DEFORMATION OF LINEAR POISSON ORBIFOLD
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ABsTrACT. Let I be a finite group acting faithfully and linearly on a vector space V. Let T(V) (S(V))
be the tensor (symmetric) algebra associated to V' which has a natural I action. We study generalized
quadratic relations on the tensor algebra T'(V) x I'. We prove that the quotient algebras of T(V) x T’
by such relations satisfy PBW property. Such a quotient algebra can be viewed as a quantization of a
linear or constant Poisson structure on S(V) x T, and is a natural generalization of symplectic reflection
algebra.

1. INTRODUCTION

Poisson structure on a manifold is a bivector field m whose Schouten-Nijenhuis bracket with itself
vanishes, i.e. 7 € ['(A?TM), and [r,7] = 0. The problem of deformation quantization of a Poisson
manifold was solved by Kontsevich in his semina paper [9]. In this paper, we study quantization problem
of Poisson structures on an orbifold following [8].

The study of the first and third author in [8] starts with the idea that Poisson structures on an algebra
A should correspond to infinitesimal deformations of A. According to Gerstenhaber’s theory, an infinites-
imal deformation of an algebra is classified by a second Hochschild cohomology class in H?(A, A) whose
Gerstenhaber bracket with itself is zero. This type of cohomology class is called a Poisson structure on
A. Applying this idea to orbifold, we can represent an orbifold X by a proper étale groupoid G [10]
(different representations of a same orbifold are Morita equivalent as Lie groupoids). We consider the
smooth groupoid algebra C2°(G) associated to G. We studied in [8] Poisson structures on C$°(G). We find
that Poisson structures on C2°(G) are richer than we naturally expect from geometry. On an orbifold,
multivector fields and Schouten-Nijenhuis bracket are well defined. Accordingly, we can consider bivector
fields on X whose Schouten-Nijenhuis bracket with themselves vanish. We found that [8][Theorem 4.1]
there are many more Poisson structures on C2°(G) than the above type of bivector fields on X. For
example, in the case of a finite group I" acting on a symplectic vector space V', we [8][Corollary 4.2] find
Poisson structures on S(V*) x I which have supports on codimension 2 fixed point subspaces, where
S(V*) is the algebra of real coefficients symmetric polynomials on the dual vector space V*.

In this paper, we continue our study of Poisson structures in the above frame work. We will study
Poisson structures in a neighborhood of a point in a reduced orbifold. Locally, a reduced orbifold can
always be viewed as a quotient of a finite group acting faithfully and linearly on an open set of R™. This
leads us to study the following data. Let I' be a finite group acting on a vector space V faithfully, and
S(V*) be the algebra of polynomials on V*. The I' action on V* defines the crossed product algebra
S(V*) x . According to [12], the second Hochschild cohomology H?(S(V*) x T, S(V*) x T) is equal to

SVHNVTa( Y SV e AN
veT,i(v)=2

In the above equation, we have that I(v) is the codimension of the ~ fixed point subspace V7 and N7
consists of vectors in V' vanishing on V7™ (the fixed point subspace of v action on V*), and T" acts on the
set S = {v €T,l(y) =2} by conjugation.

We study two types of Poisson structures on S(V*) x I" which are of the forms

i) Hom(A2V*,RT), i1) Hom(A2V*, V* @ RT).
The first type of Poisson structure can be viewed as constant value Poisson structures, and the second

type can be viewed as linear Poisson structures, which defines a generalized “Lie" algebra structure on
1
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V* @g RI". Our main theorems for these Poisson structures are that the quotient algebras of T'(V*) x T
by the relations defined by the above two types of Poisson structures satisfy PBW property. The way
we prove such theorems is using the Braverman-Gaitsory conditions [2] for PBW property. However, the
proof for the second type is quite involved. We need to use properties of finite subgroups of GL(2,C),
which is closed related to McKay correspondence. A new and interesting phenomena we found in the
proof of PBW property is that we have to have a nontrivial coboundary term for the bracket [r, 7] of
the linear Poisson structure w. This kind of term never shows up in the study of PBW property for Lie
algebras and symplectic reflection algebras. The PBW property of the quotient algebras shows that they
define quantizations of the Poisson structures on S(V*) x I'. This confirms that any constant or linear
Poisson structures on S(V*) x I' can be quantized, and gives a strong evidence that the deformation
theory of the convolution algebra S(V*) x T' is formal.

The second part of this paper is dedicated to studying various properties and examples of the above
two types of Poisson structures and their quantizations. We mention a few of them here. Firstly,
using Poisson cohomology computation, we are able to give a new proof of Hochschild cohomology of a
symplectic reflection algebra [5][Theorem 1.8]. The advantage of our work is that our result works for
Laurent series of & so that we can drop the assumption “except possibly a countable set" in [5][Theorem
1.8]. Secondly, assuming a finite group I' act faithfully and linearly on a Lie algebra g, we compute the
Hochschild cohomology of H®(U(g) x T',U(g) xT') with ¢(g) the universal enveloping algebra of g. This is
a natural generalization of results [1] for finite group action on a symplectic vector space. Our result shows
that the Hochschild cohomology H*®(U(g) x I';U(g) x ') is computed by the noncommutative Poisson
cohomology associated to the I" action and Lie-Poisson structure 7 on g. Thirdly, if V' is equipped with
a I invariant Lie Poisson structure, we introduce a large class of examples of linear Poisson structures
on S(V*) x I'. This class of linear Poisson structures should be viewed as a natural generalization of
symplectic reflection algebras. Analogous to the symplectic case, we are able to prove that the Poisson
cohomology of such a general linear Poisson structure is determined by the data supported at identity of
T" in the case that T is abelian.

In the third part of this paper, we restrict ourselves to R? with a cyclic group Z, action. Let w be the
standard symplectic form on R? and 7 be the corresponding Poisson structure. We study the quantization
of the Poisson structure 7., : # Ay — m(z,y)y on S(R?) x T' (We identify R?" with R?). Nadaud [11] gave
a Moyal type formula for such a deformation quantization. Here, we use this formula to study the center
of the quantization. Our computation shows that the center of the quantization of ., is not isomorphic to
the center of the algebra S(R?) x Z,,. Instead, the center of the quantization is a nontrivial deformation
of the center of S(R?) x Z,,. This suggests that there is no analog of Duflo’s isomorphism for the quanti-
zation of the Poisson structure 7., and also that deformation quantization of 7., on S (R?) x Z,, is closely
connected to the deformation of the underlying orbifold singularity. We plan to study the relation be-
tween the deformation of S(V*)xT" and the deformation of the underlying orbifold V/T" in the near future.

This paper is organized as follows. In the second section, we review some results about Hochschild
cohomology H*(S(V*) x T, S(V*) x ') in [12] and [8], and also the Braverman-Gaitsgory conditions for
PBW property [2]; in the third section, we prove that constant and linear Poisson structures on S(V*)xT
can be quantized; in the forth section, we study various properties and examples of constant and linear
Poisson structures on S(V*) x I'; in the fifth section, using Nadaud’s formula, we study the center of
quantization of some Poisson structures on S(R?) x Z,,.

Acknowledgements: We would like to thank Cédric Bonnafé for discussion about finite subgroups
of GL(2,C), Georges Pinczon for showing the results of Nadaud [11], and Victor Ginzburg for general
discussion of symplectic reflection algebras and Duflo’s isomorphism. The research of the third author is
partially supported by NSF Grant 0703775.

2. PRELIMINARIES AND NOTATIONS

In this whole paper, I is a finite group, acting faithfully and linearly on a finite dimensional real vector
space V. We fix on V a I-invariant metric. We denote C(T") the set of conjugacy classes of I'. For any
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element v in T', let V7 be the ~-invariant subspace of V', N7 be the subspace of V' orthogonal to V7 which
is the direct sum of all nontrivial representations of I', I(y) be the real codimension of V7, and Z(v) the
centralizer of v in I'. In this paper, we always work with the field R. All dimensions, algebras, and tensor
products if not specified are over the field R. For the convenience of proofs, we are many times using the
following complexification trick,

(1) Se(V*) %z CT 22 S¢(V* @ C) ¢ CT = (SR(V*) MR ]RI‘) @ C.

This helps us to deduce the results in R from their complex versions where ~ action is diagonalizable for
any v € I'. Many results in this paper hold true for field C and even more general field with characteristic
0 in which the order of T is invertible.

2.1. The Koszul complex and the Hochschild cohomology of S(V*) xT". The algebra S(V*) xT
is generated by V* and I' with the quadratic relations :

TRYRYT-YRIRY, Y®r-"r®7,

for all z and y in V* and ~ in T', and 7z is the image of = under the ~ action. Moreover, S(V*) x ' is a
Koszul algebra over the semi-simple algebra RT'. The general theory of Koszul algebras over a semi-simple
algebra gives therefore a small complex which calculates the Hochschild cohomology of S(V*) x T :

CRA(S(V) D) = (@ sV e /\’V)F.

yel

A n-cochain f of this complex splits in a sum of maps f, in S(V*) ® A”V. The I'-invariance can be
written :
-1 -1
(2) gf’y(g Ty, ’g xn):fg'ygfl(xlv"' 7-7;71)7

which explains that CK*®(S(V*) x T') splits in a sum of sub-complexes :

CE*(S(V)xT)= @ (S(V*) & V)?0
vEC(T)

with the boundary

Oy (f)(o, -+ ) = Z(—l)if(fﬂo, Dy ) (@ =T ),

for xg, -+ ,xy, € V™.
Using this small complex, Neumaier, Pflaum, Posthuma and the third author calculated in [12] the
Hochschild cohomology of S(V*) x T :
Z(v)
(3) H*(S(V*) @ T, S(V*) xT) = @D (S(W*) R ATV g Al<v>N7) .
~€C(T)

This statement in R is easily deduced from its complex version [12] using the trick (1).

We point out that the projection pr, : (S(V*) ® A*V)Z(0) — (S(V7*) @ AT IVY @ A NT)Z0)
and the embedding ¢ : (S(V7*) @ A~V @ Al NY)Z0) — (S(V*) @ A*V)Z() are inverse quasi-
isomorphisms of complexes. Another useful remark is that if [(«y)=dimension of N7 is odd, the de-
terminant of v action on N7 is -1 (otherwise v has an eigenvalue 1 as v is an isometry). Therefore
S(V7*) @ A~V @ Al N7 has no v invariant, element if I() is odd. Therefore, Poisson brackets on
S(V*) x T do not contain y-component for [() = 1. Furthermore, when I' acts faithfully, the identity of
T is the only group element with I(v) = 0.

We will say that a cocycle is constant if it is in (A2V)F @ (D eriy)=2 A2NT. Similarly, we will say

that a cocycle is linear if it is in (V* @ A2V)U' @ (DB, criqm=2 V" ® AZNE.
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2.2. The Braverman-Gaitsgory conditions for PBW. Let T(V*) x T be the free RT'-algebra gen-
erated by the bimodule V* x I", and A be its quotient by the relations :

x®y—y®x—2m(3¢7y)7—wa(m,y)v
Y Y

where 7 and b are T-invariant elements in ®,epV* ® A%(V) and @qer A2 V. As before, m and b split
into sums of «-components, and the I'-invariance is expressed in the same way as in (2). The algebra A
is clearly filtered by the length of words. Following Braverman and Gaitsgory [2], the associated graded
algebra Gr(A) is isomorphic to S(V*) x I if and only if :

(4) a’Y(ﬂ—’Y) = 07
(5) Z '/Ta(,”ﬁ(xay)wz +ﬁz) + ﬂa(ﬂ—ﬁ(ya'Z%z +ﬁz) + Wa(ﬁﬂ(Z,m),y +,8y) = 8’)’(b’y)a
af=y
(6) D balmp(,), 2+ 2) + ba(ms(y, 2), 2 +72) + ba(ms(z,2),y +7y) = 0
af=y

for all yin I" and z, y, z in V*.

When the three conditions above are satisfied, the algebra A gives a quantization of the algebra
S(V*) x T for the same reason as is explained in [8](Proposition 4.5). This will be our method to obtain
the quantization results of the next section.

For our purpose, let us denote [, 7], € V* ® A3V and [b, 7], € A*V defined by :

[[W,Wﬂfy(l’,y, Z) = Z Wa(ﬂ—ﬁ(xay)v z +BZ) + ’/Toé(ﬂﬁ(ya Z)ax +Bx) + WQ(Wﬁ(Z,l'),y +ﬁy)a
af=y

[b, 7] (2,9, 2) = > balma(@,y), 2 +72) + ba(mp(y, 2), © +72) + ba(mp(2,2),y +7y)
af=y
for all z, y, z in V*.

2.3. The Gerstenhaber bracket on H*(S(V*) x ', S(V*) xT') and Poisson structures. The Ger-
stenhaber bracket on H*(S(V*) x T, S(V*) x I') was explicitly calculated by the first and last authors in
[8]. We only recall here the results in the cases we will need and refer to [8] for a complete description.
Firstly, the Gerstenhaber bracket of two constant cocycles is zero.
Secondly, let b be a constant cocycle and 7 be a linear cocycle of H*(S(V*) x T, S(V*) x T). Let pr,
be the projection from S(V*) ® A*V onto S(V7*) @ A*~{V @ ALY N7, Then the r-component of their
Gerstenhaber bracket is :

(7) [b, 7]y = pr, o [b,7],.
Moreover, the «-component of the Gerstenhaber bracket of 7 with itself is obtained by
(8) [7"7 Tr]’y = pr,y © [[7T7 WH’Y'

Let o and 3 be two elements of T, f, be an element of (S(Ve*) @ A*~HOIV™ @ AU N@)Z(@) and gg
be an element of (S(V2") @ A*~UOVE @ AN NCYZB) | If 1(y) # I(e) + I(B), then the 4 component of
[fa, 98] vanishes. Suppose that any elements in < a > commutes with any elements in < § >, where

< a >,< 3 > are subsets of I" of elements conjugate to o and . Then the Gerstenhaber bracket of f,
and gg is :

(9) (fargply = > pr, o {far, g5},

o/ €<a>,p e<B>,a'B =+
I(v) =1(a’B") = l(a) + U(B)

where {fo/, gg } is the usual Schouten-Nijenhuis bracket of f, and gg .
The first and third author defined that a Poisson structure IT on S(V*) x I' is a sum of elements like

Z(7)
T, € (S(W*) @AY g /\“”N”) v eC),
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with I(y) = 0, 2 satisfying [II,TI] = 0.
3. PBW PROPERTY FOR CONSTANT AND LINEAR POISSON STRUCTURES
In this section, we prove that constant and linear Poisson structures have PBW property.

3.1. Quantization of constant Poisson brackets. Following (3), a Poisson bracket 7 on S(V*) x T
splits into a sum of 7.,

r
T+ ¥ my € (S(V)@APV) @ ( b svHe /\QN'Y) .
Y ~ye,l(y)=2
We say that mg + Z'y 7y is a constant Poisson structure if my € A2V and Ty € A2N7. We notice that in

this constant case the Braverman-Gaitsgory conditions 2.2 reduce to only one condition (5), which means
that 7, has to be a cocycle. But this is automatically satisfied as we know from (3) that an element in

r
SV e V)l e (EBVEFJ(W) ,S(V7) ® /\QN’Y> is closed respect the differential b, and by = 0.

Theorem 3.1. Any constant Poisson structure of S(V*) x T' is quantizable.

Proof. According to the above explanation, we know that any constant Poisson structure satisfies the
Braverman-Gaitsgory conditions (4)-(6). This implies that the quotient algebra

Hp:=T(V)xT[A)/(z @y —y®z—h(m(z.y) + Y m(2.y)7)
7,l(v)=2
has PBW property, which defines a deformation quantization of the algebra S(V*) x I'[[7i]] respect the
Poisson structure m = o + > cp j(y)=2 Ty- O

We remark that the PBW property of the algebra H is known to Etingof-Ginzburg [5]. Our proof is
evident by using the results from [12].

3.2. Quantization of linear Poisson brackets - the abelian case. In this subsection, we will assume
that I" is an abelian group which acts faithfully on V. According to representation theory of a finite abelian
group, V is decomposed into a direct sum of 1 or 2 real dimensional subspaces where I' acts irreducibly.
~ acts on 1 dimensional subspace with eigenvalue 1 or -1, and on 2 dimensional subspace by rotation of
finite order.

Let 7 be a Poisson structure on S(V*) x I', and denote g its identity component. The vy-components
of 7 are null whenever I(y) # 0,2 and take values in V7. As we have remarked that if I(y) = 1, then
~ action on N7 has eigenvalue -1. There will not be any nonzero element in V7* ® V7 @ N7 invariant
under . Therefore, we have 7, is possible nonzero only when I(y) = 2. And the eigenvalues of v action
on N7 are either -1 with multiplicity 2 or roots of unity.

Lemma 3.2. The identity component mg of m defines a Lie bracket on V.

Proof. It is a consequence of the fact that 7, takes values in V7 which is in the kernel of m.,—1. Therefore,
the condition [, 7)o = 0 reduces to the Jacobi identity of . O

Lemma 3.3. Let o and (3 be elements of T' with [(«) = 1(8) = 2. Then, [rq, 7] = 0.

Proof. Let z and y be the coordinates on N“. It follows from the I'-invariance for a Poisson structure
that m, has to be (-invariant as o commutes with § for any g € I':
(10) 77(1(55(:’ ﬁy) = Bﬂ-a(l"y)'

We observe 3 preserves on V* and N* as # commutes with a. If I(3) = 2, there are three possibilities,
1) N*N NP = {0}, 2) dim(N*N N®) =1, 3) N* = N¥b.

If NN NP = {0}, then z,y are 3 invariant for =,y in N®*. Hence by Equation (10), 7, (z,y) =
Aro(z,y), which shows 7, (z,y) is 3 invariant. Similarly, we know that 75 takes value in V. This shows
that [mq,mg] = 0.

If dim(N* N NP) = 1, then we know that both a and /3 preserves N®# =: N® + N” which is of
3 dimension. Furthermore, we conclude that (s (a’s) action on N® (N”) has eigenvalue 1 and -1.
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Hence, NP g decomposed into a direct sum of N7 & Ny & N3 such that o acts on N7 and Ny by
-1, and N3 by 1, and 8 acts on Ny and N3 by -1, and No by 1. By Equation (10), we know that
7a(Pz, Py) = —mo(z,y) = Pma(z,y). This shows that 3 acts on 7, (z,y) by -1. Similarly a acts on the
image of g by -1. This shows that 7, € N5 ® N1 ® Ny and m3 € N5 ® N1 ® Ns. It is straightforward
to check that [m,, 7] = 0in V* @ A3V.

If N = NP 3 acts on N® = NP with determinant 1. This shows that 7, (°2,% y) = 7a(2,9). By
Equation (10), we see that 7, takes value in V#, and similarly mg takes value in V. Direct computation
shows that [, mg] = 0.

|

Theorem 3.4. Let I' be a finite abelian group which acts faithfully on a finite dimensional vector space
V. Then any linear Poisson structure m of S(V*) x T is quantizable.

Proof. Following the above lemmas, [7, 7], reduces to :

[[71—77T]]7($7y72) = 7T0(7T“/(x7y)7z +’YZ) + 7T0(7T7(y,2:),$ ""_7‘7;) + 7T0(7TV(Z7x)ay ""‘711/)
+2 X (ﬁW(FO(x’y)az) + Wv(ﬂo(y,z),l’) + Wy(wo(z,x),y)).

This expression is zero whenever () # 2. Suppose now that I(y) = 2. If z,y, z are all in V7, we get
0 since V7 is the kernel of 7. If two of x,y, 2z are in V7, we also get 0 for the same reason and because
T is y-invariant. Suppose now that z and y are in N7 and that z is y-invariant. Then, [7, 7], (z,y,2)
lies in V7, and it is zero from the fact that 7 is a Poisson bracket (Section 2.3): [r, 7], = 0. g

3.3. An important example. In order to prove the quantization theorem for general linear Poisson
structures, we consider an important example in this subsection.

27i Pk 0 0 Pk
Let p = exp(s;,57)- Denote oy, = 0 ok ) and B, = k0 ) and '), = {a, 0, : 0 <

k,1 < 2n}. T, is a finite group of order 4n + 2 acting faithfully on V = C2, a complex 2-dim and real
4-dim vector space. ay’s eigenvalues are p¥ and p~*, and 3,’s eigenvalues are £1. Let z;, zo be complex
coordinate functions on V.

We consider linear Poisson structures on S(V*) x I',,. We first look at the Poisson structure on the
identity component. As aj, acts on V diagonally, o, acts on V* @ A2V also diagonally with eigenvalues
3k pF p~F, and p~3F. If p?* #£ 1, there is no none zero linear bivector field on V, which is «, invariant.
Accordingly, if p3 # 1, there is no I',-invariant linear Poisson structure my on V. If p? = 1, then 7 is a
linear combination of 2101 A 0a, 2201 A Oa, and z101 A D, 2201 A Oy. If we assume that o to be real, then
we have

Ty = a2151 A Oy +az101 A 52 + bz901 A 52 + 7)2251 A Os.
Furthermore by invariance respect the ;s action, we have a = —b and @ = —b in the above equation, i.e.

o = a (2’151 A Oy — 2901 A 52) +a (5181 N 52 — 5251 N 82) .

Observe (3, has real codimesion=2 fixed point subspace, while oy, only fixes the origin of V. V¥ := V5
is determined by p¥z; — 20 = p~ %%, — Z, = 0. The normal subspace N* to V* is determined by
pFz1 + 20 = p~%2 + Z, = 0. Vector fields along N* are spanned by p~*9; — 9y and p*0; — 0,. Therefore,
the Poisson structure at (B component can be written as

Iy = [er(p¥21 + 20) — en(p ¥ 21 + 22)] (p7%01 — 0a) A (0701 — D).

Furthermore, as o ﬁkal_l = ay+21, by invariance of Il respect the conjugation action of I'y, we have that
cor = cop~*,0 < k < 2n. Therefore, we have

Mok = [co(p" 21+ p F22) — 2o (p " 21 + 0¥ 22)]

(81/\51—p_2k81 /\52—p2k62/\51+62/\52), 0<k<2n.
By the same reason as in the proof of Theorem 3.4, we conclude that if we assume [mg, II;] = 0, then
[mo, k] + [Ig, mo] = O for any k.
From Equation (5), we see that as dim(N”) = 2 the [r,,75](z,y,2) = 0 if x,y, 2 are all along the
normal direction of N?. Furthermore, as mz is a multiple of the highest wedge power of the normal
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direction N?, to have non-zero outcome two of the three x,y, z have to be from the normal direction N?,
This implies that [m,, 7] as an element in V* @ A3V is equal to the Schouten-Nijenhuis bracket [m,, 73].

We use this observation to compute [IIay, II5;]. A long but straightforward computation leads to the
following result at awog_o,

Mok, o] = [co(p¥21 + p~F22) —@o(p™F 21 + pF22)]

X [ 2¢0p' — Eop T2k — Eopgl_%)al Ay A Oy
+(—2E0p~" + Gop' T2 + Cop 32D, A Oy A Dy
+(2cop™" = cop' " — cop™ 3TN0, N Oy A Do

(—

+ 2cop + cop” 2k 4 ¢ ,03l 2k)8 Ay A Dol

Define for 0 < k < 2n,
(11) By, = (Qn + 1)(pk — p_k) [—|60|282 A 52 + |Co|261 A 51 + (60)281 A Oy — C%gl N 52} .
With a long but straightforward computation, we are able to prove
> [Ml2p, T24] = 0“2 Boy.

p—q=2k,0<q<2n
And it is not difficult to compute that
(12) [[ng,Hgl]] = 0, 0 S k,l S QTL;
and

[[ng,’ﬂ'o]]:o, 0§]€§27’L, n = 3.
Therefore, we conclude with the following proposition
Proposition 3.5. For I, action on V = C2, any linear Poisson structures on S(V*) x T, can be
quantized.
Proof. By the above computation, we see that the relation defining

Hy :=T(V) x T, [[A]]
/<I®y*y®$*ﬁ(ﬂo(l’7y)+ > Moz, yﬂzk) (> Ba(zy 042k)>
0<k<2n 1<k<2n

satisfies the Braverman-Gaitsory conditions (4)-(6). This implies that Hy has PBW property, which
shows that Hyy is a deformation quantization of S(V*) x I'), along the direction defined by II. O

Remark 3.4. We point out that in the proof of Proposition 3.5, there have to be nonzero terms Bsy for
0 <k <2n as [m, 7] is not zero. This is different from the standard PBW theorem for Lie algebras where
Bay, can be chosen to be zero. We will see in the following subsection that this example is essentially the
only case that Boy has to be nonzero.

3.5. Quantization of linear Poisson structures-general case. In this subsection I is a finite group
(not necessary abelian) acting faithfully on a vector space V. We assume that V is equipped with a
T-invariant complex structure. We prove the following theorem.

Theorem 3.6. Let I" be a finite group acting faithfully on a complex vector space V. Any real linear
Poisson structures on S(V*) x T' is quantizable.

The proof of this theorem consists of several steps. We start with recalling some results about finite
subgroups of GL(2,C).
Lemma 3.7. A nonabelian finite subgroup G of SL(2,C) must contain the element ( _01 _01 > €
SL(2,C).
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Proof. We notice that the canonical action of G on C? is irreducible. Otherwise, G will be a subgroup of
GL(1,C) x GL(1,C), which is abelian. Therefore, according to [13][Chapter 6, Proposition 17], the order

of the center of G is divisible by 2. Therefore, there is an element in G of order 2. As ( _01 _01 ) is the

unique element in SL(2, C) of order 2, we conclude that if G is not abelian, G contains < _01 _01 > (]

The following lemma is a corollary of [4][§26, Theorem 26].
Lemma 3.8. Let ' be a nonabelian finite subgroup of GL(2,C). IfT' does not contain any matriz of the

form for a # 1, then there is a natural number n such that T is conjugate to the group T, as

a
0
1s introduced in subsection 3.3.
Proof. We start by considering the intersection G = ' SL(2,C). If G is trivial, then there is an injective
group homomorphism

I' - GL(2,C)/SL(2,C) = C — {0}.
This shows that IT" is abelian, which contradicts the assumption that I' is not abelian. Therefore, G is a
nontrivial subgroup of SL(2,C). The following discussion is divided into two parts according to whether
G is abelian.
-1 0

0 -1 ), which is in the

e (G is not abelian. Then by Lemma 3.7, G contains the element (

center of G. This contradicts to the assumption of this lemma.
e (G is abelian. By conjugation with an invertible matrix, we can assume that G contains a diagonal
a 0

element like A = 0 a-!

) with a # —1. (We remark that any element in I' is diagonalizable

as I' is of finite order.) Furthermore, we recall the fact that if B = < : ? ) commutes with

0 g
B € C — {0}. Therefore, we conclude that G is a cyclic subgroup of SL(2,R) isomorphic to

{< 8 p91 > : p*"t = 1} for some n € N. (If p" = 1, then p" = —1 and G contains the

-1 0
element( 0 1 ))

We observe that if B =

A, then § = v = 0. Hence, we have any element in G is of the form B = ( B 91 ) for

@ g € GL(2,C) is a normalizer of G, then a8 = v§ = 0.

Therefore, B = ( 3 3 ) or ( g g ) This shows that any element in I is either diagonal or

of the form ( g g . As we have assumed that I" is not an abelian group, there has to be a
. 0 g
nonzero B in I" of the form s o0 )

Compute B? = ( %6 60ﬂ > By the assumption of I', 30 = 1. Therefore, we have B =

0 a 0 ar% . ™ —1
-l 0 € I Now choose U = 10 ) and consider the group I' = U~'TU
a

which is again not abelian and does not contain any matrix of the form ( 8 2 ) Under
this isomorphism, we see that G = G = {( g pQI > : p?"*t1 = 0} and T contains a matrix

ﬂoZU_lBU=<(1) (1)>er.
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- /
Now if there is any other element C in I' of the form < g, g ) then by the same arguments
/ ~
as B, we know that 3/ = 1/4¢’. Furthermore, as 5y B = < (5) g/—l ) € G = @. This implies that

_( 0 » Sn2ntl
B(p_l O)Wlthp =1.
Next if there is any element D = ( g 3 ) in T, compute ByDSByD = ( ogy o?’y ) AsT

has no element like ( 8

Summarizing the above analysis, we have seen that there exists n € N, such that I =

0 pl pl 0 . 2 1
) ) 0< i< n+l _
{< —q 0>,<O 1).0_1_2n,p —1}

2 ) with a # 1, we conclude that o« = 1/ and D belongs to G.

O

Proof of theorem 3.6:

With Theorem 3.4, it is sufficient to work with I' which is nonabelian. We choose a I'-invariant her-
mitian metric on V which always exists as I' is finite. We prove that there exists a choice for B, such
that the Braverman-Gaitsory conditions (4)-(6) are satisfied.

Step I: The Braverman-Gaitsory condition (4) is satisfied automatically by the assumption on .

Step II: In the following, we make a proper choice for B, with /() = 4 such that the Braverman-Gaitsory
condition (5) is satisfied.

As T' is acting on a complex vector space, the fixed subspace of any group element ~ is of even real
codimension. Let my be the linear Poisson structure at the identity component, 7, be the linear Poisson
structure at the oo component with I(«) = 2.

We look at [mo, o], [7a,mo], and [ma, 5] with I(a) = I(5) = 2. By the same arguments as in the
proof of Theorem 3.4, we have that for any a with () = 2, [m0, 7a] + [T, 0] = 0 as w9 + >, 7a is a
Poisson structure. Therefore, we are reduced to look at [mq, ms].

We observe that if V® = VP then at each point of V® = V?, then A2N® = A?N? vanishes on
functions depending only on variables in V¢ = V5. It is easy to compute that [, 7] = 0. This reduces
us to the situation that V< # V5.

When V* # VB we have the equation V* + V8 = V as both V® and V? are complex subspaces
of V of complex codimension 1. Furthermore V® + V# = V implies that V*? = V* N V? which is of
complex codimension 2 and real codimension 4. We notice that in this case both a and ( fix every point
in V%% and also preserve the normal direction N*%. We are interested in is [7q, 7], which is now at a3
component. As [my, 73] is only a tri-vector field supported at o with I(«8) = 4, we know that [7,, 73]
is 0 in the Hochschild cohomology of S(V) x T".

Now we fix an element v with () = 4, then we know from the previous paragraph that if [m,, 7s] is
nonzero at v = a3, then a and (3 acts on V preserving N7 and fixing every element in V7. This leads us
to look at the subgroup I'y of I' whose elements act trivially on V7. I'; contains all a such that V7 C V¢,
which acts on N7 faithfully.

Let a € I, with [(a) = 2. By the assumption on 7,, it is an element in V" @ A2N®, which can
be written as a sum of two terms 7}, + 72 as V" = V7" @ (N N V). We easily see that «}, will
not contribute to [m,,75] as N® and N? are orthogonal to V7. This shows that to study [ma,7s], it is
enough to assume that 7, is taking value in N7* ® A2N®. Furthermore, if n,, is the holomorphic vector
along N® and v, is the holomorphic vector along V** in N7, then we can write 7o, = (CaVq —CaUa )Mo ATig
for some complex number ¢, by the fact that m, is real.

If T is abelian, then by Theorem 3.4, we know that [m,, 73] = 0 for any «, 3, and therefore we
set Bs = 0 for 6 € I'y,. In the following, we assume that I', is not abelian. If I', contains an element

v which acts on N7 of the form < g 2 ) with a unitary number a # 1, then it is easy to check
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Vi(Ta) = (a7 lcavq — @ 1eala)Na A g is not invariant under v unless ¢, = 0. This shows that 7,
has to be zero if it is invariant under v and therefore [r,,7g] = 0 in this case. We choose B, = 0
for this type of . Therefore, for nonzero B”, we only need to consider the situation that I', is not

abelian and contains no element of the form ( 8 2 ) with a # 1. By Lemma 3.8, I, action on N7

is isomorphic to the situation studied in the previous subsection. And we can choose B, as Equation (11).

Step III: we prove that Za,ﬂ/,l(a)§2,l('y):4[[B’Y7ﬂ-aﬂ = 0 with the choices of B, introduced in Step II.
We decompose the above sum into 2 parts

(1) Yo i(a)<2,i(n)=d,i(va) >4l By Tal;
(2) oc,'y,l(a)§2,l(7):4,l('ya):2[[B’Y’ﬂ-Oé]]'

We consider the part of sum with {(ya) > 4. Let § = ya. Define Cs = 3°. |51 0)<2.1(y)=4[B~, Tal,
which is an element in A*V. We notice that Cy is 8° closed as

8(2[[3"/’ o) = Z[[aB’W Ta]
= Z [[[[Wﬁa ], Ta]

a,y=FA
=0.

According to Equation (3), we see that C., in AV is a zero cocycle as I(y) > 4. On the other hand,
we see that C, is in A3V. If we define elements in V of degree -1 and elements in V* of degree 1, then
C, is of degree -3, and 0" is of degree 0. We see that S(V*) ® A?V has degree greater or equal to —2.
Therefore, 37 (S(V*) ® A%V has no term with degree less than -2 since deg(97) = 0. This shows that if
C, # 0, it cannot be a coboundary of 9. This shows that C, has to be zero as C, is a trivial cocycle by
Equation (3).

We consider the part of sum with [(ya) < 2. This implies that V7 C V© because otherwise
VY+V* =V and V7 = VY N V* which is of real codimension 6. In this case, we know that vya
is also in I'y. Therefore, we can use Equation (12) to conclude that [B,,m,] = 0.

In conclusion, Steps I-IIT show that Bravermam-Gaitsgory conditions (4)-(6) are satisfied for any linear
Poisson structures on S(V*) x I and a proper choice of B,. Therefore, by PBW property, we see that
the algebra

Hy :=T(V) x T'[[A]]
[{z@y—yoz—nr@y) + > malz,y)a) — (S Bylz.y))

o Y

defines a deformation quantization of S(V*) x I" along the direction of w9 + > 7q. O

4. HOCHSCHILD COHOMOLOGY AND NON COMMUTATIVE POISSON COHOMOLOGY

In this section, we would like to study various properties and examples of the Poisson structures and
algebras we constructed in the previous section. To state our results, we fix some convention. Note that
if & and @ are conjugate to each other inside T, then I(«) = I(8). Therefore, it is legitimate to define
codimension of a conjugacy class of I' by the codimension of an element a € I'. Define ¢ to be the
number of conjugacy class of I' with codimension k. In the following, we use R((%)) to stand for the
algebra of Laurent Polynomials of #. For any algebra A over the ring R[[A]], we use A((h)) to stand for
the extension A @g(ir) R((R)).
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Proposition 4.1. The periodic cyclic homology of the algebra H, for any constant or linear Poisson
structures on S(V*) x T is equal to

HPy(Hz((h))) = Y _R((R)** = R((R))*1°T
k

HP(Hr((h))) = 0.

Proof. By Getzler-Goodwillie [6], we know that as the periodic cyclic homology is invariant under defor-
mation, HP,(H,((R))) is equal to HP,(S(V*) x C(I"))((%)). By the computation in [3], HP,(S(V*) xT)
is equal as is stated above. O

4.1. Hochschild cohomology of symplectic reflection algebra. In this subsection, we restrict our-
selves to quantization of a special type of constant Poisson structures. These are called symplectic
reflection algebras. Let V' be a symplectic vector space with standard symplectic 2-form w. Let 7 be the
associated Poisson structure of w. For v with () = 2, consider the restriction w, of w to N7. w, is an
invertible bilinear operation on N”. Define 7, be the inverse of w,. We choose ¢, € R for all v with
() = 2 with cyyaq-1 = ¢y for all o,y € T'. Define a constant Poisson structure II on S(V*) x T" by

=+ z Cy T
vih(v)=2
By Thm 3.1, S(V*) x I" has a deformation quantization with respect to II. This algebra can be written
as
Hye=T(V)@T[A/(x@y—y@z—h(r(z,y)+ D> 7 (z,9)7).
¥:l(v)=2
This algebra is called symplectic reflection algebra by Etingof and Ginzburg [5].

To compute the Hochschild cohomology of H, ., we compute the Poisson cohomology of II first.
We recall that the Poisson cohomology of a Poisson structure II on an algebra A is defined to be the
cohomology of the complex H®(A, A) with the differential d(a) = [II, a], where [, | is the Gerstenhaber
bracket on H*(A, A).

Proposition 4.2. The Poisson cohomology HY(S(V*) xT') is equal to
H(S(V*) xT) = R*%.

Proof. We introduce a grading on

r
H*(S(V)xT,S(V*)xT) = (@S(VV*) A~V @ /\l(v)Nw>

el

by setting elements in S(V7*) @ A*~{IVY @ AN of degree ().

By Poisson cohomology with respect to II, we mean the cohomology on H*(S(V*) x ', S(V*) x T)
with the differential dpy defined by taking the generalized Schouten-Nijenhuis bracket dpf = [II, f] for
fe H(S(V*) xT,S(V*) x I'). According to [8][Thm. 3.4], the Poisson differential dry is compatible
with the above filtration respect () as if deg(f) = ¢, (duf)y = 0 if {(y) # ¢ or i + 2. Therefore, we
can use spectral sequence associated to the filtration defined by the grading [ to compute the Poisson
cohomology Hry.

The Ej of the spectral sequence associated to the above filtration is the Poisson cohomology respect
the Poisson structure 7 which is the component of II supported at identity of the group I' on the graded
complex Gr(H®*(S(V*) x I, S(V*) x I)), i.e.

r
GrP(H*(S(V*) x T, S(V*) x T)) = ( B svHer Ve Alh)z\m) .
¥,Uv)=p
As w is a symplectic form, the Poisson cohomology of 7 can be computed easily
P { HER(S(V*) % T) =R*, q=0,
! {0}, q#0.
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We notice that the codimension of any group element ~ is even because 7 preserves the symplectic
structure. Therefore, E"'? = 0 if and only if p + ¢ is odd. This implies that the spectral sequence
degenerates at . Therefore we have

HY(S(V*) « T) = HY(S(V*) x T) = R*.

Theorem 4.3.
H*(Hy,o((h)), Hy c((h))) = R((R)) >

Proof. The proof of this theorem is by applying the spectral sequence with respect to the A-filtration.
The Ej terms are the Poisson cohomology. We notice that H(S(V*) x I') is trivial when e is odd,
and conclude that the spectral sequence degenerated at F;. Therefore, we have that the Hochschild
(co)homology equals the Poisson (co)homology. O

Remark 4.2. Theorem 4.3 is a generalization of [5][Theorem 1.8 (i)]. Here, with more information
about the generalized Schouten-Nijenhuis bracket, we are able to avoid the assumption in [5] on “except
possibly a countable set”.

In Thm 4.3, we see that for a constant Poisson structure II, if the Poisson structure at the identity
component my is the inverse of a symplectic structure, then its Poisson cohomology and Hochschild
cohomology are determined by 7y completely.

In the following we show one example that if the Poisson structure 7y is degenerated, then the Poisson
cohomology of II depends also on the information of Il at other conjugacy classes.

Consider (V = R?,w = dx A dy), and Zy := Z/27Z = {1,e} acts on R? by e(z,y) = (—z,—y). Denote
m = —0y N 0y. Observe that 0 is the only fixed point of e. For any constant ¢, consider II = crlo
which defines a constant Poisson structure on S(V*) x Zy. In the following, we show that the Poisson
cohomology of II does distinguish IT from the trivial Poisson structure and also those Poisson structures
in Proposition 4.2.

Proposition 4.4.
Hy = (S(V"))™
Hyy = {/10; + f20, € (S(V*) @ V)™ : 0, 1(0) + 9, f2(0) = 0}
Hi = (S(V*) @ A’V)™.

Proof. The computation for H® are trivial as there is only degree=2 elements supported at e by (3).
For H', we first observe that the image of d'! on (S(V*))%2 is trivial by (3). For the kernel of d', we
compute

(/102 + f20y, cmloe] = (02 (f1) + 0y (f2)) 0z A Dylo-

Therefore, HY = {f10: + f20, € (S(V*) @ V)22 : 9, f1(0) + 0, f2(0) = 0}.

For HI!, we notice that d'c vanishes as there is no higher degree terms. For the image of d', from
the previous computation, we see that Im(d") = RO, A ylo. Therefore we conclude from (3) that
HE = (S(V*) @ A?V)2. O

4.3. Hochschild cohomology of U(g) x I'. Let V = g be a Lie algebra such that its bracket is T
invariant. The Lie bracket on g defines a Poisson structure on V*, which also defines a Poisson structure
on S(V) xT. Then, U(g) x I is a quantization of m on S(V) x I'. We notice that the Poisson bracket 7
does not have any other y-component for v different from the unity, i.e. © = 7.

Now, U(g) x T" is a filtered Koszul algebra over RI'. Therefore, it has a Koszul resolution and a
small complex which calculates its Hochschild cohomology. This complex splits into a direct sum of
subcomplexes:

(CK*U(g) xT),0)= P (CK3,0,)

yeC(I')
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where CK$ = (U(g) ® A*g*)?() and :

n

8v(f)(3307"' Tn) = Z(—l)if(ﬂfo,"'@"' ) (s =7 x4)
i=0

+Z(_1)Z [xia f(x07 T E2 e 71'?1)] + Z(_l)jiiilf(xm o Ti—1, [fﬂi,fﬂj], Tig1, Z/L'\j cee ,I'n).

i=0 i<j

The brackets in the above formula stand for the Lie bracket of g and for the action of g on U(g). Notice
that the PBW property of ¢(g) implies that the symmetrization map from Sg to ¢(g) is an isomorphism
of g-modules as well as I'-modules.

According to 2.3, the Poisson complex splits as well in a direct sum of subcomplexes

(Cri(g) » 1), 0") = D (C5.05),

~eC(T)

where C3 = (S(g7) ® At g7 @ A NT*)Z2(0) with the differential :

DT () (@0 =+ Tna()s Y15 W) =
Z (*1)Z[$i,f(9307"'@"' y Tn—1(y)) Y15~ 7yl(7))}

0<i<n—I(y)

+ Z <_1)j_i_1f(.'110,'".’1,'7;,17[.’L‘i7$j],.1'i+1,"'/$\j"' 7$n—l(7)7y17"' 7yl(’y)>
i<j<n—I(y)

+ Z (71)nil(7)72+]71f('r0a"'Ei"' 7xn—l(v)ay17"' 7[x17y]}7 ayl(’y))
i<n—I(v),j

where the z-variables belong to g7 and the y’s belong to N7. Notice that, as the bracket of g is I'-invariant,
N7 is a g7-submodule of g. This defines the last summand of J7.

We define a map ¢ from the Poisson complex C7 to the Koszul complex CKS. For any f in C, we
put :

W(f) = Ag — A 0g7 @ A NT L 597 21 (g7) — U(g)

where the first and last map are the usual projection and injection, and Sym is the classical symmetriza-
tion map from Sg” to U(g?).

Lemma 4.5. The map ¥* is a morphism of complezes.

Proof. We have to check that 1) commutes with the differentials. For this purpose, let us decompose 0y
into a sum of three terms, 81 4+ 92 + 93 corresponding to the three components of its definition. We also
use the following decomposition of A"*!g coming from the direct sum g = g?» ® N7 :

1)
AnJrlg _ @Anqtlfpg'y ® AP N
p=0
First, as 1(f) needs I(v) independent variables in N7, it follows easily that 9!(¢(f)) = 0. For the
same reason, we check that d(w(f)) is null on the A""1~Pg¥ @ AP N7 whenever p < (7). Therefore,
A(1(f)) reduces to a map from A"~ g7 @ AL N to U(g7).

To complete the proof, we check that the two formulas of the differentials agree on A"t1~!{Mg7 @
A N7 thanks to the fact that the symmetrization map Sym is a g-morphism. ]

Theorem 4.6. The map ¥ is a quasi-isomorphism. Therefore the Hochschild cohomology of U(g) x T
is isomorphic, as a graded vector space, to the Poisson cohomology of S(g) x I with the Poisson bracket
induced by the Lie bracket of g :

H*(U(g) x T',U(g) x T') ~ Hz(S(g) x I').
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Proof. Let us introduce a formal parameter i and work over the formal power series R[[R]]. Introduce
the R[[A]]-Lie algebra gs whose underlying R[[A]]-module is g[[h]] with the Lie bracket given by :

[‘T7y]h = h[III,y],

for  and y in g. Then, the Koszul complex CK*®(U(gn) x T') specializes to that of S(g) x T for h = 0,
and, for i=1 to that of U(g) x T.

Similarly, the Poisson complex C2(U(gn) % I') has a zero differential for & = 0 and specializes to
C2(U(g) x T) for h = 1.

The map 1) extends to the R[[A]]-context, and defines a morphism of R[[A]]-complexes. It follows from
2.1 that 1 specializes to a quasi-isomorphism for # = 0. The result is then a consequence of the following
standard lemma, which can be found in [7]. O

Lemma 4.7. Let Ct[[h]] and C3[[h]] be two topologically free R[[h]]-complexes, and v a morphism of
R[[A]]-complexes. Suppose that 1 specializes to a quasi-isomorphism for h = 0. Then v is a quasi-
isomorphism.

We remark that in this paper we have always worked with real coefficient R. Theorem 4.6 is true for
a general field K with characteristic 0.

4.4. Examples of linear Poisson structures. In this section, we provide a large class of linear Poisson
structures coming from invariant Lie algebra structures.

We assume that g be a Lie algebra and I' be a finite group acting on g preserving its Lie bracket. We
choose a I' invariant metric on g. Let V be the dual of g with the linear Poisson structure « from the Lie
bracket. Accordingly, T" acts on V preserving the Poisson structure = with () even for all .

For any v € T with I(y) = 2, let N7 be the subspace of V normal to V7. As V =V7@® N” and V* =
VY*@&N7*. One can decompose 7 = V*QA?V = (V'@ N )Q(N'ANTSN'QVIGVIQNTGVIAVY).
We define ., to be the projection of 7 onto the component (V7)* @ A2N7.

Proposition 4.8. The collection 11 = 7w + Z’yél(’y):Q cymy with constant ¢, satisfying conq-1 = cy for
any o € I' defines a linear Poisson structure on S(V*) x T.

Proof. As is explained in subsection 2.1, there is no Z(7) invariant section in S(V7*) @ A®*V?Y @ AL N7
with odd I(y). Furthermore, by (3), any tri-vector field on a y-component with I(y) = 4 is a trivial
cocycle. This implies that

['/Taa Wﬁ] = Oa

if neither « nor 3 is the identity of I'.
To prove that II is a Poisson structure, it is sufficient to prove

[r,m,] =0, y€T.

When + is identity, the above equation is from the fact that 7 is the Lie Poisson structure.
When v # 0, we can decompose 7 according to the decomposition V = V7 @ N7, V* = V7" ¢ N7*.
As 1 € V*®@V AV is v invariant, we have that 7 is a sum of the following terms

11 EVITQVIAVY, T2 € V¥ @ NY A N7,
Ta91 € NV @ NY AV, 92 € NY* @ NT A N7,
We compute
[m111,m111) € V7T QVIAVYAVY, [mi11,m122] € VIFQ VI ANY ANY
[m111,T201] € NY* @ NYAVYAVY [m111, m222] =0
[T122, T122] = 0, [m122,T222) € V" @ NV ANY ANY
[r122,m201] € (VI)* @ NYANYAVION* @ NYANY AN7,
[m221,M201] € NY* @ NYAVYAVY, [moo1,ma22] € N @ NYANTAVY
[T222, Ma22] € N7* @ NV ANV ANV,
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According to the fact that [, 7] =0 and NY A N7 A N7 =0 for I(y) = 2, we see

[7711177T111 =

[T111, T221] + [T221, T221 )

)

[771227 222

[771227 122

9

]=0
]=0
[T111 + Ta21, T122] = 0,
]=0
]=0
]=0

[7T22177T221 =U.

In particular, this implies [m,m122] = 0. Noticing that 7, = 722, we conclude that the Schouten
bracket of [r, 7] = 0. O

In the following, we construct explicitly examples of linear Poisson structures using Proposition 4.8 on
R3 with the Z/2Z = {1,e} action by e(x,y,z) = (—x, —y, 2). In this case, the fixed point subspace of e
is {x = y = 0}, which is of codimension 2.

Example 4.4.1. Denote my = 20, \0y. One can easily check that [m1,m1] = 0. And the Poisson structure
constructed from Proposition 4.8 is II; = m1 + m1|p=y=0€ = 203 A Oy + 205 A Oy|z=y=0e.

Example 4.4.2. Denote mo = 20, A Oy + 10, A0, —yOy A 0,. Noticing that [0y A Oy, x0, — ydy] = 0, we
have [ma, m2] = 0. And the Poisson structure constructed from Proposition 4.8 is Ily = my + Ta|z=y=—0e =
204 N Oy + 203 N O — YOy A O, + 205 A Oyle.

We compute the 0-th Poisson cohomology of II; and Il to distinguish them.

(1) If f € (SR3)%/?% is a 0-th Poisson cocycle with respect to Iy, i.e. TI;(f) = 0, then [r, f] = 0
ie. 9,(f) = ,(f) = 0, which is also a sufficient condition. Therefore, H} = {f € (SR3)Z/2Z .
0x(f) = 0y(f) = 0}, which means f is a polynomial depending only on z.

(2) If f € (SR3)%/?Z is a 0-th Poisson cocycle with respect to Iy, i.e. Ty(f) = 0, then mo(f) = 0
and 71 (f)[z=y—0 = 0. This equivalent to zf, + yf. = 0,2f, + f. = 0,2f, — yf, = 0, and
folo=y=0 = fylz=y=0 = 0. If we write f = kaw Chmn@®y™2", we have that

(k + 1)Ck+17nn—1 + (Tl + 1)Ck7n—1’n+1 =0
(m + 1)Ckm+ln—1 + (’fl + 1)Ck—1mn+1 =0
kck:mn — MCrmn =0
C1on = Co1n = 0.
From the above third equation, we have that cgp,,, = 0if k # m. From the above first and second

equation, we have that (k4 1)ckr1x+1n + (0 + 2)Ckknt2 = 0. From this we can quickly conclude
that f is a polynomial of 2y — 1/22%, and Hyy consists of polynomials on 2y — 1/22°.

Proposition 4.9. If the group T is abelian, the Poisson cohomology of 11 is isomorphic to the Poisson
cohomology of m.

Proof. We construct a quasi-isomorphism

v (@S @ n OV e AN [, ]) —
vyel’
((@ SV @ ATIIYY @ AN I, ]).
~ver
Given X =Y X, € (@, SV @A IVI @ AN, we define W(X) as a sum of Y- W(X,,).
Define ¥(X,) as a sum of 1/kl) o ... 0 (X,) for £ =0,1,2,---. If I(yo - - - ) # I(y) + 2k, then define

ag
Uy ay e an(Xy) = 05 if (v - - - o) = U(y) + 2k, then we define 1y 4, ... o, (X5) to be the projection of
X, down to the component

r
(S(V’Yﬂél”'ak*) ® /\'V"/al"'ak ® /\l(’Y)N"/ ® /\2N041 R ® /\QND%) .
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We notice that since [(yaq - - - ai) < dim(V'), there are only a finite number of occasions that 1. q, ... o,
is not zero. Therefore, the map ¥(X,) is well-defined.

To prove that W is a chain map, we prove the following equation for ¢ q, ... o, in H*(S(V*) %
I, S(V*) xT) at component yay - - - o,

(13) Z Uy, ([, X5]) = Z (Mo Ky a1, an—r (X)) + [T, 01 0 anmr a0 (X))

arap=08 ay-ap=08

Equation (13) can be proved by induction. When & = 0, the identity is trivial. Assume that Equation
(13) is true for k = n. We look at the case when k = n + 1. Using the induction assumption, we have

Z @[’w,al,m,anﬂ([ﬂ'vaD = Z w%m,---,anﬂ (1/’%a1,-~~>an([7T7X7]))

o p1=06 ayp41=0

= Z Yy,a1, ant (n[ﬂ—an’ Vry,a1,an 1 (X)) + [T %501, 0 (X“/)])

a1~»~an+1:5

Looking at the contribution of 7, % a; ... e, (Xy)] 8t Yaq - - - 1, Wwe decompose ¥y ;... 0, (X) and
m according to V = V+1 @ N +1, As both 7 and 1, o, ... o, (X5) are ap41 invariant, we can write
T ="+ m + 72 and Yy a, ... 0, (Xy) = Xo + X1 + X5 such that 7;, X; contain ¢ number of vector fields
along Ne+1. Tt easy to see that [mg + 71, Xo + X1] will contribute zero at ya; - - - a1 by the facts that
7 is a linear Poisson structure and [mg + 71, Xo + X1] at yaq - - - 41 18 the restriction to V71 @nt1 of
the component

S(v’yal---anH*) Q@ AV YU an g A N R AINY © ... @ AZNYn+1

in [mg 4+ m1, Xo + X1]. Furthermore, [mo, X5] vanishes as it is a 3 vector field normal to V*»+1 which is
of codimension 2. Therefore, we have that [7, %y a1 .. ., (X5)] at ya1 - - - @41 is equal to

[, Xo] + [m2, X] = [m, V0, ,an+1(X7)} + [Wan+1aw'y,a1,~~ L0t (X'y)]-

Next, we observe that 1y, ... anii ([Tans Uy.ar,an_ (X5)]) is equal to [Ta,, Vy.a1, an_1,0n1 (Xy)]
as the space N®» and N%»+! are orthogonal to each other by the assumption that I(y) + 2n + 2 =
l(yay -+ - ant1). Hence, we have the above Equation (13) for k =n + 1.

Using Equation (13), we can easily check that W is a chain map. To prove that ¥ is a quasi-isomorphism,
we look at the filtration respect to the grading I(y) as is used in the proof of Proposition 4.2. It is straight
forward to see that the induced chain map of V¥ is identity at E; as for & = 0, ¥ (X,) = X, which
implies that ¥ is a quasi-isomorphism. |

5. EXAMPLES OF QUANTIZATION

In this section, we study some examples of quantization of constant Poisson structures. We look at
Zyn, = Z/nZ action on R? by the rotation

2T 2T 2T 2T
: — )z — sin(— in(— — =1
¥ (@) = (cos(Z ) — sin(= )y, sin( =)o + cos(—)y), 1" =1,

where  is the generator of Z/nZ. If we introduce complex coordinates z = x + iy, Z = x — iy, then the
above action is diagonalized

75 (2,2) = (exp()z exp(—=220)2).

We study the Poisson structure of the following form 7 : A2R? — RZ,, by 7(z,y) = 7. In complex
coordinates 7(z,%) = —i/2y. By [8][Corollary 4.2], = defines a noncommutative structure on S(R?) x Z,,
and by Proposition 4.2, m can be quantized. In the following two sections, we study properties of
quantization of 7.
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5.1. A Moyal type formula. In this subsection, we provide an explicit formula for quantization of
m, which is a generalization of Moyal product. We would like to point out that many of the following
formulas appear already in Nadaud’s paper [11]. We prove that in the case of finite group, this product
is convergent. We start with introducing several operators on S(R?). We work with complex coordinates
z=x 41y, Z=1x—1y.

Define D, Dy : S(R?) — S(R?) as

_ 27i _
f(Zv Z) — fQ(i "2, Z) Dg(f) _ f(ztz)fffz,ef n
(1—e™)z (1—e""n )z
Define 0,05 : S(R?) — S(R?) as
27 27i

0.(f)(2,2) = fle™ 2,2)  0:(f)(2,2) = f(z,e7 7 2).
Let ¢ = exp(27i/n). Define [k], = 1+q+---+¢"~ 1. Define the following star product « on S(R?) xZ,,.
Define f~* x gv! by

D-(f) =

()i , , 4
et = 3 DY (oD g
j=0 9

To prove the associativity of x, we study properties of D,, Ds.

Lemme 5.1.
k

DE(fa) = mmmaw;m k>0,
i=0 g-tle

Proof. We prove this by induction. When k& = 0, this identity is trivial.
Assume that this identity holds for k. For k + 1, we compute

DF(fg) = DZ(Z[,{_[?",!M,DQ(JC)UQDE”(Q))
i=0 g1

k
= b (pigp)eiptigg))

22 o=l Tl
k
[k],! L e il (k]! . o
= LG O DD )+ i DH(De0 D )
= DI (et (g) + FDI (g)
b (i) ¢ B gy pie )
C\k—it i1, =% T g Y Y

M,Jiiithﬂﬂl&(ﬂaiD?”+ng+flf+Wg)

k+1 k+1],! ; ; -
-2 M@mozl)’f (9))-

We start to prove the associativity of .

(fxg)*h

— S DD g
k q

= S O (DA DA @) oL DL ()
k,l e

s
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Using Lemma 5.1, we have that the above product is equal to

= S T g P e P oD eIt DL ()

= S e D e T DLDE ()0 DE (o ()
s,tk

= Z (%)s-&—t-&—l WDi+k(f)qktU§+kDiD§ (g)ag-i-tD;-i-to_ichg(h)),yk-i-s-i-t
s,tk

= Z(%)sﬁﬂ WDi+k(f)qkto_g+kDiDlzc (g)o.i-i-t-l-kolgq—k(s-i-t)D;—&-t(h),yk-i-s-i-t
s,tk

On the other hand, we compute
fx(gxh)

= Y g+ (DE Dk
k a

— M G PN DL (Db a)at DE ) )
k., q-irias

Applying the similar formula for D, as Lemma 5.1, we have

_ ih k+s+t 1 [5+t]q*1! s+t s+t s Nk s+t st _knk k+s+t
- %(5) U@]q|[8+t]q' [S}q—l![t]q—l!Dz (f)az DEDz(g)Jz JEDZUsz(h)Py

o Zh k+s+t 1 [S—"_t]q*l! s+t s+t s Nk s+t+k _s nt+k k+s+t
- Z(i) [k']q'[S‘i‘t]q' [S]qfll[t]qfl!Dz (f)az DEDz(g)Uz UEDZ (h)’}/

k,s,t

In the above equation, we make the change s — k,t +— s,k +— t, then we have

Zﬁ s 1 [k + S] 71! S s s s s
> (F)F ][k + s]4! [] 11[;] DI (F)ot T DEDL(g)o o D (h)yF et
q q* q=1:1S]g—1:

k,s,t

which is identified with the above expression of (f x g) x h. We remark that [k], = [k],~1¢""! and
[k]g! = [K],-11q*~Dk/2. Therefore, we conclude that x defines an associative deformation of S(R?) x Z,,

whose % component is equal to /2D, ® o, D5, which is cohomologous to the Poisson structure 7.

We remark that our proof of associativity of x is slightly different from [11]. One can view f % g as an

extension of the Moyal product as follows

ih
fxg= moequ(%(Dz ®o.D: @7))(f®g®1).

Nadaud proved the associativity of x analogous to the associativity of Moyal product by using the property
of the g-exponential. Here our proof is more straightforward, and it leads to the following more precise

formula for *.
We have the following property for the operator D,.

Proposition 5.2.
m o qym—i__[m]q! i(i—1)/2 sm—i
pr(py = 2= g e
z (]_ _ q)mqm(mfl)/?zm

In particular, when m = n, we have that D?(f) = 0 for any f. And this implies that
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Proof. We prove the identity by induction. When m = 1, we have

_ f(z,2) — flgz, 2) _ f(z,2) —0.(f)(z,2)
=TT 00 T ame:

Assume that the above identity holds for m. Then for m + 1,
m m—i__[m]q! i(i— m—i
D T o LA

Dm+1 _ Dz D _ Dz
— i(_l)m—z [m}q' qi(i_l)/z D (Ozn—lf)
- i=0 [m — i][ilg! (1 — g)mgmm=1/277% zm
(i~ A i €))
_ [m}q' ql(l 1)/2 om ,Y(Z'm)

[m —d]g!i]q! (1 — g)mgmm=1/2 (2 —4(2))
i(i—1)/2

B O e i L q" qmol (f) — ol H(S)
=0 [m —i]g'ily! (1 — g)mgmm=1/2  gm(1 — q)zm+1
1 - PRy [m],! (m—i)(m—i—1)/2(,m _i il
= q7n(m+1)/2(1 _q)m+1z7n+1 ;( 1) [m—l}j'[z]q'q (q O'z(f) O’Z+ (f))

1

- qm(m+1)/2(1 — g)mtlymtl (qm(m+l)/2f + (_1)m+10,7zn+1(f) +

m ; qmq(m—i)(m—i—l)/Z q(m+1—i)(m—i)/2 ;
+ [m]q!;(_w i [m—i+1}q![i—1]q!)"z(f)>

1
qm(m+1)/2(1 _ q)7n+1zm+1

 qUmHI=Dm=0/2(gi[m — N+ [dg!
+ [m]q' Z(_l)zq + 2((] [ + 1]11') + [ ]q‘O';(f))

i=1 [m 4+ 1 — d]g![1]g!

<qm(m+1)/2f T (—1)mH gL f) 4

1 s, [m + 1],!

_ _ 1), (m+1=3)(m—i)/2 i
= o g 2 (V' CESTEN AN

We have proved the identity of D7*(f) by induction. To conclude that D7 (f) = 0. We see that by the
above formula of D7 (f), as [n]; =0,

" 1
Dz (f) - qn(n—l)/2(1 _ q)”z”

(@ V2 f 4 (<1) a2 ()

Since o?(f) = f, we have
1
(n—1)n/2 —1)»
g =D2(1 — g)nzn (q + (=1)")(f)-

The statement follows from the identity ¢(»~1"/2 4+ (—1)» = 0. O

We conclude from Proposition 5.2 that the star product x on S(R?) x Z, is convergent for any value
of h.
In particular, when n = 2, we have the following explicit formula of a deformation on S(R?) x Z,
ih f(272> B f(—Z,Z) f(—Z,Z) — f(_zv _2)
=fh+ (= .
frg=7h+(3) 2: 2z
Remark 5.1.1. Here our formula of product uses “normal ordering”, by which we mean that D, is
contained only in the left component and D3 is contained in the right component. We can also define
product with “anti-normal ordering” or “symmetric ordering” as[11]. The similar property like Proposition
5.2 extends directly.

Remark 5.1.2. We observe that the formula for the star product x on S(R?) x Z,[[h]] works well for the
algebra C°(R?) x Z,[[h]]. Again, * product is convergent for any two smooth functions f and g on R?.
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5.2. Deformation of singularity. In this subsection, we compute the center of the above quantized
algebra (S(R?) x Z,[[h]],*). We prove that the center is closely connected to the deformation of the
underlying quotient space R?/Z,,. We must say that this kind of idea is already in [5]. Here we are giving
concrete examples about this idea.

We write an element in S(R?) x Z,[[R]] by Z;:Ol fivt with f; in S(R?)[[A]].

Proposition 5.3. If f = S.""" fiv' is in the center of (S(R?) x Zy[[h]],), then f is completely deter-
mined by fo by the following formula

ih

i D(fo) 7@)3‘(1#(]41)/2 UgD%(fO)
2

Wo)=for 5= ) G = iy = % T =il

i=1,--- ,n—1.
Therefore, as a vector space the center of the quantum algebra is isomorphic to S(R?)%», the algebra of
Z,, tnvariant polynomials on V.

Proof. We need to first prove the above two expressions for f; are same. We prove this using Proposition
5.2.

Py sti-np_otDao)
2 (1 —q)[jlq'27
. . . j [-]qf ! —(i— i
(—ih)yigmiu-n/2 izo(—l)kmq G=R)G=k=1)/25k( f)
(1 -l 7 (1— ¢ 1)igiG-1/2z5

() qmIG=D/2 Y, (—1) = b qUm G ) 24k 2= G =R =51 25 5 )

(—gi(l—q 1y
(G)1qu-1/2 Zk(*l)jfk[j_z[c]]]qq!l[k]q!qk(kfl)"i*kfo
[t (1 — g7 1)/ 27 (1—q)z

where in the last line we have used that o.0:(fo) = v(fo) = fo. By Proposition 5.2, we conclude that
the above expression is equal to

[]]q'(]- — q*l)jzj z(fO)-

Let f = fo+ fiy+--- fn—17" ! be an element in the center of S(R?) x Z,,. We compute fxz =Y, fi*
V() =2 fizy' and zx f =35 2% fi7) = (5 2f5 + 50 D=(f)N)Y = 55 (2f; + Fo:D=(f5-1)7.
As fxz=z2xf, f; = —20.D:(fj_1)/[(1 — q)[jl4'2]. And we can solve by induction to find that f; has
to be the form expressed in the Proposition.

To prove that the above defined f = fo+ fiy+- -+ fn_17" ! is in the center, we show in the following

f*g=gxf for any g € S(R?) and ~(f) = f.
For v(f) = f, it is enough to prove that ~v(f;) = f;. This is obvious from the following identity

L i— jlqg! - j—
(%)Jqﬂ(rl)/Z >op(=1) kw,g]imqk(k Yal=* fo

1= Glia =g tyiz 0 q)izi

and the fact that fy is v invariant.
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For f xg = g* f, we compute the two sides of the equation separately.
S ft g = fixv(9)v
i i

_ (%) JnJ i+j
= Z[j DL(fi)olDi(v'(9))y

(2]

fxg

lq!
() i Dz (fo) 3 )i (R itk

B zk: [7]4! 5) [k}q!(lqul)kzk)azDZ('y (9)r

- (3 DItR(fo)al DL(v7 (g))y+*

N Jz,;[k] 1[5]! (1—q 1)kzk

2

k k=i, j
_ ik ok ot~ ]Dz ](v”(g))vk

- Z 5 )* DX (fo) Z Aok =l — ¢ 1)z
k ]:0 Jlq

Applying Proposition 5.2 to the above D , we have that f x g is equal to

k
1
= VD% (fo) —
Y PE0Y Gr
k— [F—jl,—1! —(k—j—1)(k—j—1— j J
b z:oj(—l)lmq (k=D ==0 26 (710 lg) .
O (1= g 1)k-dg- =N (k—j-D)/25%—] i
_ Z ih Dk ii J lq(J D(G—1- 1)/20— 0-9 ,Yk
g 242 G — UL —q )3
It is not difficult to check that Zf:o (_1)171{5;3-&;(17%1)/2 =0if j #0, and = 1 if j = 0. We replace this
computation into the above line and have
()"

I%9= 2

The computation of g x f is similar to the above and we conclude that

ik
fro=2. [k]q!(1(2 311)kgk DE(fo)okgy* =g+ f.

T = DE(fo)okgr”.

O

Remark 5.2.1. The above proof on f belonging to the center of quantum algebra can be simplified by
checking that f commutes with the generators of S(R?) x Z,[[h]], which consists of z,z,~y. We have taken
the above proof because it extends to the algebra C2°(R?) x Z,[[h]] directly.

In the following, we study the algebraic structure on the center ZJ(R? Z,) of the (complexified)
quantum algebra (S (R?) x Zn[[h]]) ®r C. (The reason that we consider the complexified algebra is
that it is relatively easy to write down a set of generators and their relations for the center. However,

our following discussion also works for the real algebra.) It is easy to check that u = 2™, v = 2" and
1.ﬁ

w = 27+ 2= are in the center of the complexified quantum algebra (S(R?) x Z,|[[1]]) ®= C. According
to the 1somorphlsm as vector space between the center of the quantum algebra and S(R?), we know
that u = 2", v = 2" and w = 2z + ihy/(2(1 — ¢~ 1)) generates the whole center Z%(R?,Z,). The relation
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between these three generators is generated by

ih
2VRE = zxekzxEx---Z2=2"D(zz4 %7)2*(”_1)

(n—1) 1 (n—1)
_ *(n—1 2 —x(n—1
= z (w+ T q*y)z

(n=1) | z+(n—1) "
_ *(n—1 sx(n—1 2
= z *Z * (w + - v)

mq7q+2 mq7n+1
= 20 (w4t ﬁﬂ * (w+ ﬁﬁ’)
ih ﬁq—n+1
_ 2 - 2
= (kT (wd )
(inyn 777.(71.271)
As w is in the center, the last line can be viewed as the expansion of w*(™ + Q(fl_iq)nfy". Therefore,

we have that Z/(R?, Z,) is generated by u, v, w with the relation that u™v™ = w"+(2)"g~ o) /(1—q)™.

In particular, we defines a deformation of the cone < w,v,w > /{u™v™ = w™}, which is the algebra of

polynomials on the quotient V/Z,. Furthermore, we notice that for function F"(u,v,w) = u™v"™ — w" —
inn _n(n-=1)

2)(1(177(1);, (F'" F' F!) is a non-zero vector in C? if and only if u = v = w = 0, which is not on the

surface determined by F" = 0. Therefore, we conclude that F” = 0 determines a smooth surface when
h#0, and Z&(R?,Z,) is a nontrivial deformation of the cone C2/Z,.

On the other hand, we look at the 0-th Poisson cohomology of the Poisson structure 7., on H®(S(R?) %
Zn, S(R?) x Zy,,) ®g C. Tt is not difficult to see that the 0-th Poisson cohomology Hg7 is isomorphic to
S(R?*)%» @ C as an algebra.

We summarize the above study into the following corollary.

Proposition 5.4. The center Z{(R?, Z,) is not isomorphic to the Poisson center HY [[h]] = S(R?)*~ [[A]],
but defines a nontrivial deformation.

In particular, when n = 2, the center ZX(R?,Z5) is equal to < u,v,w > /{uv = w? + ?—Z} This is the
algebra of polynomial functions on the hyperboloid (when % is real, the surface is one-sheeted, when £ is
imaginary, the surface is two-sheeted.).

Remark 5.2.2. We can extend the above discussion of center to quantization of more general Poisson
structures. For example, the same discussion holds true for the center of the quantization of the linear
Poisson structure z0, A 0, on S(R®) x Z,, with Z,, acting on R? by rotating the x,y-plane and fizing the
Z azis.

In summary, we have seen that the center of the quantization of a Poisson structure 7 on an orbifold
may not be isomorphic to the 0-th Poisson cohomology of 7 as an algebra. On the other hand, the well-
known Duflo’s isomorphism for a Lie algebra states that the center of the universal enveloping algebra
U(g) is isomorphic to the Poisson center of S(g) as an algebra. Our examples suggest that the natural
extension of Duflo’s isomorphism does not hold in the case of quantization of Lie Poisson structures on
orbifolds. We plan to study this interesting phenomena in future publications.
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