Fu(ER) C Fu(€rh),
while for € # ¢ in {0,1},
d? P FL(EP ) C Fura (EP ).
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The associated graded complex is P?,, where
p’ S, S
(21) Pee =Pla1, s xp )y = BuzoPlul (1, 0 2p )15
with differential
/7 /+1 . ’ /+1
gI‘ df,e’p . Pge’ — 7326/
given by
(grd? PP (@, wpa) = Y ()T P{@ 2} o, Fe e Tyg)
1<i<j<p/+1
p'+1
+€Z {.137, xl,...i‘i...,xpl+1)}
for e € {0,1},
p'+1
(grdp P HP)(xl,.. Tprt1) Z D Py, gy 1),
i=1
and gr dp P —gr dgf’lpq'1 (when € = ¢, the commutators give rise to brackets in the

aswaated graded differeﬁtial, while if € # €, the only part of the differential with nontrivial
contribution to the associated graded differential is the second line of (20)). The differentials
gr dpl’I’IJrl have degree 0, and the differentials gr df:flﬂ have degree 1 (if € # €) with respect
to the N-grading on P?_, induced by (21). We therefore have direct sum decompositions of
complexes

P2 = @uezP? [u], P2 = QuenP: Au} (1f € #e),

/ 6
where for any e, ¢, we set P! [u] := Plu](21, ...,z )[1 v and ’P Aul = ’P olu+p].

Lemma 6.7. For n,u >0, P [u] have the following values:®
e ifn=2m, 73622", [m] is 1-dimensional, spanned by

P2m(T1; .o, Tam) 1= Z (O To(1), To2) } - ATa(2m—1)> To(2m) }
and P?7[u] = 0 for u # m;
o ifn=2m+1, Pffg“[m + 1] is 1-dimensional, spanned by

P2m+1(T1; oy T2mt1) = Z €(0)Zo(1){To2)s Ta3) -1 Ta(@m)s To(2m+1) 1

and ’Pf;";“[u] =0 foru#m+1.
Proof of Lemma. As the category of &,,-modules is semisimple, the &,,-modules A(x1, ..., T )[1,n]
and P(x1, ..., Tp)[1,,) are equivalent. It follows that P(xy, ... )ﬁ ] is 1-dimensional. Since this

space is equal to ®y>oP[ul(z1, ..., x”)ﬁiz]’ it follows that exactly one of these summands is 1-
dimensional, and the others are zero. It then remains to prove that p, € P [[(n +1)/2]] and
pn # 0, where [z] is the integral part of x.

If n = 2m, we have poy (1, ..., Tam) = 27" Y ce, e(o{ro01), To@) }-AZo(2m—1)> Tozm) }»
SO Pam, is &,-anti-invariant, so po,, € Pi@[m]; and if T is the set of ¢ € Gg,,, such that
o(l) <o(3) < ...<o@2m—1)and 0(2i + 1) < 0(2i + 2) for i = 0,...,m — 1 (this identifies

8Recall that for ny+...+ng =n, Gn,

,,,,,

n;, C ©n is the set of (n1,...,ny)-shuffle permutations.
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with the set of partitions of [1,2m] into subsets of cardinality 2, modulo permutation of the

subsets), we have po, (21, ..., %2m) = m! Y cp€(O){Zs1), To(2) }o-ATo(2m-1)s To(2m) }> and as
the summands in this expression are linearly independant, ps,, # 0.
If n = 2m + 1, we have similarly

p2m+1(x1a ~~'7x2m+1) =277 Z e(a)xa(l){xo@)vxa(3)}"'{xa(2m)7xo(Qm-l—l)}a
0E€G2m41
which implies that psy, 41 is &, -anti-invariant, and
p2m+1(x1a () x2m+1) =m! Z E(J)xo(l){xa@)a xa(B)}"'{xa(Qm)v xa(Qm-l—l)}a
oel’

where T is the set of permutations ¢ € &,, such that ¢(2) < 0(4) < ... < g(2m) and ¢(2i) <
o(2i + 1) for ¢ = 1,...,m, which implies that ps,,11 is nonzero, as the summands in this
expression are linearly independent. O

End of proof of Proposition 6.1. For u € Z, the complex P§ {u} is 0 — Pg ,[u] — P ,[u +
1] — .... For u > 0, the groups of this complex are all zero, so Pg ;{u} is acyclic. For u < 0, this

complex is 0 — ... — 0 — Pg'[m] — &”f“[m +1] — 0 — ..., where m = —u. The nontrivial
map in this complex is pa,, +— gr dgﬁl’zmﬂ(pgm) = Pam+1, which is an isomorphism, so Pg ; {u}

is acyclic. It follows that Pg; is acyclic. As the differential of P} is the negative of that of
Pg1s Pt is acyclic as well. /

Let e € {0,1} and u € N. The complex P [u] is 0 — P2 [u] — P! [u] — ...; if i = u, this
complex is 0 - k — 0 — 0 — ..., whose cohomology is 1-dimensional, concentrated in degree
0; if u > 0, this complex is 0 — ... — 0 — P24~ u] — P2%[u] — 0 — 0...; the nontrivial map
in this complex is poy—1 > grd2% 12" (pay_1) = upay if € = 0 and —upy, if € = 1. As this is an
isomorphism in both cases, P? [u] is acyclic for u > 0. It follows that the cohomology of P,
is 1-dimensional, concentrated in degree 0.

This implies that £2 ., is acyclic for € # €', and that the cohomology of &2 is concentrated
in degree 0. As d2! =0, we have in degree 0, H°(€2 ) = €0, ~ k. a

Remark 3. If g is a Lie algebra, we have natural maps
(22) H*(E2) — H*(g,U(@)e.er)-

When (e,€¢') = (0,1) and g is finite dimensional, then H"(g,U(g)o,1) =k if n =dimg, and =0
otherwise. Indeed, if C™(g) := A™(g) ® U(g), then the differential dy"*" : C™(g) — C™*1(g) is
given by w @ z — J(w) @ x + Ziiflg (wAe*) ® (eqx), where (€%)q, (ea)a are dual bases of g*
and g and 0 : A"(g*) — A"T!(g*) is induced by the Lie coalgebra structure of g*. For i € Z,
set F;(C"(g)) == A"(g") @ U(g)<n+i (where the last term is the subspace of elements of degree
< n+i for the PBW filtration). Then d™"+1(F;(C™(g))) C F;(C"*1(g)), so ... C F;(C"(g)) C

. C C™(g) is a complete filtration of C™(g). The associated graded complex is C™(g) :=
A"(g*) ® S(g), with differential d™"*! : C"(g) — C"t1(g), w @ = Zii;nlg(w Ae*) @ (eqr).
This complex only depends on the vector space structure of g; if we denote it by C"(g), then
we have an isomorphism C*(g; @ ga) =~ C*(g1) ® C*(ga), so C*(g) ~ C*(k)®4ma_ As the
cohomology of C*(k) is 1-dimensional, concentrated in degree 1, the cohomology of C*(g) is
1-dimensional, concentrated in degree dimg. It follows that C*®(g) is acyclic in every degree
# dim g, and its cohomology in degree dim g has dimension < 1. If w € A4™9(g) is nonzero,
then w ® 1 € C™(g) is a nontrivial cocycle, so the cohomology of C*(g) coincides with that of

C"(g). As U(g)1,0 ~ U(g)o,1 (using the antipode), we have H*(g,U(g)1,0) ~ H*(g,U(8)0,1)-
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When € # €, (22) is the zero map. If € = €, then the map k = H(E? ) — H°(g,U(g)ec.c)

takes 1 to the class of 1 € U(g)c,e (which is invariant, both under the trivial and the adjoint
actions of g on U(g)). O

End of proof of Theorem 6.1. One of the pairs (0, €3), (€2,€3), ..., (€,4+n, 1) necessarily co-
incides with (0,1); call it (e;, €;41). According to Proposition 6.1, the corresponding complex
&2 .y, 1s then acyclic. Lemma 6.6 and the Kiinneth formula then imply that A3 is acyclic. This
being valid for any o, the decomposition (17) then implies that A? y ; is acyclic, as claimed.

O

7. COMPATIBILITY OF QUANTIZATION FUNCTORS WITH TWISTS

In this section, we prove the compatibility of quantization functors of quasi-Lie bialgebras
with twists; we derive from there the compatibility of quantization functors of Lie bialgebras
with twists (a result which was obtained in [EH] in the case of Etingof-Kazhdan quantization
functors).

7.1. Twists of quasi-Lie bialgebras. Let QLBA; be the prop with the same generators as
QLBA with the additional f € QLBA; (A2,id), and the same relations. This prop is N2-graded,
if we extend the degree (deg,,,deg;) of the generators of QLBA by f +— (0, 1).

We then have QLBA (X, Y) = QLBA(S(A%) ® X,Y). The filtration of QLBA induced by
the degree deg,, + degs is such that

QLBAZ"(X,Y) = @k20 QLBAZ"¥(S*(A*) ® X,Y).

It follows that QLBA,(X,Y) ¢ QLBAF"XIYD(X v, where vf(IX],|Y]) = inf{v(|X]| +
2%, V1) + by b = 0} and o(|X],[Y]) = 3[IX| = [V|l. As o (1IX], [¥]) = v(X], [¥]), QLBA; gives
rise to a topological prop QLBA ;.

We have two prop morphisms #; : QLBA — QLBA, defined by

K1ty 0,0 1,0, ¢,
Ko p, 00+ Altoo(idig ®u) o (f ®idia),

1
=P+ 5 Altg O((5 X idid) o f + (idid Ru & idid) o (f ® f)),

this is the universal version of the operation of twisting of a quasi-Lie bialgebra structure. The
prop morphisms x; extend to topological props.

Let (m,A,®,n,¢) be a quantization functor for quasi-Lie bialgebras; so this is a quasi-
bialgebra structure on S in QLBA as in Definition 3.2. For i = 1,2, set (m;, A;, ®;, 14, €;) :=
ki(m, A, ®,m,€). Then (m;, A;, ®;,1m;,€;) are quasi-bialgebra structures on S in QLBA ;.

Proposition 7.1. The quasi-bialgebra structures (m;, N;, ®;,m;,€;) on S in QLBA are related
by equivalence and twist.

This implies that the quantization functors of quasi-Lie bialgebras take quasi-Lie bialgebras
related by a classical twist to quasi-Hopf QUE algebras related by a quantum twist.

Proof. The prop QLBA is graded by deg;. We have a prop morphism ro : QLBA; —
QLBA/(f) ~ QLBA,; this morphism has degree 0 for deg.
L;;mma 7.1. The linear map H(%LBAf (id, AY) — Hgypa(id, A7) induced by ko is an isomor-
phism.
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Proof of Lemma. The complexes computing these cohomology groups are C¢ = (C(A®, A9), [, —])
for C = QLBA;, QLBA. As ro(p) = p, ko induces a morphism CéLBAf — Cdrpa- We will
show that the relative complex Ker(Cg; 5 A, Cdrpa) is acyclic, which implies the statement
of the lemma.

If I is a prop ideal in CéLBAf, we set C¢ := (I(A®,A9),[u, —]). The relative complex is then
C&p)‘f, where () is the prop ideal of QLBA 7 generated by . This complex is graded by deg;.

As before, we have a filtration C&p)f D C<.<p>§. D ..., which is total in each degree. It suffices
therefore to prove that the associated graded complex is acyclic. We now compute this graded
complex.

Recall that if (¢) is the ideal of QLBA generated by ¢, then (p)°/(p)*(X,Y) = LBA(X,Y),
and if k > 0, then (p)*/(p)* ™1 (X,Y) = LBA4(X,Y){k} = Coker (X ® Sk HA) @ ALY) —

LBA(X ® S¥(A?%),Y)), where {k} means the grading (i, 6,%) — (0,0,1) on LBA,.
Under the identification QLBA ;(X,Y) ~ QLBA(X ® S(A?),Y), <<p)’}( Y') identifies with
(F(X@S(A2), Y). Thenif k > 0, we have (¢)5 /()1 (X, ¥) ~ (¢)/ (o) (X@S(A2),Y) =~

Coker (LBA(X ® S(A?) @ S 1(A3) @ AY)Y) — LBA(X ® S*(A3),Y)).
It follows that the complex C’&p)k /C’<’§0>,c+1 identifies with Coker (LBA(A*®S(A?)®@S*1(A%)®
f f
A%, A9) — LBA(A® ® S*(A3), A9)), equipped with the differential induced by [u, —]. Theorem
6.1 then implies that this complex is acyclic, as wanted. O

As in Section 2.4, deg; gives rise to props QLBA_,, such that QLBA_, = LA. The
morphisms x; (i = 1,2) have degree 0 for deg;.

We define Qf (resp., Q,,) as {quasi-bialgebra structures on S in (QLBA )<, (resp., QLBA_,)
quantizing U(idra)}/(equivalence, twists). The prop morphisms x; then induce maps k7 :
Qn— Qf fori=1,2.

Lemma 7.2. k7 = kY.

Proof of Lemma. Since kg induces kg : Q! — Q,, and since kgok; = id, we have Kkgoky =1id

for i = 1,2. We also have a commutative diagram

n

Ky s
Qn = QF =  Q
Tl Tyl lﬂ"
n—1
K ng_l

Qn—l L:; Qi_l Qn—l

Moreover, qf € 7¢(Q{) (resp., ¢ € 7(Q,)) being fixed, ﬂj?l(qf) (resp., 7~ *(q)) is an affine space
over H(%LBAf [n] (vesp., over Hdpa[n]), and if ¢ := kg~ (qs), then the map w/?l(qf) N r1q)
is a morphism of affine spaces, compatible with the map H@; g A, [n] — H@;paln] induced by
ko. Lemma 7.1, together with the formulas of Proposition 3.4, then imply that this map is
bijective. It follows that the restriction of ki to a nonempty fiber of 7; is injective.

We now prove the statement by induction over n. Let us assume that s'~* = x5, Let
G € Qn, and let §; == #7(q). Then ms(q1) = w7~ (7(q)) = w5~ ' (n(q)) = 77 (q2) as Ky~ = w5~ ".
It follows that i, G2 belong to the same fiber of m¢. Now k{(G1) = § = k{j(G2). The injectivity
of the restriction of x§ to fibers of m¢ then implies that i = ¢o; hence kK7 = K5 O

End of proof of Proposition 7.1. Now set Qoo := lim_ Q,, Qf := lim_ Q. These
sets identify with {quasi-bialgebra structures on S in QLBA (resp., QLBAf) quantizing
U(idra)}/(equivalence, twists). The morphisms r; induce maps £5° : Qoo — QL , and as

Kk = lim. k7, we have kK° = k3°. As (class of (m;, A ®;)) = k$°(class of (m, A, ®?)), the

classes of (mq1, A1, ®1) and (mae, Az, P2) modulo equivalence and twists are the same. O
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7.2. Twists of Lie bialgebras. If (A, m,A) is a bialgebra in a symmetric tensor category C,
then a twist for A is an element F' € C(1, A®?)*, such that (e ® id4) o F = (ida ®¢) o F =1
and (F@n)* (A®ida)o F) = (n® F) x ((ida ®A) o F). Then (A, m, F* A% F~') is again a
bialgebra in C, called the twist of A by F.

Let LBA be the prop of pairs (a, f), where a is a Lie bialgebra and f € A%(a) is a Lie bial-
gebra twist (see [EH]); it has the same generators as LBA with the additional f € LBAf(1,A?)
and the same relations with the additional Alts o(((S ® idijq +(idja ®p @ idia) o (f ® f))) =0.
This prop is N?-graded if we extend (deg,,, degs) of the generators of LBA by f + (0,1), and
it gives rise to a topologial prop LBA .

We then have prop morphisms £ : LBA — LBA (i = 1,2), given by 9 : p,6 — p,8 and
K9ty 0 — 1,0 + Altg o(idig ®p) o (f ® idja), which extend to topological props.

Let (m,A,n,€) be a QF of Lie bialgebras; this is in particular a bialgebra structure on S in
LBA. We set (m;, Ai,mi, €;) := kY(m, A, n, €); these are bialgebra structures on S in LBA .

The following statement was proved in [EH] when (m, A) is an Etingof-Kazhdan quantization
functor.

Proposition 7.2. The bialgebra structures (m;, A;,m;,€;) are related by equivalence and a
bialgebra twist.

Proof. Let 7 : QLBA — QLBA /(¢) ~ LBA be the canoncial morphism and 7y : QLBA; —
LBA{ be the morphism defined by u,46, f,¢ — u,d, f,0. We have commutative diagrams for
1=1,2

QLBA = QLBA,

) Tyl

K

LBA = LBA;
which extend to topological props. According to Theorem 4.1, the bialgebra structure (m, A)
on S in LBA may be lifted to a quasi-bialgebra structure (Th,A,@) on S in QLBA, so
m(m, A, ®) = (m, A, n®3). According to Proposition 7.1, the quasi-bialgebra structures (1, Ay, ®;) :=
/{i(rh,A,(I)) (¢ = 1,2) on S in QLBA; are related by equivalence and twist, i.e., for some
F € QLBA(1,5%2)%, (g, A, ®3) is equivalent to (rivy, F+ Ay F~1, (@ F) + ((ids ®A1) o
F)#« @y ((A ®ids)oﬁ)_1 *(Fon)™"). As mpor; = ko, mp (i, Ay, @) = (my, Ay, n®3), so
applying 7; to the above equivalence, we obtain (with F := 7¢(F)) that (mg, Ay) is equivalent
to (m1, F + Ay« F~1) and that (F ® 1) * ((Al ®idg) o 13‘) = (n®F)x ((ids ®A1) o F), as
wanted. O

APPENDIX A. STRUCTURE OF THE PROP LBA

The following structure theorem of the prop LBA was proved in [E, Pos]. We reformulate
here this proof using the language of props. In [EH], we derived Proposition 5.1 from Theorem
A.1 below.

Theorem A.1. If F,G € Ob(Sch), then the map @ zcrr(sen) LCA(F, Z)®LA(Z,G) — LBA(F, G)
induced by composition and the prop morphisms LCA — LA, LBA — LA is a linear isomor-
phism.

Proof. Tt suffices to prove this when F,G € Irr(Sch), and then (using the action of &,,,&,,)
for F = T,, G = T,,. Using the cocycle relation and the isomorphism of the Lh.s. with
®.>0(LCA(T,,T.) ® LA(T,,T\))s., one proves that the morphism is surjective. We now
prove that it is injective. We have

LBA(Tn; Tm) = @a,bZO\afb:nfm LBA(TTM Tm)[aa b] = 69zZmin(n,m) LBA(Tn; Tm)[z —m,z — Tl],

z)?
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and the morphism is the direct sum of over z > min(n, m) of the maps @ zcv(sen) || 2|=> LCA(Tn, 2)®
LA(Z,T,,) — LBA(T,, T\n) [z —m, z—n]. It remains to show that each of the maps is injective.

There is a unique morphism LBA — L(LCA) (the generators of LBA are p,d, and the
generator of LCA is dpca), taking p to figree : L% — L and § to the unique e : L — L2,
such that id — L % L®2 ig orca :id LGA 4492 _, 182 and § o iree = ((ftfree ® idp) 0
(idL ®6L,L) +idp, ®,Ufree) o (5free & ldL) + (,Ufree ®idp +(1dL ®,Ufree) o (BL,L ® 1dL)) o (ldL ®5free)-
The prop LCA is Z-graded, with degdrca = 1. Then the morphism LBA — L(LCA) is
compatible with the morphism Z? — Z, (1,0) — 0, (0,1) — 1.

We then have maps LBA(T,,, T,) — L(LCA)(T,,,T},) = LCA(L®", L®™) — LCA(T,,, L®™),
where the last map is induced by id — L, which restrict to LBA(T,,,T)n)[z — m,z — n] —
LCA(T,,, L®™)[z — n] = LCA(T,,(L®™),), where the index z denotes the (Schur functor)
degree z part.

Lemma A.1. If X is any prop and F € Ob(Sch), we have an isomorphism X (F, (L®™),) ~
D zetm(Seh),|z|==X (F, Z) @ LA(Z, Tyy,).

Proof of Lemma. We have isomorphisms LA (T, id) ~ multilinear part of the free Lie algebra
in z ordered generators ~ Sch(7T., L.). So if |Z] = z, LA(Z,id) ~ Sch(Z, L,), which may be
expressed as L, = ®|z—. LA(Z,id) ® Z.

So

X(F,(L®™).) = @2t gz== X (F, @2, Lz,)

= D12+ H] 2 ==X (B @721 Zi) © (@72 LA(Z;,id))

= |2, |4+ Zin| =2, 2| ==X (F, Z) @ Sch(Z, ®{%, Z;) ® (@i~ LA(Z;,id))
= B|z|=-X(F, Z) @ LA(Z, Trn),

where the last equality follows from LA(Z,Ty) = ©z,,.. 2z, ctn(Sch) | S, |2:|== S¢h(Z, ®iZ;) @
®; LA(Z;,id), for Z € Ob(Sch) (see [EH]). O

End of proof of Theorem. We have constructed a map LBA(T,,Tm)[z — m,z — n] —
@ zetrr(sch),|z|== LCA(Ty, Z) ® LA(Z,T},), and one proves that is a section of the morphism
@ zetrr(sch) ||z|=z LCA(T,, Z) ® LA(Z,T,) — LBA(T,, Tn)[z — m, z — n], which is therefore
injective. |
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