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Abstract

Let go be the Hochschild complex of cochains@fi(R") andg; be the space
of multivector fields onR". In this paper we prove that given a-structure
(i.e. Gerstenhaber algebra up to homotopy structurgppand anyC,-morphism
¢ (i.e. morphism of commutative, associative algebra up tmdtopy) between
g1 andgo, there exists &w-morphism® betweeng; and g, that restricts tap.
We also show that anl.-morphism (i.e. morphism of Lie algebra up to ho-
motopy), in particular the one constructed by Kontseviam be deformed into
a Go-morphism, using Tamarkin's method for a@4-structure ong,. We also
show that any two of sucB.-morphisms are homotopic.
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Let M be a differential manifold ang, = (C*(A,A),b) be the Hochschild cochain
complex onA = C*(M). The classical Hochschild-Kostant-Rosenberg theoretassta
that the cohomology of» is the graded Lie algebgg = I'(M,A*TM) of multivector
fields onM. There is also a graded Lie algebra structurggpgiven by the Gersten-
haber bracket. In particulgi andg, are also Lie algebras up to homotojyfalgebra
for short). In the casbl = R", using different methods, Kontsevich ([Ko1] and [Ko2])
and Tamarkin ([Ta]) have proved the existence of Lie homgrhisms “up to homo-
topy” (Lo-morphisms) fromyg; to g». Kontsevich’s proof uses graph complex and is
related to multizeta functions whereas Tamarkin’s comsion uses the existence of
Drinfeld’s associators. In fact Tamarkirls,-morphism comes from the restriction of



a Gerstenhaber algebra up to homotopy homomorph@snjorphism) fromg; to
g2. The Ge-algebra structure op; is induced by its classical Gerstenhaber algebra
structure and a far less trivi@..-structure oryg, was proved to exist by Tamarkin [Ta]
and relies on a Drinfeld’s associator. Tamarki@s-morphism also restricts into a
commutative, associative up to homotopy morphi€a-tnorphism for short). The
Cw-structure omgy (given by restriction of th&,,-one) highly depends on Drinfeld’s
associator, and any two choices of a Drinfeld associatddye priori differentCe,-
structures. WheM is a Poisson manifold, Kontsevich and Tamarkin homomorphis
imply the existence of a star-product (see [BFFLS1] and [BFH for a definition).
A connection between the two approaches has been given hiiltShe morphisms
given by Kontsevich and Tamarkin are not the same. The aitisfiaper is to show
that, given anyG.-structure orgp and anyC..-morphism¢ betweeng; andg,, there
exists aG.-morphism® betweeng; andg; that restricts tap. We also show that any
L.-morphism can be deformed intdG,.-one.

In the first section, we fix notation and recall the definitiofi$.., andGe-structures.
In the second section we state and prove the main theoreime ladt section we show
that any twoG.-morphisms given by Tamarkin’s method are homotopic.

Remark : In the sequel, unless otherwise is stated, the manKbld supposed to
be R" for somen > 1. Most results could be generalized to other manifoldsgusin
techniques of Kontsevich [Ko1] (also see [TS], [CFT]).

1 Cu, Lo and Ge-Structures

For any graded vector spagewe choose the following degree og : if Xq,..., X
are homogeneous elements of respective degfige . . | X«|, then

XL A AX] = [Xa] 4+ X — K

In particular the component= Alg C A®g is the same as the spagewith degree
shifted by one. The space g with the deconcatenation cobracket is the cofree cocom-
mutative coalgebra ogwith degree shifted by one (see [LS], Section 2). Any degree
one maml®: AKg — g (k> 1) extends into a derivatiak : A*g — A°g of the coalgebra
A*g by cofreeness property.

Definition 1.1. A vector spaceg is endowed with a -algebra (Lie algebras “up to
homotopy”) structure if there are degree one linear mags th, with k ones Akg — g
such that if we extend them to mapfy — A°®g, then dod = Owhere d is the derivation

L + .-
For more details oh.-structures, see [LS]. It follows from the definition thata-
algebra structure induces a differential coalgebra siracbnA®g and that the map
mt : g — g is a differential. Ifmb1: Akg — g are 0 fork > 3, we get the usual
definition of (differential ifm' # 0) graded Lie algebras.

For any graded vector spagewe denotgy®" the quotient ofg®" by the image of all
shuffles of lengtm (see [GK] or [GH] for details). The graded vector spagg.og®"
is a quotient coalgebra of the tensor coalgebraog®". It is well known that this
coalgebradn>og®" is the cofree Lie coalgebra on the vector spgc@vith degree
shifted by minus one).



Definition 1.2. A Cs-algebra (commutative and asssociative “up to homotopyeal
bra) structure on a vector spaggis given by a collection of degree one linear maps
mk : g®k — g such that if we extend them to mapg®® — ®g®*, then dod = 0 where
d is the derivation T

d=mt+mP4+mi+.-..

In particular eC-algebra is a\,-algebra.

For any spacg, we denote\*g“* the graded space

/\og®o — oy g®p1/\“./\g®pn.
M>1, Pt Pp=m

We use the following grading on®g®*: for x},---,xB" € g, we define

| |
|Xi®...®xfl/\.../\xﬁ®...@Xﬁn|:Z|x'11|+...+2|x'r?|_n.
11 In

Notice that the induced grading artg C A°g®* is the same than the one introduced
above. The cobracket ang®® and the coproduct on®g extend to a cobracket and
a coproduct om*g®® which yield a Gerstenhaber coalgebra structure\bgt®®. It is
well known that this coalgebra structure is cofree (see, [&dfction 3 for example).

Definition 1.3. A Ge-algebra (Gerstenhaber algebra “up to homotopy”) struaton
a graded vector spacgis given by a collection of degree one maps

mPL--:Pn - g®pl/\.../\g®pn — g

indexed by p,... pn > 1 such that their canonical extension®g®® — A*g®* satisfies
dod=0where
d — mpl ..... pn.
m>1, py+--ph=m

Again, as the coalgebra structure/dfg®* is cofree, the mag makesa®g®* into a dif-

or (2,0,...), we get the usual definition of (differentialiifit # 0) Gerstenhaber alge-
bra.

The space of multivector fields is endowed with a graded Lie bracKet, —]s called
the Schouten bracket (see [Kos]). This Lie algebra can et into a Gerstenhaber
algebra, with commutative structure given by the exteriodpct: (a,8) — o A

Settingd; = mi* + mé, wheremy! : A2g; — gy, andm? : g2 — g; are the ex-
tension of the Schouten bracket and the exterior producthwbthat (g1,d1) is a
G-algebra.

In the same way, one can define a differential Lie algebrattra on the vector space
g2 =C(AA) = EBkEOCk(A,A), the space of Hochschild cochains (generated by dif-
ferential k-linear maps fromA to A), whereA = C*(M) is the algebra of smooth
differential functions oveM. Its brackef—,—|g, called the Gerstenhaber bracket, is
defined, foD,E € go, by

D,E]s = {D|E} - (-1)FI°/{E|D},



where

{DIE}(Xa,.. . Xdre1) = Z)(—l)‘E"iD(xl,...,x;,E(xiH,...,xi+e),...).
i>

The space, has a grading defined B |= k & D € CKF1(A A) and its differential is

b = [m, ], wherem € C?(A, A) is the commutative multiplication oA.

Tamarkin (see [Ta] or also [GH]) stated the existence @.astructure ong, (de-

pending on a choice of a Drinfeld associator) given by a éffiéiald, = m} + m%’lJr

M3 +---+mb P ... on A%* satisfyingd, o d; = 0. Although this structure is

non-explicit, it satisfies the following three properties :

(a) ms is the extension of the differentil

(b) mé’l is the extension of the Gerstenhaber bra¢ket-|c
11,..,1
L1_g

andmy
(c) méinduces the exterior product in cohomology and the
collection of the(mK) -1 defines &Cw-structure ory,. (1.1)

Definition 1.4. A Le,-morphism between twookalgebras(g,d; = mi +...) and
(g2,d2 = M} +...) is @ morphism of differential coalgebras

¢ : (/\'gl,dl) — (/\.gz,dz). (1.2)

Such a map is uniquely determined by a collection of map%: A"g; — g2 (again

by cofreeness properties). In the cggs@ndg, are respectively the graded Lie algebra
(F(M,ATM), [—,—]s) and the differential graded Lie algeli@(A,A), [—,—]c), the
formality theorems of Kontsevich and Tamarkin state thetexice of d_..-morphism
betweeng; and g, such that¢? is the Hochschild-Kostant-Rosenberg quasi-isomor
phism.

Definition 1.5. A morphism of G-algebras between two.£algebras(gs,d1) and
(g2,d2) is a mapy: (gy°,dh) — (@@, d,) of codifferential coalgebras.

A Co-morphism is in particular a morphism 8§.-algebras and is uniquely deter-
mined by map®* : g®% — g.

Definition 1.6. A morphism of G-algebras between two (Salgebras(g;,d;) and
(g2,d2) is a mapy: (A%g;*,d1) — (A°g5°,db) of codifferential coalgebras.

There are coalgebras inclusionsg — A*g®®, ©g®* — A®g®® and it is easy to check

(pg®, s mk) — (@ﬁ, Y rﬂk). In the casgy, andg, are as above, Tamarkin’s the-

orem states that there exist$3a-morphism between the twG., algebrasy; andg;
(with the G., structure he built) that restricts taGs, and alL.-morphism.



2 Main theorem

We keep the notations of the previous section, in partigyas the Hochschild com-
plex of cochains o€® (M) andg; its cohnomology. Here is our main theorem.

Theorem 2.1. Given any G-structure @ on gz satisfying the three properties of (1.1),
and any G-morphism¢ betweerg; and g, such thatg?! is the Hochschild-Kostant-
Rosenberg map, there exists a-@orphism® : (g1,d1) — (g2,d») that restricts to

¢.

Also, given any L-morphismy betweery; and g, such thaty! is the Hochschild-
Kostant-Rosenberg map, there exists & &ructure(gy,d;) on g, and G,-morphism
I (g1,d}) — (g2,d2) that restricts toy. Moreover there exists admorphismr’ :
(91,d1) — (01,0).

In particular, Theorem 2.1 applies to the formality map ohksevich and also to
anyC.,-map derived (see [Ta], [GH]) from arB.-structure orys, lifting the Gersten-
haber structure of;.

Let us first recall the proof of Tamarkin’s formality theordsee [GH] for more
details):

1. First one proves there exist$Ga-structure orgy, given by a differentiatl,, as
in (1.1).

2. Then, one constructs&,-structure ory; given by a differentiatl; together with
a Ge,-morphism® between(gy,d;) and(gz,d2).

3. Finally, one constructs@.-morphismd®’ between(g,,d;) and(gs,d;).

The compositionp o @ is then aG,-morphism betweefg;,d;) and(gz,dy),thus re-
stricts to alL.-morphism between the differential graded Lie algelraandg,.

We suppose now that, in the first step, we take &aystructure ong, given by a
differentiald, and we suppose we are giverCa-morphism¢ and al.-morphism
y betweeng, and g, satisfyingy* = ¢ = ¢nkr the Hochschild-Kostant-Rosenberg
quasi-isomorphism.
Proof of Theorem 2:1

The Theorem will follow if we prove that steps 2 and 3 of Taniagkconstruction
are still true with the extra conditions that the restriptaf the G,,-morphism® (resp.
@') on theCy-structures is th€,-morphism¢ : g1 — g2 (resp. id).

Let us recall (see [GH]) that the constructionsibindd; can be made by induc-
tion. Fori = 1,2 andn > 0, let us set

Vi[n] _ @ gierl/\,,,/\g?pk
P1+-+Pe=n
andv{=" = 5, V. Letd!” andd}™" be the sums
d[n] — gPLPk and d[Sn] — d[p].
’ p1+--Zpk=n ’ ’ pgn ’

Clearly,dy = 5210, In the same way, we denoté = ¥ -, d'” with

dl = > dPrPand  dFT =y dl
P1+- T p=n 1<k=n



We know from Section 1 that a morphisim: (A°g;*.d;) — (A°g5°,d2) is uniquely
determined by its componertgt—Pe : gPPL A A gTP g5 Again, we haveb =
3 =1 @M with

ol — Z PPLPK and ol — oM.
P1t--+Pk=n 1<k<n

We want to construct the mag4!” and®!" by induction with the initial condition

d/[ll] =0 and O =g,

where ¢pkr : (g1,0) — (g2,b) is the Hochschild-Kostant-Rosenberg quasi-isomor-
phism (see [HKR]) defined, far € g3, f1,---, fn € A, by

¢HKR : GH((fl,...,fn)l—) <a,df1/\"'/\dfn>).
Moreover, we want the following extra conditions to be true:
Pe2=gk  di=d, dT°=0 (2.3)

Now suppose the construction is done for- 1 (n > 2), i.e., we have built maps
(d’[l'])ign,l and(®ll);-,,_; satisfying conditions (2.3) and

ol=n—1 o g/l=n = = gl o <=1 ony/[<" Y andd=" o oY = 0 onv}=.
(2.4)
In [GH], we prove that for any sucfd’[li])ign,l and (o)., 1, one can construct
@'l and @l such that condition (2.4) is true forinstead ofn— 1. To complete the
proof of Theorem 2.1 (step 2), we have to show uurﬁﬂ and®" can be chosen to
satisfy conditions (2.3). In the equation 2.4, the tedffsand @ only act onV¥. So
one can replac®" with ¢", d’3 with d? (or d’il,i > 3 with 0) provided conditions
(2.4) are still satisfied ol". The other terms acting 0/ in the equation (2.4) only
involve termsd™ = ¢™ andd’}". Then conditions (2.4) o‘ﬂll’“‘"l are the equations that
should be satisfied by @.-morphism between th@m—algebras(gl,d’i’l = d%’l) and
(92, Sk>10%) restricted tov". Hence by hypothesis af the conditions hold.
Similarly the construction o’ can be made by induction. Let us recall the proof
given in [GH]. Again a morphisn®’ : (A°g7*,d1) — (A°g3°.d}) is uniquely deter-

with
/N — Z @' PLr-- Pk and @/ — 'K
P1+-+Pe=n 1<k<n

We construct the map®/" by induction with the initial conditio®’!¥ = id. Moreover,
we want the following extra conditions to be true:

@ =0forn>2. (2.5)

Now suppose the construction is done for- 1 (n > 2), i.e., we have built maps
(@'l satisfying conditions (2.5) and

o/ =gl = gy =M ENY o=, (2.6)



In [GH], we prove that for any suct®'ll);-,, 1, one can construst’" such that
condition (2.6) is true fon instead oh — 1 in the following way : making the equation

@'dy = dj @’ onV,"" explicit, we get
q)/[Sn] anH'] _ d/l[gn+1] q)/[gn]' @2.7)

If we now take into account thaﬂ] =0fori#2, d’lm = 0 and that or\/l[””} we have
oMl = d/ =Kol = 0 fork+1 > n+ 2, the identity (2.7) becomes

/=M g2 1 nidl @/lsnk+2

Asd}? =d,?, (2.7) is equivalent to

1
d,2 glsn _ q)/[gn]dlm _ {dl[Z}’q)/[gn]} _ 7% di[k]q)/[snkarZ].
K=3

Notice thatd[l] = m1 1+ m2. Then the construction will be possible when the term
sp1d; My ="+ is a couboundary in the subcomplex @ndA°g7*), Chae))
consisting of maps which restrict to zero em>2g1“". It is always a cocycle by
straightforward computation (see [GH]) and the subcomjdeacyclic because both
(End(A°g*), [d[z] —]) and the Harrison cohomology @f are trivial according to
Tamarkin [Ta] (see also [GH] Proposition 5.1 and [Hi] 5.4).

In the case of thé&.,-morphismy, the first step is similar: the fact thatis ale-
map enables us to build@.-structurg(gs,d;) ongs and aG,-morphisnt : (g1,d;) —
(g2,dy) such that:

rl ..... 1_ yl,...,l’ dliyl _ d::ll-.,l’ d/i,l,...,l -0 (28)
For the second step, we have to build a fiapatisfying the equation
dy A= _prlsnlg ) [dl } "idl [/[=n-k+2)

on V[”H] for anyn > 1. Again, because Tamarkin has prooved that the complex
(End(/\' ), [df], —]) is acyclic (we are in the cadd = R"), the result follows from

the fact thaty 3 o=+l s a cocycle. The difference with ti@,-case is that
ther’*--1 could be non zero. |

3 The difference between twds.,-maps

In this section we investigate the difference between tfemintsG,.-formality maps.

We fix once for all aGs-structure ong, (given by a differentialdy) satisfying the
conditions (1.1) and a morphism Gk.-algebrasT : (g1,d1) — (g2,dz) such thafr* :

g1 — g2 1S Ppkr. LetK : (g1,d1) — (g2,d2) be any otheG,-morphism withK?! =

dukr (for example any lift of a Kontsevich formality map or a®.-maps lifting
anothelC,-morphism).



Theorem 3.1. There exists a map:m*g;’® — A*g5* such that

T—-—K=hod;+dyoh.
In other words the formalitfs,-morphism&K andT are homotopic.
The mapd andK are elements of the cochain comp(ebtom(/\’g?', A%g5*®), 6) with
differential given, for allf € Hom(A%g*,A%g5°),|f| =k, by

3(f)=dyo f—(—1)Kfod;.

We first compare this cochain complex with the compleédésd(/\’ﬁ), [dy; —]) and

(End(/\'@), [da; —]) (where[—; —] is the graded commutator of morphisms). There
are morphisms

T. : EndA%g]*) — Hom(Ag®, A%5 "), T* : EndA®g*) — Hom(A*g®, A5 )

defined, forf € End(A%g5*) andg € Hom(A®g;®, A%g5"*), by

T(f)=Tof, T*(g)=goT.

Lemma 3.2. The morphisms

T, (Enc(/\'ﬁ), [dy; _]) - (Hom(A'ﬁ, /\'ﬁ)ﬁ) — (End(A'ﬁ'), [dh; _]) T
of cochain complexes are quasi-isomorphisms.

Remark: This lemma holds for every manifditland anyG..-morphismT : (g1,d;) —
(92, d2).
Proof: First we show thaT. is a morphism of complexes. Léte End(A®g*) with

|f| =k, then

T.([d;;f]) = Todiof— (=1 Tofod;
= dpo(Tof)—(=1)XTof)od;
O(T.(f)).

Let us prove now thal, is a quasi-isomorphism. For any graded vector sgace
the space\*g®*® has the structure of a filtered space whererthievel of the filtra-
tion is FM(A°g“*) = ®p,4..tpr—1<mg”PL A ...g®“Pn. Clearly the differentiab; and
d, are compatible with the filtrations on®g;* and A°g5*, hence En@h°g;®) and
Hom(A%g*, A%g5*) are filtered cochain complex. This yields two spectral saqes

(lying in the first quadrantfs® andEs™® which converge respectively toward the coho-
mologyH*(End(A®g;*)) andH*(Hom(A%g*, A®g5"*)). By standard spectral sequence
techniques it is enough to prove that the nfdp: Eg* — E5** induced byT, on the
associated grading is a quasi-isomorphism.

The induced differentials oBy* andEy™* are respectivelyd}, -] = 0 anddj o (—) —
(—)odf = bo(—) whereb is the Hochschild coboundary. By cofreeness property we
have the following two isomorphisms

Es’. = End(gl), Es’. = Hom(gl,gz).



The mapT?: Ey* — E®induced byT. is ¢kr o (—). Letp: g2 — g1 be the projection
onto the cohomology.e. po ¢kr = id. Letu: g1 — g be any map satisfyinig(u) =0
and sev = pou € End(g;). One can choose a map: g1 — g2 which satisfies for any
X € g1 the following identity

$HKR © Po U(X) —U(X) = bow(x).

It follows that ¢kr (V) has the same class of homologywashich proves the surjec-
tivity of T2 in cohomology. The identitpo ¢pxr = id implies easily thalr? is also
injective in cohomology which finish the proof of the lemma To.

The proof thafl * is also a quasi-isomorphism is analogous. |

Proof of Theorem 3:1

It is easy to check that — K is a cocycle in(Hom(/\'g?', A%g5®), 6) . The complex of
cochain(End(/\'g@f'),[dl,—]) = (Hom(/\'g?',gl),[dl,—]) is trigraded with| |; be-
ing the degree coming from the graduatiomg@find any elementlying in gffpl /ARERVAY

g(qu satisfiegx|> = q—1,[X|3= p1+... pg— 0. In the caseM = R", the cohomology
H* (End(/\'ﬁ), [dy, —]) is concentrated in bidegréf,, | |3) = (0,0) (see [Ta], [Hi]).
By Lemma 3.2, this is also the case for the cochain comélﬁatxrn(/\'ﬁ, /\'@), 6) .

Thus, its cohomology classes are determined by complexisns(gi,0) — (g2,d3)
and it is enough to prove th@tandK determine the same complex morphigm, 0) —
(g2,d3 = b) which is clear becaus&! and K! are both equal to the Hochschild-
Kostant-Rosenberg map. [ ]

Remark 3.3. It is possible to have an explicit formula for the miajn Theorem 3.1.
In fact the quasi-isomorphism coming from Lemma 3.2 can bderexplicit using
explicit homotopy formulae for the Hochschild-Kostantdeaberg map (see [Ha] for
example) and deformation retract techniques (insteadeaftsgl sequences) as in [Ka].
The same techniques also apply to give explicit formulagHerquasi-isomorphism
giving the acyclicity 0f<EnCK/\'g§Q'), [dl;—]) in the proof of theorem 3.1 (see [GH]
for example)
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