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Abstract

We define admissible quasi-Hopf quantized universal epietp(QHQUE) algebras
by h-adic valuation conditions. We show that any QHQUE algebravist-equivalent to
an admissible one. We prove a related statement: any agwoisiawist-equivalent to a
Lie associator. We attach a quantized formal series algebeach admissible QHQUE
algebra and study the resulting Poisson algebras.

§ 0 Introduction

In [WX], Weinstein and Xu introduced a geometric countetprquasitriangular
quantum groups: they proved thatd,r) is a finite dimensional quasi-triangular Lie bial-
gebra, then the dual gro@ is equipped with a braiding,,, with properties analogous
to those of quantunR-matrices (in particular, it is a set-theoretic solutiontloé quan-
tum Yang-Baxter Equation). An explicit relation to the tmpo@f quantum groups was
later given in [GH, EH, EGH]: to a quasi-triangular QUE algefiJ;(g), m R) quantizing
(g,r), one associates its quantized formal series algebra (QBSA)' C Ux(g); Ux(g)’
is a flat deformation of the Hopf-co-Poisson algebia = (U(g*))* of formal functions
of G*. Then one proves that AR) preserves);(g)'“?, and AdR)|r_, coincides with the
automorphisnz,, of ﬁg?; moreoverp = hlog(R)|r_, is a function ofﬁg’f, indepen-
dent on a quantization @f*, which may be expressed universally in terms,cdnd%,,x
coincides with the “time one automorphism” of the Hamil@miector field generated by
p.

In this paper, we study the analogous problem in the case agiguantum groups
(quasi-Hopf QUE algebras). The classical limit of a QHQUEedlra is a Lie quasi-
bialgebra (LQBA). V. Drinfeld proposed to attach Poissda-Lguasi-groups” to each
LQBA ([Dr4]). Axioms for Poisson-Lie quasi-groups are theagi-Hopf analogues of the
Weinstein-Xu axioms.

A Poisson-Lie quasi-grouis a Poisson manifold, together with a “product” Poisson

mapX2 % X, a unit for this produce € X, and Poisson automorphisrirg € Aut(X3),



@234, ©)234 and®L234 € Aut(X*), such that

my o (id xmy) = my o (my x id) o by,
(my x id x id) o @324 = d o (my x id x id),
(id xmy x id) 0 ®L?34 = Dy o (id xmy x id), etc.

and @%2340 GL234 = (id x y) o BL2 0 (@ x id).

A twistor for the quasi-grougX, my, ®y ) is a collection of Poisson automorphisfgse

2 123 1,23 3 (1234 E1(23)4 1234 £1(23),4 1,234 4
AUtg(th),tFx  Fe™ € Aut(X®), Fy B Sl Sl o Ry € Aut(X?)
such tha

(my x id) o F¢3 = Fy o (my x id),
((my o (id xmy)) x id) o Fx234 = Fy o ((my o (id xmy)) x id),
F{134 = (0, xid) o Fy#o (@, x id) 2, etc.

A twistor replaces the quasi-groi, my, ®, ) by (X,m, ®y) with mi, = my o F, and
@y = (FH23) Lo (Fy xid) Lo @y 0 F12%0 (id xFy).

(Other axioms for Poisson-Lie quasi-groups were propasediifferential-geometric
language in [Ban, KS].)

We do not know a “geometric” construction of a twist-equérate class ofX, my, dy)
associated to each Lie quasi-bialgebra, in the spirit of [Wikdstead we generalize the
“construction of a QFS algebra and passage to Poisson gadrpatt of the above dis-
cussion, and we derive from there a construction of tripkesn, , @), in the case of Lie
quasi-bialgebras arising frometrizedLie algebras.

Let us describe the generalization of the “construction QFS algebra” part (precise
statements are in Section 1). We introduce the notion afdanissiblequasi-Hopf QUE
algebra, and we associate a QFSA to such a QHQUE algebra. (EH4QWE algebra can
be made admissible after a suitable twist.

We generalize the “passage to Poisson geometry” part asv®lThe reduction mod-
ulo h of the obtained QFS algebra is a quintupdem, P A, §) satisfying certain axioms;
in particular expv@,) is an automorphism A3, and(A,m, exp(VEﬁ)) satisfies the axioms
dual to those ofX, my, ®y ).

When the Lie quasi-bialgebra arises from a metrized Lielatgeadmissible QHQUE
algebras quantizing it are given by Lie associators, andbiama quasi-groufX, my , ®, )
using our construction. We also prove that its twist-edenee class does not depend on
the choice of an associator.

Finally, we prove a related result: any associator is t@gtivalent to a unique Lie
associator.

§ 1 Outline of results

Let K be a field of characteristic 0. L&), m) be a topologically freé][h]]-algebra
equipped with algebra morphisms
A : U—=UgU, ande : U — K[[A]]

with (€ ®id) o A= (id®€) o A =id
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such that the reduction ¢¢J, m,A) modulohis a universal enveloping algebra. Set
U’ = {xe U] for any treeP, 3 (x) e AFIU®IPl}

(see the definitions of a tre&(”), and|P| in Section 2). We prove:

Theorem 1.1. U’ is a topologically freek[[h]]-algebra. It is equipped with a complete
decreasing algebra filtration

(U™ = {x e U] for any tree P 5" (x) ¢ ANU®IP}.

U’ is stable under the multiplication m and the map U — U®2 induces a continuous
algebra morphism

Y @2 182 1(p) (a)
Ay, U =U _I@(U / Z u*reu )
p,alp+a=n

n

Seto :=U’'/hU’. Thend is a complete commutative local ring and the reduction modul
hofA ), is a continuous ring morphism

. @2 __ | @2
Dy : 00— 6 _Lm<ﬁ /S ﬁ(p)®ﬁ(q)),
p,a/p+g=n

n

whereg® =U'® /(AU NU'P).
Theorem 1.2. Let(U,m,A, ®) be a quasi-Hopf QUE algebra. Assume that

Rlog(®) e (U")®3. (1.1)

Then there is a noncanonical isomorphism of filtered algstiwg/AU’ — S(g), where

~

S(g) is the formal series completion of the symmetric algebfg)S

When (U,m A, ®) satisfies the hypothesis (1.1), we say that iaibnissible In that
case, we say thdl’ is the quantized formal series algebra (QFSA) correspantiin
(U,m,A,®). Let us recall the notion of avist of a quasi-Hopf QUE algebr@ ,m, A, ®).

This is an elemenf € (U®2) ", such that(e ®id)(F) = (id®¢)(F) = 1. It transforms
(U,m,A, ®) into the quasi-Hopf algebr@,m,FA,F ®), where

FA=Ad(F)oA, and"® = (1@ F)(id ®A) (F)®P(A®id)(F) Y(F®1) %

Theorem 1.3.

1) Let (U,m,A, @) be an admissible quasi-Hopf QUE algebra. Let us say that attwi
F of U is admissible ifhlog(F) € U'®2 Then the twisted quasi-Hopf algebra
(U,m,FA,F o) is also admissible, and its QFSA coincides with U

2) Let(U,m,A, @) be an arbitrary quasi-Hopf QUE algebra. There exists a tWgbf U
such that the twisted quasi-Hopf algekita, m, FoA, fo®) is admissible.

Theorem 1.3 can be interpreted as follows. (létm) be a formal deformation of a uni-

versal enveloping algebra. The set of twistdJois a subgroup” of (U ®2)X. Denote by
2 the set of all quasi-Hopf structures ¢d,m), and by2_,, the subset of admissible
structures. 1£2 is nonempty, ther,,, is also nonempty, and all its elements give rise
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to the same subalgebtd C U (Theorem 1.3, 1)). Using’, we then define the subgroup

Tam C 7 of admissible twists. We have a natural actiongfon 2, which restricts to

an action of7 ;. on 2,_,.. Theorem 1.3 2) says that the natural map
Lodn/ Tagm = 2/ T

is surjective. Let us explain why it is not injective in gealer Any QUE Hopf alge-
bra(U,m,A) is admissible as a quasi-Hopf algebra.ulf U* andF = (u® u)A(u)~2,
then (U, m,FA) is a Hopf algebra. S¢U,m,A) and (U,m,FA) are in the same class of
2/7. These are also two elements@f ;. the corresponding QFS algebras Efeand
Ad(u)(U"). In general, these algebras do not coincidelson, A) and(U, m,FA) are not
in the same class &,/ Zaqmr

Let us define a Drinfeld algebra as follows:
Definition 1.4. A Drinfeld algebra is a quintupléA, my, P,A, §), where

e (A,m,) is a formal series algebra,

¢ P is a Poisson strcture on A “vanishing at the origin” (i.eych thatim(P) C m,,
wherem, is the maximal ideal of A),

e A: A — ARA is a continuous Poisson algebra morphism, such faaid) o A =
(id®e)oA=id, wheree : A — A/m, = K is the natural projection,

o € (m,)?3 satisfies
(id®A)(A@) = ¢+ (Awid)(A(a) (- @), a€ A,
$l,2,34* 612,3,4 — 62,3,4* 61,23,4* 61,2,3
where we set ¥g=f+9g+ %P(f,g) + ---, the Cambell-Baker-Hausdorff (CBH)
series of the Lie algebréA, P).
If e my2, we define the twist of the Drinfeld algebta, m, P,A, ) by f as the algebra
(A,my,P,'A, '), where
fA(a) = TxA(a)x (— ), and

?Eﬁ — f23,fL23, Fx(— ]?12,3) X (= ]?1,2);
then(A,my, P, FA, FEﬁ) is again a Drinfeld algebra.

Remark 1.5. If Ais any Artinian localK-ring with residue fieldK, setX = Hom, (A,A).
ThenX is the “Poisson-Lie quasi-group”, in the sense of the Intadbn. NamelyA,
induces a produaty : X x X — X, and expv(,ﬁ), exqv¢12,3,4), etc., induce automor-

phisms®y, CD)l(273=4, etc., of X, that satisfy the quasi-group axioms (we denoteVhy

the Hamiltonian derivation oA induced byf € A®%). Moreover, if f is a twist of
. . 2 3

A, then exiV.), exp(V eXHV 155,4), €tC., define a twistofFy, Fg23, F{1934,...) of

(X, my, ®y ). TwistingA by f corresponds to twistingX, my , ®, ) by (P, FE23,..0).

flz,s) ) 23,4

Lemma 1.6. If (A,m,,P,A,§) is a Drinfeld algebra, se = m,/(m,)?; then P induces
a Lie bracketu on g, A — A2 induces a linear ma@ : g — A?(g), and the reduction
of Alt(¢) is an element of A3(g). Then(g,u,d,¢) is a Lie quasi-bialgebra. Moreover,
twisting (A,m,,P,A, @) by f corresponds to twistingg, 1,3, ¢) by

f:= (Alt(f)mod(my)? @m,+m,® (m,)?) € A(g).



Taking the reduction moduleinduces a natural map
2,4/ Taam— {Drinfeld algebra structures d(g)}/twists
To summarize, we have a diagram

Drinfeld algebra structurgs,, .
2/ ¢+ 2im/ Tadm { on S(g) ?/tmsts

class | d red

{Lie quasi-bialgebra structures om )} /twists,

whereclassis the classical limit map described in [Dr2], aretl is the map described in
Lemma 1.6. It is easy to see that this diagram commutes.

WhenU is a Hopf QUE algebra, the corresponding Drinfeld algebrthés Hopf-
Poisson structure ofi;. = (U(g*))*, and¢$ = 0.

Let (g,u,0,¢) be a Lie quasi-bialgebra. At of (g,u,d,¢) is a Drinfeld algebra,
whose reduction igg, 1,0, ¢). A general problem is to construct a lift for any Lie quasi-
bialgebra. We will not solve this problem, but we will giverpal existence and unicity
results. Recall that enetrized Lie algebras a pair(g,ty) of a Lie algebrag andt, €
S(g)e. It gives rise to the Lie quasi-bialgebf@ 5 = 0,¢ = [t}4,t2%]). Recall that d.ie
associatolis a noncommutative formal seriegA, B), such that lo@(A, B) is a Lie series
[A,B]+higher degrees terms, satisfying the pentagon and hexdgatities (see [Dr3]).

Theorem 1.7.

1) If @ is Lie associator, then the Drinfeld algebra
(S(8), My, Pye Ao, log(®) (E57%,52°)) (1.2)

is a lift of (9,0 = 0, = [t%,t27%]), where P. is the Kostant-Kirillov Poisson struc-
ture ong*, A, is the coproduct for which the elementsgodre primitive,t>-? is the
image of §-in S(g)®2, and we use the Poisson brackeffy) ®2 in the expression
of log(®) (t2:%,t2%).

2) Any two lifts of(g,6 = 0,¢ = [t1%,t2%]) of the form(§(g),mO,Pgo,A0, ) are related

by ag-invariant twist. In particular, any two Drinfeld algebrarsictures of the type
(1.2) are related by @-invariant twist.

We prove this theorem in Section 6. If navis a general (non-Lie) associatéd (g)[[h]],
My, B, ®(AtH2,At23)) is a quasi-Hopf QUE algebra, but it is admissible only wkieis
Lie (for generalg). According to Theorem 1.3 2), it is twist-equivalent to atmassible
quasi-Hopf QUE algebra. We prove

Theorem 1.8. Any (non-Lie) associator is twist-equivalent to a unique &ssociator.

So the “concrete” version of the twist of Theorem 1.8 is anneple of the twistF of
Theorem 1.3 2).

§ 2 Definition and properties ofU’



In this section, we prove Theorem 1.1. We first introduce théemial for the definition
of U': trees (a); the map® (b); then we prove Theorem 1.1 in (c) and (d).

- a - Binary complete planar rooted trees

Definition 2.1. A n-binary complete planar rooted tree (n-tree for short) et of vertices
and oriented edges satisfying the following conditions:

e each edge carries one of the labéglsr}.
o if we set:

valency of a vertex (cardincoming edgescard outgoing edges,

we have
— there exists exactly one vertex with vale(@y?2) (the root)
— there exists exactly n vertices with valerjtty0) (the leaves)
— all other vertices have valengy, 2)

— if a vertex has valencfx, 2), then one of its outgoing edges has label | and the
other has labelr.

o the set of leaves has cardinal n.

Let us denote, fon > 2,
Treq, = {n-binary complete planar rooted trdes

By definition, Treg consists of one element (the tree with a root and one nonmadge)
and Treg consists of one element (the tree with a root and no edge). WManite |P|=n
if Pisatreein Treg

Definition 2.2. (Extracted trees) Let P be a binary complete planar rootegtrLet L
be the set of its leaves and Ietle a subset of L. We define the extracted subtread?
follows:

D ISL, is the set of all edges connecting the root with an element, of L
(2) the vertices oﬁL, all have valency0, 2), (1,0), (1,2) or (1,1);

, is obtained fromP , by replacing each maximal sequence of edges related by a

(3) B, is obtained fronP, b I h I f ed lated b
(1,1) vertex, by a single edge whose label is the label of the firgeed the se-
guence.

Then B, is a|L'|-binary complete planar rooted tree.

Definition 2.3. (Descendants of a tree) If we cut the tree P by removing itsaod the
related vertices, we get two treeSdhd P, its left and right descendants

In the same way, we define the left and right descendants atexvef P.

If Pis an-tree, there exists a unique bijection of the set of leavéls {1, ..., n}, such
that for each vertex, the number attached to any leaf offitslescendant is smaller than
the number attached to any leaf of its right descendant.

- b - Definition of 3P :U — U&n



Let us place ourselves in the hypothesis of Theorem 1.1. 4 defined® : U — U®2,
3P(x) =AK) —x®1-10x+e(X)1x 1
ForP, the only tree of Treg we set
5P =52 =3,
ForP,, the only tree of Treg we set
AP (x) = 3 (x) = x— g(x)1.

For R, the only tree of Treg we set

3 (x) = 69 (x) = e(x).
WhenP is an-tree with descendanB andP”, we set

5P = (6™ @ 5P 08,
505 is a linear map) — U®N.
- ¢ - Behavior of P) with respect to multiplication

If == {i,...,i,} is asubsetofl,...,n}, wherei; <i, <--- <i,, the map— x> is
the linear map) ®k — U®", defined by

X, ® - @ X > 1%1-1 g X, ® 1®-i~1 g X ® - ® 1%k—lk 171 g X, ® 19— =1
If ==0,x % is the magk — U®N, 1+ 18N,
Proposition 2.4. For P € Treg,, we have the identity
Pxy= Y (@F0)T (6 ),

5! 3" c{1,...n}|
S'Us"={1,...,n}

foranyxyeU.
This proposition is proved in Section 5.

- d - Construction of U’

Let us set R
U’ = {x e U| for any treeP, 5 (x) € RPlU®IPI},

ThenU' is a topologically freeK[[h]]-submodule ofJ. Moreover, ifx,y € U’, andP is a
tree, then

POx= Y[R )T]:
3 c{1,..,|P|}
sUS={1,...,|P|}

the summand corresponding to a p@rZ') with ZNX’' = 0 is zero, and thé-adic valua-
tion of the other summands is |Z| + |Z'| < |P|+ 1; s03(P)([x,y]) € AP*1UCIPI. On the
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other hand, there existse U such thatx,y] = hz, so5®)(z) € APU®IPI; soze U’ and
we get[x,y] € hU'. It follows thatU’/hU’ is commutative. Let us set

u'™ =u'nA". (2.3)
We have a decreasing filtration
u'=0@5u®-5y@5... ;

we havel’"™ ¢ AU, soU’ is complete for the topology induced by this filtration. This
an algebra filtration, i.ey’ WU’ cyi+) tinduces an algebra filtration d#' /hU’,

u'/Au' S oUW unmu) 5
for whichU'’/hU’ is complete. Moreover, the completed tensor product

=~STANT I NRL (P 5 y(9)

U'gU’ = h{rTn (U'eU /p,q\pz+q=nu ®u"?)

identifies with

({xe UBUIVRQ, (6™ ® 5@)(x) € APHIRILE2})

lim
i
{x€ UBU|YP,Q, (6 & 6Q)(x) € AmaxnIPI+hy @52})‘

If xe U’, andP,Q are trees, withP|, |Q| # 0, then sinc&® (1) = 6(¥ (1) = 0, we have

(6P & 6Q)(AX) = (6P & 8@)(5(x)) = 5 (x) € ARUSIR
— WF’HIQ\U@\PIHQI,

whereR is the tree whose left and right descendantsfaeadQ; so|R| = |P| + |Q]. On
the other hand,

(3P @ £)(A(X) = 6P (x) ® 1 € APIUEIPI
(e®3P)(A(X) =10 3P (x) e APIUCIPI,
so A(x) satisfies(6” @ 6(Q)(A(x)) € APIFIRAUSIPIHIQl for any pair of treegP,Q). A :

U — U®U therefore induces an algebra morphidg : U’ — U’®?, whose reduction
modulohis a morphism of complete local rings

0 — 0% =lim (ﬁ®2/ Op® ﬁq>,

p,al p+g=n

where¢ = U’ /AU’ and@, = U'P /(U"P nRUY).
§ 3 Classical limit of U’

We will prove Theorem 1.2 as follows. We first compare theaasioF), whereP
is an-tree (Proposition 3.1). Relations found between 88 imply that they haven-—
adic valuation properties close to those of the Hopf casep@yition 3.2). We then prove
Theorem 1.2.



- a - Comparison of the variousd(P)

Let P and P, be n-trees. There exists an elemehbh e UM, such thataP) =
Ad(®PRo) o AR, The elementdbPFo is a product of images ab and®~* by the vari-
ous maps) ©3 — U®N obtained by iteration oA. We have

PP = P PpPRo (3.4)
for anyn-treesP,,P,P'. For example,
(id®A) o A= Ad(P) o ((A®id) o A),
(A® D)o A= Ad(D?3%) o (A®id®?) o (A®id) 0 A), etc.

Proposition 3.1. Assume thdflog(®) € (U')®3. Then there exists a sequence of elements

PPRZV _ PP RSV PP, RSV 1O\ @V
F™" _ZFl,aO ®...®|:V’ao e (u™hHev
a

indexed by the triplegR,Z,v), where R is a tree such th#lR| < n, X is a subset of
{1,...,n} with card%) = |R], andv is an integer> 1, such that the equality

5P) = Ad(®PPo) 0 5P + Z
klk<nR ak-tree zc{1,...,n}

cardX)=k

Z Za% FPP RZV anf FPP RZV 5(R))Z (35)

v>1la

holds. Heread,(X)(y) = [x,Y].
PROOF Let us prove this statement by inductionmriVhenn = 3, we find
5123 = Ad(®)5((123) 1 (Ad(P) — 1)(8%2 4 32 + 523 + 61 4 52 1 5(3)

so the identity holds witfFPRR®Y = L (Rlog®)®V for all choices of(R,%,v), except
when|R| = 0, in which casd"RY = 0. Assume that the statement holds for any pair of
k-trees,k < n, and let us prove it for a pa{iP,R,) of (n+ 1)-trees. Fok any integer, let
Pet (K) be thek-tree corresponding to

5Pet®) = (5 @id™?)o...0 8.

Thanks to (3.4), we may assume tRgt= B (n+ 1) andP is arbitrary. LetP’ andP"” be
the subtrees dP, such thatP’| + |P"| = n+ 1, andd® = (6®) © 5"")) 0 . LetP, and
P, then-trees such that

3P = (5Reit®) @ 5P 0 5 anddP) = (5Fet ) @ 5Fert ")) 0 &

Assume thatP;| # 1. Using (3.4), we reduce the proof of (3.5) to the case of tiesp
(PR,P), (P, P,) and(P,, Ry). Then the induction hypothesis applied to the pBiyR . (k')),



together withdPP = &P PertK) © 19K implies

5P = Ad(®PP1) o 5P +

-----

carc{Z)

S S Ad(@PR)o aq;(Flp;Pleft(k’)z" ®1¢)... aqT(FVP’:Ieft(k’)ZV ®19K")
vl‘a ’ ’

o ((5(R) ® 5(P”)) o 5)z,k’+1 ..... n+1,
which is (3.5) for(P,P,). In the same way, one proves a similar identity relathgnd
P,. Let us now prove the identity relatirgy andP,. We haved®) = (5 ® id®"1) 0 5(F)
andd® = (6 ®id®" 1) 0 5(R), whereP} andP} aren-trees. We have

%R = (A®id*"2) o B2
so we get
5% = Ad(dP2) 0 50
n (Ad(¢P2,PO) _Ad((q)Pé,P(’))l,B ..... n+l)) o (5(P(’)))1,3 ..... n+1
+ (Ad(¢P2,PO) _Ad((¢P§,P6)2,3,...,n+l)) o (5(P6))2,3,...,n+l
+(B®id™ (Y

k<nR ak-tree Zc{l

-----

carc(z)

Z ak(F; P2P02v - ad:(F; Pzpoz\/ 5(R))2).

V1@
We havehTog®®P € U'®™ andRTogd™™ ¢ U'S™; this fact and the relations
(51d°™2) (adk(x,) -+ adk(x,) o (5R)F) =
(aqT(XiZ,...,n+l) 0.ev0 aqT(X$2,...,n+l) _ aqT(Xi,3,...,n+l) 6--40 a%(xa,S,...,n+l)
_ aqT(Xi,3,...,n+l) 0.-.0 aqT(Xa,3,...,n+l)) ° (5(R))Z+l
ifl1¢% and
(5 ®id®" 1) (ad(x,) -+ ad(x,) o (5F)F) =
aqT 12 ..... n+1) . oaqT()éZ ..... n+l) ((5® id®n71) o 5(R))1,2,Z'+1
(a% 12, ,n+l) s aqT(X$2,...,n+l) _ aqT(Xi,S,...,rHl) 0.0 aqT(Xa,S,...,n+l))
° (6(R))1,Z'+1
+ (aqT(XiZ,...,rHl) 0.-v0 aqT(X$2,...,n+l) _ aqT(X%S,...,rHl) 0.0 aqT(Xe,S,...,n+l))

° (6(R))2,Z’+1.

if = =3'U{1}, where 1¢ ¥', imply that52) — Ad(®P2Fo) 0 5(F) has the desired form.
Let us now treat the cagg,| = 1. For this, we introduce the tre®s andP,, such that:

5M) = (id®" 1 ®8) o (id®*" 2 ®8)0---0 3,
5P = (id®"1®5) 0 (6 ®id®"2) 0 (§®id®"3)0---0 (d@id) 0 8.
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We then prove the relation for the pd,P;) in the same way as fqiP;,P,) (only the
right branch of the tree is changed); the relation(fey; P,) in the same way as fqP,, P;)

(instead of composing a known relation By id®"*, we compose it with 8" ®0);
and using the identity

5P = (5®id®™ 1) o (id®"2®8) 0 (3 ®id®™ %) o-.-0 5,
we prove the relation fo(P,,P) in the same way as fofP,,P;) (composing a known
relation byd ® id®"1). O

- b - Properties of 5(P)

Proposition 3.2. Let n be an integer andx U.

1) Assume that for any tree R, such tht < n, we haved® (x) € AIRUSIR Then the
conditions ~
3P (x) e RUEN (3.6)
where P is an n-tree, are all equivalent.

2) Assume that for any tree R, such tht< n, we haved® (x) € AIR+1USIR Then the
elements

(%5“’) (x)modh_> €U (a)®",

where P is an n-tree, are all equal and belong ") ®n = S'(g).
PROOF. Let us prove 1). We havéP) = (id—n o £)®Plo 5(P), wheren : K[[A]] — U is
the unit map otJ, so

5P = Ad(®PRo) 0 5(R) Sy

klk<nR agtree $c{L,..n}, v>1a
card )=k
(id—n o €)®"o ady( FPPRZ" -+ oadk( FF’PRZV (3R)z,
Then 1) follows from:

Lemma 3.3. Let X be a subset of1,...,n} (we will write |Z| instead ofcard X)) and
let U, be the kernel of the counit of U. Letexh®(U,)®”! and F,,...,F, be elements of
(U"®", Then

(id— o £)“"(adh(Fy) -+ ach(R,) () € A (Up) ™"

PROOF OFLEMMA. Each elemenE € (U’ )®n is unlquely expressed as a sum=
Y s »({1,...np) Fz» WhereF; belongs to the image of

(U = (U,
f s f2,

Z({1,...,n}) is the set of subsets ¢fl, ...,n}, andUy is the kernel of the counit df’.
Then

(id—n o )" (ady(Fy) -+~ ady(Fy) (x*))
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The summands corresponding®, ...,%,) suchthat&, U---2, U> # {1,...,n} are all

zero. Moreover, eacfF,)s can be expressed é&, )%, wheref, € Wzﬂ‘(uo)@za'. The
lemma then follows from the statement:

Statement 3.4.1f £,5' C {1,...,n}, xe ﬁ'f‘ (Uo) P, y € AiZ1(Uy)®17'1, then £[x,y] can
be expressed a§'Z , where z= Ai¥-Z1(U,)®1=>.

PROOF If ZNX' = 0, then[x,y] = 0, so the statement holds.IN X' # 0, then then-adic
valuation ofg[x,y] is > —1+ |Z| + || > |Z|+ |Z'| - [ZnZ| = |ZU '] O

Let us now prove property 2). The above arguments immegliateply that the
(6P (x) modh), |P| = n, are all equal. This defines an elem&fx) € U (g)°". If |P| =
n, we have(id™* ©6 ®id®" 1) 0 5(P)(x) € AU, 50 if &, : U(g) — U (g) @U(g)
is defined byd,(x) = Ap(X) —x®1—-1®x+£(X)1® 1,A, being the coproduct df (g),
then (id“* @48, ® id®"*"1)(S,(x)) = 0, so

S €g®. (3.7)

Let us denote by, ; ., the permutation of the factorsandi + 1 in a tensor power. For
i=1,...,n—1, letus comput¢o;;,, —id)(Sy(x)). LetP’ be a(n— 1)-tree and leP be
then-tree such thad® = (id® 1 ®d ®id®"~~1) 0 5(F). Then

(0,11 —id)(S) = %(id@"’l@(éz’l —3)®id®" 10 5P)(x) modrﬂ .

By assumptionp®)(x) € UM, moreoverd?! — § = A21 — A, s0 (821 - &)(U) C
A(U&U); therefore

(id®i—l®(52,l _ 5) ® id®n—i—l) o 6(P’)(X) € ﬁn+lU @n;

it follows that (g;; ; —id)(Sh(X)) = 0, thereforeS,(x) is a symmetric tensor df (g)®".
Together with (3.7), this giveS,(x) € (g®")®n. This ends the proof of Proposition 3[2.

- ¢ - Flatness ofU’ (proof of Theorem 1.2)

Let us set -
urm _ xe U’|6(P) () € RPIHLYBIPI jf |P| <n}.

Then by Proposition 2.4, we have a decreasing algebraifiltrat
U =u"95u"W5yr@ 5.5 Ry (3.8)

Eachu”" is divisible inU’, i.e.,U"™ AU’ = AU"™ . We also haves”"™ > U’™ 4+ AU’
(we will see later that this is an equality). We derive fronBj3 decreasing filtration

6=0"">50"Y56"5...
whereg = U’/RU" and6”™ =U"™ /AU We have clearly
n(n) _ .
0,0 =10k

the fact that¢' is complete for this filtration will follow from its identifiation with the
filtration & > 6’ 5 ... (see Proposition 3.6), whee@” = U’ /AU NU'® andu’®
is defined in (2.3). We first prove:

12



Proposition 3.5. Setgt’ (6) = ETBO "™ /6" ™Y Then there is a unique linear mag :
n>

gri(6) — S'(g), taking the class of x to the common value of All 5™ (x) modh),

where P is a n-tree. The resulting map: §r'(€) — S(g) is an isomorphism of graded
complete algebras.

PROOF In Proposition 3.2, we constructed a ma’p(m — S'(g), by x+— common value of

1 (%) (x) modhy for all n-treesP. The subspace”™™ c U"™ is clearly contained
in the kernel of this map, so we obtain a map

An U/l(n)/U/l(n+l) _ ﬁu(n)/ﬁu(n+l) N S’](g)

Let us prove tha\ = élAn is a morphism of algebras. e U"™ andy e U™
n>

Proposition 2.4 implies that Ris any(n+ m)-tree, we have

5P (xy) = )3 5®Rsr) (%)% 5Ren) ()",
5" c{1,...,n+m}]|
S'us"={1,...,n+m}

The h-adic valuation of the term corresponding(®d,%") is > |Z'| + || if |Z'| > nand
"] > m, and> |2'|+|2"|+1 otherwise, so the only contributions (gt 6 (xy) modh)
are those of the paif@',Z") such tha®’' NZ" = 0. Then:
1
(W 5™ (xy) modh)
1 1
= > (Wé(Rz') () modh) (i 3R (y) modhy)
5 3"c{L,...,n+m}]|

= |=n,[Z"|=m,
2'ns"=0

= )3 (NAn(0®) (MAm(y)™")
3" {1,...,n+m}]|
|2/ =n[z"|=m,

3'NZ"=0

(n+m)!An(X)Am(y),

because the map

S(g) — (T(g),shuffle produgt
Xl"'XnH XG(1)®'”®X0'(n)
geb6n
is an algebra morphism. Therefokg, ,,(Xy) = An(X)Am(y). Let us prove thak, is injec-
tive. If x e U"™ is such that & 5(P) (x) modh) = 0 for anyn-treeP, thenx e U™,
so its class ing” ™ /g (™Y = g™ )y "+l is zero. So each, is injective, SOA is
injective.
To prove thath is surjective, it suffices to prove thaj is surjective. Let us fix € g. We
will construct a sequence, € U, n > 0 such thak(x,) =0, (lﬁxn mod h) =X, X, €
%o+ AU for anyn > 1, and ifP is any tree such thdP| < n, 3®)(x,) € APIUCIPI (this
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last condition implies thab(Q (x,) € AMUPIQl for |Q| > n). Then the limitX = lim (xn)
exists, belongs tb’, satisfiess (X) = 0 and(# 8, (X) modh) = x, so its class ity /U”
is a preimage oX.

Let us now constructthe sequer{gg) ..., We fix alinear mag — {yeU|e(y) =0}, y—
y, such that for any € g, (ymodh) =y. We seix, = hx. Let us construct,,, ; knowingx,.
By Proposition 3.2, i is any(n+ 1)-tree,5(Q) (x,) € U™, and (& 3(Q) (%)) modh)
is an element 081 (g), independent of. Let us write this element as

)3 Zyo_ Y2 i) whereZyl ®--®Yyd,, € gL
0€Gp,, a
Then we set
A+l - -
Xpi1=Xn— Vo) " 1) O
n+ (n_+_1)! oegnﬂ o(1) o(n+1)

We now prove:

Proposition 3.6.

1) Foranyn>0,U"™ =y'™ 4 Ry

2) Thefiltrationse = 6'© 5 'Y 5 ... andg = 6" 5 6" 5 ... coincide, and?
is complete and separated for this filtration.

PROOF. Let us prove 1). We have to show that ™ c U™ 4 AU’ Letx e U"™. We
haved®) (x) € APH1USIPl for |P| < n— 1, and forP ann-tree, (6 (x) modh) € S'(g)
and is mldependent oR. Write this element 08'(g) asy scs, Ya Yg(1) ® " Yg(n) aNd
setfn= 3 Soee, La Vo) Yo Then eaclybelongs td)'nhU, sof, e U'NATU =

U’™ . Moreoverx— f, belongs tdJ n(n+d) Iterating this procedure, we construct elements

foi1 fopos- -, Where each, belongs tal'®. The seriesz f, converges irJ’; denote

by f its sum, therx— f belongstom UM = U SoU”( ) U'™ 4 RU’. The inverse

inclusion is obvious. This proves 1). Then 1) immediatelplies that for anyn, o' =
6" We already know? is complete and separated f6r= 6'% 5 ¢’ 5 ... which
proves 2). O

END OF PROOF OFTHEOREM 1.2. ¢ is a complete local ring, and we have a ring
isomorphisngr(¢) — S(g). Then any liftg — &'V of 6’ — 'V /6" = g yields a
continuous ring morphism : §(g) — 0. The associated graded pfis the identity, so

U is an isomorphism. S@ is noncanonically isomorphic t§(g). O

Remark 3.7. WhenU is Hopf andg is finite-dimensionallJ’/hU’ identifies canoni-
cally with .. = (U(g*))*, whereg* is the dual Lie bialgebra of (see [Dr1], [Ga])
The natural projectiof (g*) — U (g*) and the identificatiof (g*)* = T (g )(WhereT(g)
means the degree completion) induce an injectiéfhU’ = 0. = (U(g*))* — T(g).
The mapU’ /AU’ < T (g) can be interpreted simply as follows. For ang U’, we have
(hn(x) modh) € g®". ThenU'/RAU’ — T (g) takes the class of € U’ to the sequence

(5 On(x) Mo, -
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In the quasi-Hopf case, we have no canonical embeddififu’ — T (g) because the
various(ﬁln(S(P) (x) modh) do not necessarily coincide for all timetreesP. This is related
to the fact that one cannot expect a Hopf pairfih@*) ® (U'/hU’) — K sinceg* is no
longer a Lie algebra, 9d (g*) does not make sense.

In the other hand, Theorem 1.2 can be interpreted as follivthe Hopf case, the
exponential induces an isomorphism of formal schegies> G*, soU’/hU’ identifies
noncanonically with¢ . = S(g). In the quasi-Hopf case, although there is no formal

groupG*, we still have an isomorphishi’ /AU’ — S (g). O

§ 4 Twists

- a - Admissible twists
If (U,m,A,®) is an arbitrary QHQUE algebra, we will call a twiste (U ®2) * admis-
sibleif hlog(F) € (U")%2,

Proposition 4.1. Let (U,m,A, ®) be an admissible quasi-Hopf algebra and F an admis-
sible twist. Then the twisted quasi-Hopf algelith m,"A,F®) is admissible.

ProoF. Setf = hlog(F). Then we have
ﬁ|og(F¢,) — f1,2* f1273*(ﬁlog(d)))*(—f1723)*(—f273),

whereaxb =a+b+ %[a, b+ --- (the CBH series for) /=3 equipped with the bracket

41—, —). Sinceu’* is stable undex, we havehTog(F ®) € U'®3, So(U,m,FAFd) is
admissible. O

Let us now prove

Proposition 4.2. Under the hypothesis of Proposition 4.1, the QFS algehbfacorres-
ponding to(U, m,"A,F®) coincides with the QFS algebradorresponding tgU, m, A, ®).

We will first prove the following lemma:

Lemma 4.3. Let P be an n-tree. Then

P) _ x(P
LR
kshRalctree s g~ oy

card )=k (4.9)
S 3 ad(fE) o road(15E) o (57,

v>1'a
where for eactv, 3, f>P ... @ f2F € CEUE
Remark 4.4. One can prove that in the right hand side of (4.9), the coumtioh of all
terms withk = nis (Ad(F (P)) —id) o 5() whereF () is the product of 'Y (I, J subsets of
{1,...,n}, such that maft) < min(J)) and their inverses such that

P P P
AP = Ad(FP)onlP).
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PROOF OF THE LEMMA equation (4.9) may be proved by induction|® Let us prove
it for the unique tred such thaiP| =

50 =50+ 3 ad(1) (69 (%) + 5V + 50 (x?),

v>1

where(1) and(2) are the 1- and 2-trees. Assume that (4.9) is proved WiRes n. Let P’
be an(n+ 1)-tree. Then for somee {1,...,n}, we have

P) _ (iq®i-1 2) o iq@n—i P
8 = (id* ' ®5? ®id®" ) 0 57,
where|P'| = n. Then:

5P =(id* L @i @id™ 1) o 5P — (§{F)) et (5Pt
=(id® " eoe ®id™ ) o (57 + Z
k<nR ak-tree zc{1,...,n}|
card’Z)=k

(‘”)1...T,...,n+l (“.)l,...,ifi—\:l.,...,n+l

:Ad(Fi,i+1) o (5(P) n (5(P'))1,...,T,...,n+1+ (5(P'))1,...,i?1,...,n+1

+ Z Z Zaq?((flz,lf )l,...,{i,i+1},___7n+1)o
k<nR ak-tree sc{L,.n}| VS1G
cardX)=k
oad((fof )b (19 @ A 197) 0 (517)?)
L1 1, i1, L,

this has the desired form because:

(Ad( F' |+1 )o (5 ,...,T,...,n+l_+_ (6(P’))1,...,i1\1,...,n+1)
Z fl |+1 (5(P)+(5(P’))l,...,f,...,n+l+(5(P’))l,...,if|—\:l.,...,n+l)‘
v>1
This proves (4.9). O

END OF PROOF OFPROPOSITION4.2. One repeats the proof of Proposition 3.2 to
prove that ifx € U’, then we have‘i ) (x) € AFIUEIPl for any treeP. SoU’ C UL. Since
(U, m,A, @) is the twist byF ~* of (U, m,FA,F®), andhlog(F —1) = —hlog(F) € (U )®2
(Ué)®2, F~1is admissible fo(U,m, ':A, Fq)), so we have alsbf c U’, soUt =U'. O

- b - Twisting any algebra into an admissible algebra

Proposition 4.5. Let (U,m,A, ®) be a quasi-Hopf algebra. There exists a twigtskch
that the twisted quasi-Hopf algebt&,m, FoA, Fo®) is admissible.
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PrROOF We construc, as a convergent infinite produgf = ---F,---F,, whereEn €
1+A"1U®2, and theF, have the following property: iF, = FF,,_; -+ F,, if @y =M,
and3(P) : U — U®Pl is the map corresponding to a trBend toA, = Ad(Fy) o A, then
we have -

(5rgP) ® 5rgQ) ® 5rER))(ﬁ|og(q3n)) e RIPHIQI+IRIYSIPHQ+R
for any trees?, Q,R such tha{P| + |Q| + |R| < n.

Assume that we have constructed...,F,, and let us constru¢t,, ,. The argument
of Proposition 3.2 shows that for any integéng, n,,n;) such thain, +n, +n; =n+1,
and any tree®, Q,Rsuch thaiP| = n;, |Q| = n,, |R| = n,,

1
(ﬁ(
and is independent of the treBsQ, R. The direct sum of these elements is an elenggnt
of S(g)®2, homogeneous of degreer- 1. Sinced, satisfies the pentagon equation

5P ® 39 ® 5{P)) (Rlog(®n)) modh) € S (g) ® S™(g) ® S™(g),

(id®id@AR) (Pn) "Y1 ® ®p) (id @An @ id) (Pp) (P @ 1) (A @ id @ id) (D) 1= 1,
¢1 := Rlog(®y) satisfies the equation

(- (Id®id®0n) ($) * (1@ ¢f) * ((id @A @ id) ($]1)) x

(¢nﬁ® 1)*(_(An®id®id)(¢!§)) —0, (4.10)

where we set 1
axb=a+ b+§[a,b]ﬁ+---

(the CBH series for the Lie brackét,—]r). Let (n;,n,,n;,n,) be integers such that
n,+---+n,=n+1. LetP,Q,R,She trees such tha| = n,,...,|S| = n,. Let us apply
5P @-.-® 589 to (4.10). The left hand side of (4.10) is equal to

(~An ®id®id +id @A, ® id— id ®id ©An) (¢) + (1@ ¢7) — (¢f ® 1) + brackets
Now
(3P 39 @8R o) (An®ideid)(¢]) = (59 0 5F © §9).
wherePUQ is the tree with left descendaRtand right descenda. Therefore

(68 © 89 © 67 5 5(9) (an @ id @) (9) modh) = (A @ id©id) (61)

N;,Ny,N3,N,

where the indexn,,...,n,) means the componenti*_; St (g). On the other hand, &,
anda, € U®* are such that

(3P @ .- © 819)(a) € AM(PH-+Siny 54

for any treeqP,...,S), thenif(R,...,S) are such thaP| + - - - + | = n, we have

1 ~
(87 @+ ® 0%) (Flay, 3,]) € AU,
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one proves this in the same way as the commutativity'ghU’ (see Theorem 1.1). Then
(6P ® - ®8(9)(4.10) |5, vields d ¢n) = 0, where d :S(g)®2 — S(g)®* is the co-
Hochschild cohomology differential. This relation im@ithat

¢_n = d(ﬁ) + )\nv
where f, € S(g)®2 andA, € A3(g). Moreover, f, andA, both have degree+ 1. This
implies thatA, = 0. Let f, € (U (9)®2)gn+1 be a preimage of,, by the projection

(U0 cpps = (@) cps1/ (U(0)7?) cn = (S(8))nsa

(where the indicep and < n mean “homogeneous part ofA deglégand “part of degree
< n"). Let £ € U2 be a preimage of, by the projectiot ®2 — U2 /AU%? = U (g)“2.
SetF,,; = exp(A"*f,). We may assume thaf'f, € (U (Fn)')®2, whereU (R,)' = {x €

U|3P (x) e AN (PIYSIPIY. Thend,, ; = Fr1dn. If P,Q,Rare such thaP| + |Q| + R =
n+1, then ~
(6" ® &9 ® {7)(hlog(®,, ) € AU

Then according to Lemma 4.3,

(8P 8\ & 8 - 5P © 6\ @ §F) (Alog(®,,,))

hastradic valuation> [P| +|Q[ + |R| when|P| +|Q| +|R| < n+1. So(8{”) ® 89 ®

&™) (Alog(®,,,)) € RiPI+IQI+RIY EIPHQIHR whenevelP| + Q| + |R| < n+ 1. O
§ 5 Proof of Proposition 2.4

We work by induction om. The statement is obvious whar=0,1. Forn= 2, we get

8@ (xy) =52 (082 (y) + 82 (x) (6P (y)* + 8M (v)* + 30 ()°)
+ (89 +8M () + 8% (y)?) 6@ (y) (5.11)
+3W(x)16@ (y)? + W (026 (y)*,
so the statement also holds. _
Assume that the statement is proved wieis an-tree. LetP be a(n+ 1)-tree. There

exists an integek € {0,...,n—1}, such thaP may be viewed as the glueing of the 2-tree
on thek-th leaf of an-treeP. Then we have

5P) = (id* 26 @id®*1) o 5P
Let us assume, for instance, that n— 1. If v is an integer, set
S ={(E&, ", c{1,...,v}andZ' Uz ={1,...,v}}.

Then
S = finy0(S-1) U fo ny (Si-0) U iy gy (Si-1) (disjoint union)

wherefa,B(Z’,Z”) = (Z'Ua,2"UpB). By hypothesis, we have

5(P) (xy) _ Z 5(le) (x)zlé(Pzz)(y)zz7
(Z1,25)ES
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therefore
5P (xy) = ; 5Ferom) (x) T} 5(Por) ()"
€51
+ 6(P2’) (X)Z’ 6(pz”u{n}) (y)Z"U{n}
+ 6(leu{n}) (X)Z’U{”}5(pz"u{n}) (y)Z”U{n}‘
Applying id®" 1 ®5® to this identity and using (5.11) and the identities

(id%* 5D @ id®IP—k-1) o 5P — 5(P)
(id**®5® @ id®FI=k-1)6 5 =0,

we gets®) (xy) =
; ( ((|d®|2’\ ®6(2)) ° 5(Pz’u{n})) (x )Z’U{n i1} 5 z,,)(y)Z"
€5 1

+ ) (x)* ((|d®|Z l©63) 05 (Porriy gy ) (y) Vinnt1}

+ ((id®|z’\ ®5(2)) o 5(leu{n} ) X) 'U{nn+1} ( id®1" 52 )o 5( zuu{n})) (y)z”u{n,n+1}
+ ((id®|z" ®5(2)) o 5Prrum) ) (%) s'u{nn+1} (5 zuu{n} z 'uin} 4 5 z,,U{n})(y)z"u{nﬂ})
+ (5( 50} (X )z u{n}+5 Z,U{n} Z’U{n+1}) ( |d®‘z"|®5 )05(Pz,,u{n})) (y)Z”u{n,n+1}
+ 8P (U 5 Parim) () UL} 5Py ()T U1 5 Parg) ) U{n})

So we getP (xy) =

/)

; (5(P_Z’u{n,n+1})( )Z’U{n n+1}5 1 (y)Z’
€51

+ 5P (0T 5Perugnnigy) (y)F0inne Ly
+ 6Prunniny) (x)Z'U{”7”+1}5(F7z~u(n,n+l}) (y)F o+
n 5(5zfu{n,n+1})(X)z'u{n,n+1} (5(52,,U{n})(y)z”u{n} n 5(P_Z”u{n+1})(y)Z”U{n+l})
+ (5(@“{”})(@2'“{”} + 5(52’U{"+1})(X)Z’U{n+l}) 5(52”u{n,n+1})(y)zllu{r"n'*‘l}
+ 5Py (x)Z’U{n}é(FTz”u{nJrl}) (y) Ui+ 4 5Prigney) (X)Z,U{n+1}6(52//u{n}) (y)Z”U{n})_
We have
Si1 =fnnenmne 1 (S-0) Y fnne i (G- Y fnniay ey (Si-2)

U 1:{n,n+1},(l)(sn—l) U f{n},{n,n+1}($1—l) U f{n+1},{n,n+1}(sn—1)
U fo nns1p (S0 U Fy i1y (Sh2) U Finay (my (Si—a) (disjoint union)
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where we recall that,, (', 2" =(X'Ja,z"UpB). Sowe get
5P (xy) = Y 5P (%) 15Pan) (y) =",
(2,21E8

The proof is the same for a genekat {0,...,n— 1}. This establishes the inductionJ
§ 6 Proof of Theorem 1.7

1) According to [Dr3],(U (g), My, Ay, € /2, d(Rt}2, At23)) is a quasi-triangular quasi-
Hopf algebra. One checks that it is admissible; then theatémumoduloh of the corre-
sponding QFS algebra is the Drinfeld algebra of 1).

2) Let @,, §, be the elements d (g)®3 such that(S (g), my, Py, A, §;) are Drinfeld
algebras. LeC be the lowest degree component@f— ¢,. Then the degrek of C
is > 4. Taking the degrek part of the difference of the pentagon identities fgrand
,, we find dC) = 0, where d :S(g)®® — S(g)®* is the co-Hochschild differential. So
Alt(C) € A3(g), and since AfC) also has degree 4, Alt(C) = 0. If Cp,,p,.p, IS the

component ofC in ®2_ ; SPi(g) then we may define inductiveB by Bok =Bix-1=0,
Bok 2= %(id ®m)(Cy 4y ), and
1 . ,
Biiiki-1= i1 1('d MG 1y g+ ((id ®d)(Bi,k—i))i,1,k_i_l]a

whereB; ; is the component a8 in S(g) ® S(g) andmis the product o5 (g). SoB can
be chosen to bg-invariant. Applying successive twists, we obtain the lesu O

Remark 6.1. To prove 2), we cannot use Theorem A of [Dr2] because we do maivk
that the twist constructed there is admissible.

§ 7 Associators and Lie associators

In this section, we state precisely and prove Theorem 1.8.
- a - Statement of the result

~ Recall that the algebray, n > 2, has generatott$), 1< 1+# j < n, and relations
tJ:I — tlvj'

[t +t"K t1K] = 0 wheni, j, k are all distinct
[t t%'] = 0 wheni, j,k, | are all distinct

tn is defined as the Lie algebra with the same generators arttbrelaThen;, = U (tn).

Whenn < mand(ly,...,ln) is a collection of disjoint subsets dfl,...,m}, there is a
unique algebra morphisiiy, — I, takingtl to 5 t%A. We call it an insertion-
acl;,Bel;

coproduct morphism and denote it Ry x'1-In, In particular, we have an action &f,
on . Let us attribute degree 1 to each generttgrthis defines gradings on the algebra
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I, and on the Lie algebrg. We denote byﬁ andt, their completions for this grading.
Then%; is the preimage dK* by the natural projectio;, — K, and the exponential is a
bijection(h)y — 1+ (In), (Where(Ih), = Ker(%h — K)). We have an exact sequence

— —

1=14+ ()= (Fh)" =K =1

—

An associatolis an elemen® of 1+ (%), satisfying the pentagon equation

PL2APL234 _ p234pL234pl23, (7.12)
the hexagon equations
e — 9312y (¢173’2)71e§ @23
and
0250 _ (92a1) 15 @213 (9129) L

and Alt(®) = 3[t12,t23]+ terms of degree- 2. We denote by Assdbe set of associators.
If ® satisfies the duality conditioh®%! = ®~1, then both hexagon equations are equiva-
lent. We denote by Ass8¢he subset of alib € Assocsatisfying the duality condition. If

o~ o~

Fel+(7),and® € 1+ (T;),, thetwist of ® by Fis

Fq) — F2,3F l,ZSq)(F 1,2F 12,3) —l.

— —~

This defines an action of & (,), on 1+ (J3), which preserves Pent {® € 1+
(9;)O|CD satisfies (7.12), Assocand Assof (Pentand Assoare preserved becauBéhas
the formf (t22), f € 1+tK[[t]], so the “twistedR-matrix” FR = F2IRF~1 = f(t21)e"*/2
f(112)1 = /2, Asso@ is preserved because edefis such thaF = F21.) We denote
by Asso¢,., Assog,, and Pent, the subsets of alb in Assoc AssoC and Pentsuch

that log ®) € t5.

Theorem 7.1. There is exactly one element®ént;, resp.,Assog;,, Assog;.) in each
orbit of the action ofl + (%), on Pent(resp.,Assoc Asso®). The isotropy group of each
element oPentis {"*|A € K} C 1+ (7).

- b - Proof of Theorem 7.1

The arguments are the same in all three cases, so we treasteftAssoc
Let ® belongs to AssacSet® = 1+ y ®;, whered; is the degreecomponent ofb.

i>0
Let d be the co-Hochschild differential,
d : Th— Ty
X —> i(_l)l-"_lxlvv{“l"—l}vvn"_l — X2737"'7n+l + (_1)nX1727"'7n'
i=
Then d®,) =0, and Al{®,) = 3[t%2,t>]. Computation shows that this implies that

for someA € K, we haved, = £[t12,t2% + Ad((t}?)). We construcF € 1+ (7)o,
such thaf® € Assog,,, as an infinite produdt = ---F,---F,, whereF, € 1+ (@)Zi
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(the index> i means the part of degreei). If we setF, = 1+ A (t42)2, then log"®) €
ty+ (J5) 5. Assume that we have fourfd, ..., F,_,, such that loffn-1®) € t;+ (7).,

whereF, ; =F _,---F,. Then¢(" Y :=log(fr-10) satisfies

)

(¢(n_1))1,2,34* (¢ (n_l))12,3,4 _ (¢(n_1))2,3,4* (¢ (n_l))l,23,4* (¢(n_1))1,2,3

wherex is the CBH product in{ 7). Let (" be the degrea part of¢ ™). Then we
getd (") € t,. We now use the following satement, which will be proved ie trext
subsection.

Proposition 7.2. If y € 7 is such thatd(y) € t,, then there existg € 7,, such that
y+d(B) € t;. If y has degree n, one can chogdef degree n.

It follows that there exist$ € J, of degreen, such thatp"V —d(B) € t;. SetF, =
1+ B, theng™ = log(Fd) is such thatp™ € ¢ —d(B) + (T5)- .1, S0P € t5 +
(f?;)m“. Moreover, the produdt = ---F,---F, is convergent, anf® then satisfies
log(F®) € t,. This proves the existence Bf such thaf® € Assog,,..

Let us now prove the unicity of an element of Asspctwist-equivalent tab € Assoc
This follows from:

—

Proposition 7.3. Let®’ and®" be elements okssog,., and let F belong td + (.%,),,.
ThenF @' = @" if and only if there exista € K such that F= e andd” = @',

PROOF OFPROPOSITION7.3. Sincg? +t13 423 s central inZ;, we havehd' = @'
whenF, = e, for anyA € K. Conversely, leF; be the degree part of F. Then for
some), € K, we haveF; = Ajt. ReplacingF by F' = FFfAO, we getF'®’ = @, and
F' — 1 has valuation> 2 (for the degree irt). Assume thaF’ — 1 # 0 and letv be

its valuation. LetF, be the degree part of F'. Then dF)) € t;. On the other hand,
Fo = u(t2), wherep € K—{0}. Now d((t}?)V) € 7 = U(t;) has degree v for the

v-1 , ,
filtration of U (t3), and its symbol ir§” (t5) = gr, (U (t3)) is ¥ (\‘:,) (tH3)V (t23)v-v —
vi=1

v-l/v - .
3 ( > (tL2)v" (t13)v—V": thisis the image of a non-zero elemensi{kt12 ¢ Kt 13 @
V=1

VII
Kt%2) under the injectior®’( & 3]Ktivj) < §(tg), SO it is non-zero. S&' # 1 leads
1<i<j<
to a contradiction. S& = FAo’ therefored” = @'. O

Note that we have proved the analogue of Proposition 7.2renthe indices of7, t,, etc.,
are shifted by-1.

- ¢ - Decomposition oft; and proof of Proposition 7.2

To end the proof of the first part of Theorem 7.1, it remainsrtavp Proposition 7.2.
For this, we construct a decompositiontgf Fori = 1,...,n, there is a unique algebra
morphismg; : Jn — 7, 4, takingt; ; to 0 for anyj # i, and taking; , to tj_Ai(ij_Ai(k) if
j,k# i, wherej,(j) =0if j <iand=11if j > i. Theng induces a Lie algebra morphism
g :th—t . Setty= ,r%lKer(Ei). Then we have

1=

Lemma 7.4. .

th= @ P t)',
"o Ieg’ﬂk({l,...,n})( J
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whereﬁ”k({l .,Nn}) is the set of subsets 61,...,n} of cardinal k, andt,)' is the image
of t, undert, — tn, x—= X1k, where I= {iy,...,i,}.

PROOF OFLEMMA. Letg be the free Lie algebra with generatf;'rjs where I<i< j<n.

It is graded byl := N{(:D1<i<i<n}: the degree of;; is the vectord, ;, whose(i’, }’)
coordinate |sc‘5( DA Fork € I', we denote b)&k the part of§ of degreek Letrr:
3§ — th be the canonlcal projection. Since the defining idea),a$ graded, we have

=& n(3,)- (7.13)

On the other hand, one checks that ® (), whererl is the set of mapk: {(i, j)|1 <
kel -
i <j<n}—N, such that for each, S k(i,j)+ Y k(j,i) # 0. Define a map\ :
j1i>i jli<i

r— 2({1,...,n}) asfollows (Z({1,...,n}) is the set of subsets ¢1,...,n}): A takes
the mapk: {(i,j)|1<i<j< n}—>Nto{|| S k(i,j)+ 3 k(j,i) #0}. Then for each

> jli<i
le Z({1,.. GII identifies with & (5, ). Comparing with (7.13), we get
kea—1(1)
|
th= S ) - O
" e (L)) (&)

Whenn = 3, we gett, = Kt2 & Kt'3 & Kt23 @ t;. On the other hand, the fact that the
insertion-coproduct maps takg to ty implies that d : 9, — J,_; is compatible with
the filtrations induced by the identificatia?h, = U (tn), 7, = U( n1)- The associated
graded map is

gr(d) : S(tn) = S(t,,1)-
Proposition 7.2 now follows from:

Lemma 7.5. When kK> 2, the cohomology of the complex

gre(d) gre(d)
S(ty) = S(ty) = S(ty)
vanishes.
PrROOF OFLEMMA. We have

§<(t3):é§<‘“( & K)o (t). (7.14)

a=0 1<i<j<3

Let x € SX(t3), and let(Xa) g—o, .k b€ its components in the decomposition (7.14). We

have
4

S(t,) = ® ® sE")e@sSt')es5.

2<i<j<4 i=2

We denote byp the projection
p:S(t) = 5> eS(53),

which is the tensor product of: the identity on the last factioe projection to degree 1
on the factoiS (£5°#), and the projection to degree 0 in all other factors. We aéstote
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by m: T34 ® S(234) — S(t;) the map induced by the identificatiofish* C 134 ~ t,,
(234 ~ t; followed by the product map i6 (t;). We denote by g d,,d; the maps7, —
, defined by
dl(X) = X12’3’4 _ X1,3,4 _ X2’3’47
d,(x) = xb234 _ 124 _ 4134

dS( ) l 2,34 X1,2,3 _ Xl’2’4,

so d=d,; —d, +d;. The maps dare compatible with the filtrations of; and 7,; we
denote byd? ) the corresponding graded maps, st(dy = gr(d,) — gr(d,) +gr<(d,).
Then if we set
X, = (t1,2)a(tl,3)b(t2,3)c ® ea,b,c’
a,b,clat+b+c=k—1

wheree

b € t3 we have

t23

mo pogr(d, Zaxa Yookt

On the other hand, let us define théegree of an element oﬁf“l ' tobe 1ifi €l and O if
i ¢ 1. Then thei-degree ofg,c{l_ S ( GI CS(tn)is Z a,. If xis homogeneous

for the 1-degree, then so isgd,) (x), and 1-degre@r(d )( )) = 1-degreéx). On the
other hand, the elements 81t,) whose 1-degree ig 1 are in the kernel op. It follows
that

Mo pogr(dy)(Xe) =0if a #1,

andpogr(dy) (x;) = (€ gx_1) >4 [ (124 + 341 — (t34)k1] s0

Mo po gr(dy) (%) = €y gs [t +173)K T — (23) 1]

Finally, po gr¥(dg) () = 0. If x is such that di(d)(x) = 0, we havemo pogr¢(d)(x) = 0,
SO

1,3 | +2,3vk—1
Z aXg :eo,o,k—l(t 4 o0) T
a>0

Looking at degrees in the decomposition (7.14), we>get= 0 for a > 2, andx; =
€p o1 (t7* +1#3)¥"1. Using the projection’ : S(t,) — %% ® S(t12%), we get in the
same way =,y g(t"?+t43)< 1 Nowe g o(th2 +tH3)K T =gy (143 4+123)

implies e, oo = €ok_1 = 0 S0x; = 0. Thereforex Q‘(l<ie<aj<3]KtiJ). Let us set

x = §(t12,t13,t23), whereSis a homogeneous polynomial of degkeef K[u,v,w]. Since
d(x) = 0, we have

S(t1,3+t273’t174+t274’t374) _S(t:L,Z+tl73’t174,t2,4+t3,4)
+S(tl’z,t1’3+t1’4,t2’3+t2’4) _ S(t2’3,t2’4,t3’4) n S(tl’z,t1’3,t2’3)
(equalityinS( & Kth)).
I<i<j<4

Applying 59 o 597 to this equality, we get

(duaws) (t1,2 +tl73’tl74’t274 +t374) — 0’
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thereforeg, 0,,S= 0. We have therefore

S(u,v,w) = P(u,V) + Q(v,w),
whereP andQ are homogeneous polynomials of degke#oreover, dx) = 0, so

+ [P(tl’3+t2’3,tl’4 +t2’4) + Q(t1,3 +tl’4,t2’3 +t2’4) _ P(t2’4,t2’4) _ Q(t1’3,t2’3)] —0.
(7.15)

Write this as an identity
B(tl,z,t1,3’tl74) +C(tl74’t274,t3,4) +A(t2,3,t1,4’t173’t274) — O‘

ThenA (resp.,B,C) is independent ot?? (resp. t1?, t34). Let us now determin® and
Q. SinceB(t1?,t33,t14) = B(0,t%3,t14), we haveP(u,v+w) — P(u+v,w) — P(u,v) =
P(0,v+w) — P(v,w) — P(0,v). Therefore(dP)(u,v,w) = 0, whereP(u,v) = P(u,v) —
P(0,v) and d is the co-Hochschild differential of polynomials ireorariable. The corre-
sponding cohomology is zero, so we have a polynomjaluch that

P(u,v) — P(0,v) = P(u+ V) — P(u) — P(v).

We conclude thalP(u,v) has the form

P(u,v) = P(u+v) — P(u) — R(V) (7.16)

whereP andR are polynomials in one variable of degigesinceP(u,v) is homogeneous
of degreek, we can assume thBtandR are monomials of degrde In the same way, since
C(t14,t%4,t34) = C(t14,t24,0), we haveQ(u + v,w) — Q(u,v+w) — Q(v,w) = Q(u +
v,0) —Q(u,v) —Q(v; 0), 50(dQ) (u, ;W) = 0, whereQ(u,v) = Q(u,v) —Q(u, 0). SoQ(u,V)
has the form B _

Q(U,V) = Q(U +V) - Q(V) - S(U), (7.17)

where(5 andS are polynomials in one variable of degrieewhich can be assumed to be
monomials of degrek. We have therefore

x=Ph23 1 Q23 _pl2_ (23 _ 713

whereP = P(t}?), Q = Q(t}?) andT = (R+ 9)(t}?). Sox=d(Q) + (P+ Q)12 — (P +
Q)12 —T13. Seta= P+ Q; we have dy) = 0, wherey = al23 —al-2 — T13; applyinge,
to d(y) = 0, we gefT3—T24 =0, soT = 0. We then gea!?34—al?3 234 23 =0,
Applying & o &, to this identity, we get}* = 0. Finally P = —Q, sox = d(Q), which
proves the lemma. O

- ¢ - Isotropy groups

Proposition 7.3 can be generalized to the case of a pair ofegies of Pent,, and it

implies that the isotropy group of each element of Perm the additive groupﬁe/“l’z,)\ €
K}. Let® be an element of PenThere exists an elemes . of Penf,, in the orbit of

®. So the isotropy groups @ and®, ;, are conjugated. Since(.7,), is commutative,
the isotropy group ofb is {ef“l’z,)\ € K}. O
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