
A h̄-adic valuation property
of universalR-matrices

Benjamin Enriquez† and Gilles Halbout‡
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Abstract

We prove that ifUh̄(g) is a quasitriangular QUE algebra with universalR-
matrix R, andOh̄(G�) is the quantized function algebra sitting insideUh̄(g), then
h̄log(R) belongs to the tensor squareOh̄(G�)
̄Oh̄(G�). This gives another proof
of the results of Gavarini and Halbout, saying thatRnormalizesOh̄(G�)
̄Oh̄(G�)
and therefore induces a braiding of the formal groupG� (in the sense of Weinstein
and Xu, or Reshetikhin). x 0 Introduction

Let (g; r) be a finite-dimensional quasitriangular Lie bialgebra overa fieldk
of characteristic 0, and let(Uh̄(g);R) be a quasitriangular quantization of(g; r).
Recall that this means that (see [Dr]):(1) (g; [�;�℄;δ ) is a Lie bialgebra,r 2 g
 g is a solution of the classical Yang-
Baxter equation, and the cobracketδ : g! ^2(g) of g is given byδ (x) = [x

1+1
x; r℄ for x2 g;(2) (Uh̄(g);m;∆) is a quantized universal enveloping (QUE) algebra (m is the

product ofUh̄(g), ∆ is its coproduct),R2Uh̄(g)b
2 satisfies the quasitriangular
identities: (∆
 id)(R) = R13R23; (id
∆)(R) = R13R12;(id
ε)(R) = (ε 
 id)(R) = 1; ∆op = Ad(R)Æ∆;
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where Ad(R)(x) = RxR�1 for x2Uh̄(g)b
2, and�
1
h̄
(R�1) modh̄

�= r ; (0.1)

hereb
 denotes the ¯h-adically completed tensor product, the mapx 7! (xmodh̄)
is the canonical projection

Uh̄(g)b
2 !Uh̄(g)b
2 

k[[h̄℄℄k=U(g)
2;

andr is viewed as an element ofU(g)
2. Forn� 0, let us denote byδn : Uh̄(g)!
Uh̄(g)b
n the map

δn = (id�η Æ ε)
nÆ∆(n);
where∆(n) : Uh̄(g)!Uh̄(g)b
n is then-th fold coproduct andη , ε are the unit and
counit maps ofUh̄(g). SetOh̄(G�) = fx2Uh̄(g) j 8n� 0; δn(x) 2 h̄n Uh̄(g)b
ng:
Then a classical result (see [Dr, Ga]) says thatOh̄(G�) is a quantization of the
Hopf-Poisson algebraO(G�) of functions on the formal group corresponding tog� (soO(G�) =U(g�)�).

According to(0:1), we haveR2 1+ h̄Uh̄(g)b
2. So log(R) = ∑
n�1

(�1)n (R�1)n

n

is a well-defined element of ¯hUh̄(g)b
2.

Theorem 0.1. Setρ = 1
h̄ log(R). Thenρ belongs toOh̄(G�)
̄2 (this is a sub-

algebra of Ūh(g)b
2). If mh̄ is the augmentation ideal ofOh̄(G�), we even have
ρ 2 (mh̄)
̄2.

Here
̄ denotes the completed tensor product of formal series algebras. As a
corollary, we obtain a result of [GH].

Corollary 0.2. ([GH]) The R-matrix R normalizesOh̄(G�)
̄2, in other words,

Ad(R) : Uh̄(g)b
2 !Uh̄(g)b
2 restricts to an automorphism ofOh̄(G�)
̄2.

Gavarini and one of us (see [GH]) derive from this result thatAd(R)jh̄=0, the
reduction mod ¯h of Ad(R) is an automorphism ofOh̄(G�)
̄Oh̄(G�), satisfying the
braiding identities of [WX] or [Re]. In a forthcoming paper,we plan to prove that
this braiding coincides with the braiding defined by Weinstein and Xu in [WX].

This paper is organized as follows: we prove Theorem 0.1 in Section 2.b. This
proof uses a combinatorial result on universal Lie algebrasF(n;p), which is stated
and proved in Section 1. In Section 3, we prove Corollary 0.2 using Theorem 0.1.
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x 1 A theorem on the universal Lie algebraF(n;p)
In this section, we introduce a Lie algebraF(n;p) (Section 1.a). This Lie alge-

bra is universal for the following situation:A is an algebra,ρ 2 A
2, and we con-
sider elementsρ i; j 2 A
(n+p), i 2 f1; : : : ;ng, j 2 fn+1; : : : ;n+ pg. We construct
elementsδ(n;p) in a completion ofF(n;p), using the Campbell-Baker-Hausdorff se-
ries (Section 1.b). The main result is Theorem 1.2 on the valuation (for the total
degree) ofδ(n;p). It will be used in Section 2 to prove Theorem 0.1 on the ¯h-adic
valuation of universalR-matrices.

Let n; p be integers� 1.

- a - The Lie algebraF(n;p)
Let us denote by Free(n;p) the free Lie algebra with generatorsexi; j , where(i; j) 2 f1; : : : ;ng�f1; : : : ; pg. Let us denote byF(n;p) the quotient of Free(n;p) by

the relations [exi; j ;exi0; j 0 ℄ = 0 wheni 6= i0 and j 6= j 0:
We denote byxi; j the image ofexi; j in Free(n;p). The Lie algebra Free(n;p) is graded
by �(i; j)2f1;:::;ng�f1;:::;pgNε(i; j) where deg(exi; j) = ε(i; j). We call this grading thefine

degree. Free(n;p) has also aN-grading which we call thetotal degree; the total
degree ofexi; j is 1. These gradings induce gradings onF(n;p).
For A = Free(n;p) or F(n;p) andk 2 �(i; j)Nε(i; j) (resp.,k 2 N), we denote byAk

(resp.,Ak) the fine degreek part (resp., total degreek part) ofA. We denote bybA
the completion ofA with respect to the total degree. SobA= ∏

k�0

Ak:
- b - The Campbell-Baker-Hausdorff series

If N is an integer, let us denote by FreeN the free Lie algebra with generatorsex1; : : : ;exN and bydFreeN its completion with respect to the total degree. There
exists a series ex1? � � � ?exN 2 dFreeN;
such that the identity

exp(ex1 ? � � �?exN) = exp(ex1) � � �exp(exN)
holds in the completion\FreealgN of the free associative algebra FreealgN with
generatorsex1; : : : ;exN, with respect to the total degree (see [Bo]).

Let g be aN-graded Lie algebra, sog = �
n�0

gn and letbg be its completion;

sobg = ∏
n�0

gn. If x1; : : : ;xn are elements ofg, with valuation> 0, then there is a
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unique continuous Lie algebra morphismπ : dFreeN ! bg, taking eachexi to xi . We
then define

x1 ? � � �?xN := π(ex1 ? � � � ?exN):
- c - The elementsδ(n;p) of bF(n;p)

Definition 1.1. We set

δ(n;p) = n

∑
k=0

p

∑
l=0

∑
1�i1<���<ik�n;
1� j1<���< jk�p

(�1)n+p�k�l(xi1; j1 ?xi1; j2 ? � � � ?xi1; jl )? (xi2; jl ? � � � ?xi2; jl )? � � � ? (xik; j1 ? � � �?xik; jl ):
According to Section 1-b, the elementδ(n;p) belongs tobF(n;p).
Theorem 1.2. The valuation ofδ(n;p) for the total degree ofbF(n;p) is� n+ p�1.

PROOF. Fork2 �(i; j)2f1;:::;ng�f1;:::;pgNε(i; j) , we denote byδ(n;p);k the fine degreek

component ofδ(n;p). Define the support ofk, supp(k) as the set of all pairs(i; j)
such that(i; j) 6= 0. If S is a subset off1; : : : ;ng� f1; : : : ; pg, we call thei-th
column of Sthe intersection ofS with the i-th columnfig�f1; : : : ; pg, and the
j-th line of Sits intersection with thej-th line f1; : : : ;ng�f jg: If S1 is a subset
of f1; : : : ;ng, we denote bȳS1 its complementf1; : : : ;ngnS1; if S2 is a subset off1; : : : ; pg, we denote bȳS2 its complementf1; : : : ; pgnS2. We will show:

Proposition 1.3. For each k2 �(i; j) Nε(i; j) , we haveδ(n;p);k = 0 unless S=
supp(k) satisfies the following conditions:

(1) each column of S is nonempty;
(2) each line of S is nonempty;
(3) if S1 � f1; : : : ;ng and S2 � f1; : : : ; pg are proper subsets (i.e., they are non-

empty as well as their complements) then S6� (S1�S2)[ (S̄1� S̄2):
Proposition 1.4. If S is a subset off1; : : : ;ng�f1; : : : ; pg satisfying conditions(1), (2) and(3) of Proposition 1.3, thencard(S)� n+ p�1.

Theorem 1.2 now follows from these propositions and the factthat the total degree
of an element of Free(n;p) of degreek is� card(supp(k)).

- d - PROOF OFPROPOSITION1.3.

For i 2 f1; : : : ;ng, there is a unique continuous Lie algebra morphism

λi : bFn;p ! bFn�1;p
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xi0; j 0 7!8<: xi0; j 0 if i0 < i
0 if i0 = i

xi0�1; j 0 if i0 > i:
Similarly, for j 2 f1; : : : ; pg, there is a unique continuous Lie algebra morphism

ρ j : bFn;p ! bFn;p�1

xi0; j 0 7!8<: xi0; j 0 if j 0 < j
0 if j 0 = j

xi0; j 0�1 if j 0 > j:
The proof will essentially consist in the following Lemmas 1.5, 1.6, and 1.7.

Lemma 1.5. For each i2 f1; : : : ;ng, we haveλi(δ(n;p)) = 0.

For each j2 f1; : : : ; pg, we haveρ j(δ(n;p)) = 0.

Lemma 1.6. If α 2 bF(n;p) is such thatλi(α) = 0, then the homogeneous compo-

nentαk of α satisfiesαk = 0, unless the i-th line ofsupp(k) is nonempty.
In the same way, ifρ j(α) = 0, then αk = 0 unless the j-th line ofsupp(k) is
nonempty.

After Lemmas 1.5 and 1.6 are proved, we know thatδ(n;p);k = 0 unless each line
and each column ofS= supp(k) is nonempty. This proves thatSshould satisfy
conditions(1) and(2). The fact thatSsatisfies condition(3) will follow from:

Lemma 1.7. Let α 2 bF(n;p) be homogeneous of degree k. Assume that each line

and each column ofsupp(k) is nonempty. Thenα = 0 unless ksatisfies conditions(3) of Proposition 1.3.

So Lemmas 1.5, 1.6, and 1.7 imply Proposition 1.3.

We now prove Lemmas 1.5, 1.6, and 1.7:

PROOF OF LEMMA 1.5. If I � f1; : : : ;ng and J � f1; : : : ; pg, let us setk =
card(I), l = card(J), and I = fi1; : : : ; ikg, J = f j1; : : : ; j lg where 1� i1 < � � � <
ik � n and 1� j1 < � � �< j l � p. Let us then set

δ I ;J(n;p) = (�1)n+p�k�l xi1; j1 ?xi1; j2 ? � � � ?xik; jl :
Then we have:

δ(n;p) = ∑
I�f1;:::;ng;
J�f1;:::;pg δ I ;J(n;p):
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Let i 2 f1; : : : ;ng and let us prove thatλi(δ(n;p)) = 0: we write

δ(n;p) = ∑
I 0�f1;:::;ngnfig;
J�f1;:::;pg δ I 0;J(n;p)+δ I 0[fig;J(n;p) ;

and we now show that for any(I 0;J),
λi

�
δ I 0;J(n;p)+δ I 0[fig;J(n;p) �= 0:

This follows from the following facts:� if ϕ : bg! bg0 is a morphism of complete graded Lie algebras, andx1; : : : ;xN
are elements ofbg0 of positive valuation, then

ϕ(x1)? � � �?ϕ(xN) = ϕ(x1? � � �?xn);� we have the identityx1? � � � ?xk ?0?xk+1? � � � ?xN = x1? � � �?xN.

The proof ofρ j(δ(n;p)) = 0 is similar: we write

δ(n;p) = ∑
I�f1;:::;ng;
J0�f1;:::;pgnf jg δ I ;J0[f jg(n;p) +δ I ;J0(n;p);

and then show that
ρ j

�
δ I ;J0[f jg(n;p) +δ I ;J0(n;p)�= 0

for any pair(I ;J0) using the same arguments.

PROOF OFLEMMA 1.6. It will be enough to prove Lemma 1.6 wheni = n. Let
α be an element ofFn;p. Set

α = ∑
k2 �(i; j) Nε(i; j) αk;

whereαk has degreek. Assume thatλn(α) = 0, we want to show thatαk = 0
unless then-th column of supp(k) is nonempty. We will now write:

α = ∑
k j n-th column(supp(k))6= /0

αk+ ∑
k j n-th column(supp(k))= /0

αk:
Now λn(αk) = 0 as soon as then-th column of supp(k) is nonempty, so we get

∑
k j n-th column(supp(k))= /0

λn(αk) = 0 (identity in F(n�1;p)): (1.2)
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There is a unique Lie algebra morphismι : Fn�1;p ! Fn;p, taking eachxi; j to xi; j .
We have

λnÆ ι = idFn�1;p;
thereforeι is injective. Moreover, letF be the Lie subalgebra ofFn;p generated
by thexi; j , i 2 f1; : : : ;ng, j 2 f1; : : : ; pg. F is the image of the Lie subalgebrafF � Free(n;p) generated by theexi; j , i 2 f1; : : : ;n�1g, j 2 f1; : : : ; pg under the

canonical projection Free(n;p) ! F(n;p). Denote byeι : Free(n�1;p) ! Free(n;p) the
morphism taking eachexi; j to exi; j , then the diagram

Free(n�1;p) eι�! fF ,! Free(n;p)# # #
F(n�1;p) ι�! F ,! F(n;p)

commutes. Since the vertical arrows are onto andeι : Free(n�1;p) ! fF is onto,ι :
Free(n�1;p) !F is onto. Soι : Free(n�1;p) !F is an isomorphism. Now if the
n-th column of supp(k) is empty, we haveαk 2F . Apply ι to identity (1.2), we
get

∑
k j n-th column(supp(k))= /0

αk = 0 (identity inF(n�1;p)):
Separating homogeneous components, we getαk = 0 for eachk, such thatn-th
column(supp(k)) = /0.

PROOF OF LEMMA 1.7. Let α 2 F(n;p) be of fine degreek, and assume that
k satisfies(1), (2) but not (3). So we have proper subsetsS1 � f1; : : : ;ng and
S2 � f1; : : : ; pg such that

supp(k)� (S1�S2)[ (S̄1� S̄2):
The rectanglesR= S1�S2 andR0 = S̄1� S̄2 are disjoint. Moreover, condition(1)
(or condition(2)) implies that supp(k)\R and supp(k)\R0 are both nonempty.
Let (k(i; j))(i; j) be the component ofk in the basis(ε(i; j))(i; j)2f1;:::;ng�f1;:::;pg. Then
k(i; j) 6= 0 if and only if (i; j) 2 supp(k), so

k= ∑(i; j)2supp(k)k(i; j)ε(i; j):
Now there existsβ 2 Free(n;p) of fine degreek, whose image under Free(n;p) !
F(n;p) is α . Moreover, standard results on free Lie algebra (see [Bo]) imply that
β has the following form: setjkj= ∑(i; j)2f1;:::;ng�f1;:::;pg k(i; j), and say that a map
µ : f1; : : : ; jkjg! f1; : : : ;ng�f1; : : : ; pg is ak-map if for any(i; j) 2 f1; : : : ;ng�f1; : : : ; pg, card(µ�1(i; j)) = k(i; j). If µ is ak-map, let us defineexµ as the iterated
Lie bracket exµ = h: : :hhexµ(1);exµ(2)i ;exµ(3)i ; : : : ;exµ(jkj)i :
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Thenβ is a linear combination

β = ∑
µ2fk-mapsgβµexµ ;

where theβµ are scalars. Definexµ as the image ofexµ under the map Free(n;p) !
F(n;p). Thenα = ∑µ2fk-mapsgβµxµ . On the other hand,xµ = 0 if µ is anyk-map.
Indeed

xµ = h: : :hhxµ(1);xµ(2)i ;xµ(3)i ; : : : ;xµ(jkj)i :
Then, sinceR\R0 = /0, supp(k)\R 6= /0 and supp(k)\R0 6= /0, there exists an
integerν 2 f1; : : : ; jkj�1g, such that one of the following possibilities occurs:� eitherµ(1); : : : ;µ(ν) 2 Randµ(ν +1) 2 R0� or µ(1); : : : ;µ(ν) 2R0 andµ(ν +1) 2 R.

Now the bracket[xα ;xβ ℄ vanishes whenα 2 Randβ 2 R0. It follows that in both
cases, the bracket h: : :hhxµ(1);xµ(2)i ;xµ(3)i ; : : : ;xµ(ν+1)i
vanishes. Thereforexµ = 0, which impliesα = 0.

- e - PROOF OFPROPOSITION1.4.

The argument will be an induction overn+ p. Assume that the proposition is
proved whenn+ p�N and let us prove it whenn+ p= N+1. Let(n; p) be such
thatn+ p= N+1 and letSbe as in the proposition. We may assumen� p. If
each column ofShas� 2 elements, then

card(S)� n:2� n+ p�1:
Each column ofShas� 1 element by assumption(1), so we can assume thatS
has a column with exactly 1 element. We may assume that this element is(n; p).
Let us now setS0 = S\ (f1; : : : ;ng� f1; : : : ; pg) and prove thatS0 satisfies the
analogues (1’), (2’) and (3’) of the assumptions of the proposition, where(n; p)
is replaced by(n�1; p):

(1’) for i = 1; : : : ;n�1, thei-th lines ofSand ofS0 coincide so thei-th line of
S0 is nonempty;

(2’) for j = 1; : : : ; p�1, the j-th lines ofSand ofS0 coincide, so thej-th line
of S0 is nonempty. Let us prove that thep-th line of S0 is also nonempty. If not,
we would have(n-th column ofS)[ (p-th line of S) = f(n; p)g, contradicting
assumption(3) on Swith S1 = f1; : : : ;n�1g andS2 = f1; : : : ; p�1g. Therefore
all the lines ofS0 are nonempty;

(3’) assume that there exist proper subsetsS01 �f1; : : : ;n�1g; S2� f1; : : : ; pg,
(i.e., nonempty and with nonempty complement), such that

S0 � (S01�S2)[ �(f1; : : : ;n�1gnS01)� (f1; : : : ; pgnS2)� :
8



Then if p2S2, let us setS1 =S1[fng, and ifp2f1; : : : ; pgnS2, let us setS1 =S01.
Then in each case, sinceS= S0[f(n; p)g, we get

S� (S1�S2)[ ((f1; : : : ;ngnS1)� (f1; : : : ; pgnS2)) ;
thus contradiction the fact thatS satisfies assumption(3). ThereforeS0 satisfies
assumption (3’).

Now S0 satisfies the assumptions of the proposition, with(n; p) replaced with(n�1; p). Since(n�1) + p = N, we may apply the induction hypothesis. So
card(S0) � (n�1)+ p�1. Now card(S) = card(S0)+1, so card(S)� n+ p�1.
This proves the induction step.x 2 h̄-adic valuation properties of universalR-matrices

In this section, we first identify a tensor product of QFSH (quantized formal
series Hopf) algebras as a subspace of the tensor product of the corresponding
QUE algebras (Proposition 2.1).

- a - Tensor product of QFSH algebras

Let H be a QUE algebra. The corresponding QFSH algebra is:

H 0 = fx2 Hj 8n2 N; δ (n)
H

(x) 2 h̄nH b
ng
(whereδ (n)

H
= (id�η Æ ε)
nÆ∆(n)

H
). We express this condition as follows: set

δ (tot)
H

= ∏
n�0

δ (n)
H

: H ! ∏
n�0

H b
n:
Then

H 0 = �δ (tot)
H

��1
 

∏
n�0

h̄nH b
n

! :
In the same way, ifK is another QUE algebra, we define

K0 = �δ (tot)
K

��1
 

∏
n�0

h̄nK b
n

! :
Thenδ (tot)

H

δ (tot)

K
is a linear mapH b
K ! ∏

n;p�0
H b
nb
K b
p:

Proposition 2.1. The tensor product of QFSH algebras H0 and K0 is
H 0
̄ K0 = �δ (tot)

H

δ (tot)

K

��1
 

∏
n;p�0

h̄n+pH b
nb
K b
p

! :
9



PROOF. We will need the following lemma:

Lemma 2.2. LetV1; V2; T1; T2 be vector spaces and letδ1 : V1 ,!T1, δ2 : V2 ,!T2
be injections. Let S1; S2 be vector subspaces of T1; T2, and set Ui = δ�1

i (Si). Then

U1
U2 = (δ1
δ2)�1(S1
S2):
The proposition then follows because the mapsδ (tot)

K
andδ (tot)

H
are injective.

Indeed,x can be obtained fromδ (tot)
H

(x) by the formula:

x= �δ (tot)
H

(x)�
1
+η

��
δ (tot)

H
(x)�

0

� :
PROOF OF LEMMA 2.2. LetW1 = Im(δ1), W2 = Im(δ2). ThenW1 
W2 =
Im(δ1
δ2). So

W1 � T1; W2 � T2; W1
W2 � T1
T2:
We should prove that ifW1�T1,W2�T2, then the subspace(W1\S1)
(W2\S2)�W1
W2 is equal to(W1
W2)\ (S1
S2). Identifying the spacesVi with their
imagesWi = Im(δi) through the mapsδi , we should prove the following state-
ment:

Lemma 2.3. Let T1; T2 be vector spaces, and let for each i= 1; 2, Wi and Si be
vector subspaces of Ti. Then(W1\S1)
 (W2\S2) = (W1
W2)\ (S1
S2):

Indeed,U1
U2 can be identified with(W1\S1)
 (W2\S2) throughδ1
δ2,
whereas(δ1
δ2)�1(S1
S2) can be identified with(W1
W2)\(S1
S2) through
the same map.

PROOF OFLEMMA 2.3. Introducing supplementary vector spaceseWi of Wi \Si

in Wi andeSi of Wi \Si in Si , we get�
Wi = (Wi \Si)� eWi

Si = (W1\Si)� eSi

Wi +Si = (Wi \Si)� eWi � eS1 so (W1 +S1)
 (W2 +S2) is the direct sum of nine
summands. The subspacesW1
W2 andS1
S2 are the sums8>>><>>>: W1
W2 = �(W1\S1)
 (W2\S2)�� �(W1\S1)
 eW2

��� eW1
 (W2\S2)�� � eW1
 eW2

�
S1
S2 = �(W1\S1)
 (W2\S2)�� �(W1\S1)
 eS2

�� �eS1
 (W2\S2)�� �eS1
 eS2

�;
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the intersection of which is(W1\S1)
 (W2\S2).
- b - PROOF OFTHEOREM 0.1.

Let (Uh̄(g);R) be a quasitriangular QUE algebra. Setρ = h̄log(R). Then

ρ 2 h̄2Uh̄(g)b
2. Forx; y2Uh̄(g)b
n[h̄�1℄, let us setfx;ygh̄ = 1
h̄
[x;y℄:

Thenf�;�g restricts to a Lie bracketf�;�g : ^2
�

h̄2Uh̄(g)b
k
�! h̄2Uh̄(g)b
k:

Its image is actually contained in ¯h3Uh̄(g)b
k. According to Proposition 2.1, the
statementρ 2Oh̄(G�)
̄2 is equivalent to�

δ (n)
Uh̄(g)
δ (p)

Uh̄(g)�(ρ) 2 h̄n+pUh̄(g)b
(n+p) (2.3)

for anyn; p� 0. Let us therefore prove this statement: fora;b2 h̄2Uh̄(g)b
k, let
us set

a?k b= a+b+ 1
2
fa;bgh̄+ � � � ; (2.4)

the series (2.4) makes sense because of the following fact: if m2 Free2 is a Lie
monomial of degreep in two free variablesA, B, andm

�f�;�gh̄;a;b� is the

image ofm by the Lie algebra morphism Free2 ! h̄2Uh̄(g)b
k defined byA 7! a,
B 7! b, then

m
�f�;�gh̄;a;b� 2 h̄p+1Uh̄(g)b
k:

Recall thatρ 2 h̄2Uh̄(g)b
3. The quasitriangular identities then imply thatρ satis-
fies �

∆Uh̄(g)
 id
� (ρ) = ρ1;3?3 ρ2;3; �id
∆Uh̄(g)� (ρ) = ρ1;3?3 ρ1;2: (2.5)

There is a unique Lie algebra morphism

φ(n;p) : bF(n;p) ! �
h̄2Uh̄(g)b
(n+p);f�;�gh̄

� ;
xi; j 7! ρ i;n+ j

for each(i; j) 2 f1; : : : ;ng�f1; : : : ; pg (hereρ i;n+ j is the image ofρ by the map

Uh̄(g)b
2 !Uh̄(g)b
(n+p);
taking the first component ofUh̄(g)b
2 to thei-th component, and the second com-
ponent to the(n+ j)-th component). Then the identities(2:5) imply�

δ (n)
Uh̄(g)
δ (p)

Uh̄(g)�(ρ) = φ(n;p)�δ(n;p)� : (2.6)
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Let α 2 Free(n;p) be an element of total degreed. Then we have seen that

φ(n;p)(α) 2 h̄d+1Uh̄(g)b
(n+p). Sinceδ(n;p) has valuation� n+ p� 1, we get

φ(n;p)(δ(n;p)) 2 h̄n+pUh̄(g)b
(n+p). According to(2:6), this implies identity(2:3).
So we getρ 2 Oh̄(G�)
̄2. Since we have(ε 
 id)(R) = (id
ε)(R) = 1, we get(ε 
 id)(ρ) = (id
ε)(ρ) = 0, thereforeρ 2 (mh̄)
̄2.x 3 Proof of Corollary 0.2.

The spaceUh̄(g)b
2 is a quantization ofg�g andOh̄(G�)
̄2 is the correspond-
ing QFSH algebra. Setd = g� g, let D� be the corresponding formal group,
and setUh̄(d) = Uh̄(g)b
2, Oh̄(D�) = Oh̄(G�)
̄2. Denote bymh̄(D�) the aug-
mentation ideal ofOh̄(D�). Thenmh̄
̄1 and 1̄
mh̄ are subspaces ofmh̄(D�),
soρ 2mh̄(D�)2. Corollary 0.2 will follow from the following proposition:

Proposition 3.1. Letd be an arbitrary finite-dimensional Lie bialgebra, let Uh̄(d)
be a quantization ofd, let Oh̄(D�) be the QFSH subalgebra of Ūh(d), and letmh̄(D�) be the augmentation ideal ofOh̄(D�). Let ρ be an arbitrary element ofmh̄(D�)2.

(1) the operationf�;�gh̄ : ^2
�
Uh̄(d)[h̄�1℄�!Uh̄(d)[h̄�1℄ restricts tof�;�gh̄ : ^2�Oh̄(D�)�!Oh̄(D�);

(2) for any k; l � 0, we havenmh̄(D�)k;mh̄(D�)l
o

h̄
�mh̄(D�)k+l�1;

(3)Oh̄(D�) = lim 
k

�Oh̄(D�)=�mh̄(D�)+ h̄Oh̄(D�)�k
�

; let us set

ad̄h(ρ)(x) := fρ ;xgh̄;
then the exponentialexp

�
ad̄h(ρ)� is a well-defined continuous algebra automor-

phism ofOh̄(D�);
(4) We haveρ 2 h̄2Uh̄(d), soexp

�ρ
h̄

�
is a well-defined element of1+ h̄Uh̄(d).

Let Ad
�
exp
�ρ

h̄

��
be the inner automorphism x7! exp

�ρ
h̄

�
xexp

�ρ
h̄

��1
of Uh̄(d).

ThenAd
�
exp
�ρ

h̄

��
restricts to an automorphism ofOh̄(D�), which coincides with

exp(ad̄h(ρ)).
PROOF.

(1)Oh̄(D�) is a subalgebra ofUh̄(d), and its reduction modulo ¯h is commutative,
so forx; y2Oh̄(D�), [x;y℄ 2 h̄Oh̄(D�), i.e.,fx;ygh̄ 2Oh̄(D�).

(2) Let ε : Oh̄(D�)! k[[h̄℄℄ be the augmentation map. Ifx; y2 Oh̄(D�), then
ε([x;y℄) = 0. Soh̄ε(fx;ygh̄) = 0, i.e.,ε(fx;ygh̄) = 0, sofx;ygh̄ 2mh̄(D�). There-
forefmh̄(D�);mh̄(D�)g �mh̄(D�). Applying the Leibniz rule, we get (2).
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(3) The first part is contained in [Ga]. The second part follows from (2): ρ 2mh̄(D�)2, therefore ad̄h(ρ)�(mh̄(D�)k
��mh̄(D�)k+1 for anyk.

(4) If x 2 Oh̄(D�), thenx� ε(x) 2 h̄Uh̄(d). If, in addition, x 2 mh̄(D�), then
ε(x) = 0 sox 2 h̄Uh̄(d). Somh̄(D�) � h̄Uh̄(d) andmh̄(D�)2 � h̄2Uh̄(d). Let us
now show that the diagram

Uh̄(d) Ad(exp( ρ
h̄))�! Uh̄(d)" "Oh̄(D�) exp(ad̄h(ρ))�! Oh̄(D�) (3.7)

commutes. This means that we have the identity (inUh̄(d)):
exp
�
ad̄h(ρ)�(x) = exp

�ρ
h̄

�
xexp

�ρ
h̄

��1 ;
for anyx2Oh̄(D�). To show this identity, let us introduce a parametert and show
the same identity, whereρ is replaced bytρ . This means that we have the identity

exp
�
ad̄h(tρ)�(x) = exp

� tρ
h̄

�
xexp

� tρ
h̄

��1 :
This last identity follows from the fact that its two sides coincide whent = 0, and
that they both satisfy the differential equation

d
d t

x(t) = ad̄h(ρ)(x(t)):
It follows that the diagram (3.7) commutes. Therefore the map Ad

�
exp
�ρ

h̄

��
restricts to an automorphism ofOh̄(D�), which coincides with exp

�
ad̄h(ρ)�.
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