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Abstract
Construction of formality theorem by Kontsevich ([Ko]) afidmarkin ([Ta])
are first made locally. In [Ko] and [Do], sufficient condit®mre given to glob-
alize the fomality maps. Kontsevich formality maps satigfgse conditions. In
this letter, we show that Tamarkin’s maps can also be cortstiuto satify those
conditions and so can be globalized. This letter is extchfttem a general lecture
given in Dijon 8 - 12 March 2004 on Tamarkin’s works.

Let M be a differential manifold ang, = (C (A, A),b) be the Hochschild cochain
complex onA = C*(M). The classical Hochschild-Kostant-Rosenberg theoretassta
that the cohomology aof is the graded Lie algebgg =" (M, A'TM) of multivector
fields onM. There is also a graded Lie algebra structurggpgiven by the Gersten-
haber bracket. In the casé = R", using different methods, Kontsevich ([Ko]) and
Tamarkin ([Ta]) have proved the existence of Lie homomapts “up to homotopy”
(Lo-morphisms) formg; to g,. Kontsevich’s proof uses graphs and maps are related
to polyzeta functions whereas Tamarkin's constructiorseséstence of associators.
In fact Tamarkin'sL.-morphism comes from the restriction of a “up to homotopy”
Gerstenhaber algebra homomorphigea, {morphism) fromg; to g» (the G..-algebra
structure ory; is induced by its classical Gerstenhaber algebra struanae far less
trivial Ge,-structure org, was proved to exist by Tamarkin [Ta] and relies on Drinfeld’s
associator). Whehl is a Poisson manifold, Kontsevich and Tamarkin homomorphis
imply the existence of a star-product (see [BFFLS1] and [BFH for a definition).
Connection between the two approaches has been shown in TK8]purpose of this
letter is to prove that the (locali.-morphism of Tamarkin can be built so that lits
part satisfies globalization hypothesis described by Kewits ([Ko]) and Dolgushev
([Da]) and so can be globalized, as well as Tamarki;anaps.

In the first section, we fix notations and recall the defingiofiL., andG.-structures.
In the second section we state and prove the main Theorem.



Remark : in the sequel, unless otherwise is stated, the mankbld supposed to be
R" for somen > 1.

1 L« and Ge-Structures

For any graded vector spagewe choose the following degree on the spagg: if
X1, ..., Xk are homogeneous elements of respective deifi¢e . . X, then

XU A AXe] = X+ 4 [ X — ke

In particular the component = Alg C A'g is the same as the spagewith degree
shifted by one. The spaceg with the deconcatenation cobracket is the cofree cocom-
mutative coalgebra omwith degree shifted by one. Any degree one rdép/kg — g

(k > 1) extends into a derivatiod® : A'g — A'g of the coalgebra\'g (by cofreeness

property).

Definition 1.1. A vector spaceg is endowed with a 4-algebra (Lie algebra “up to
homotopy”) structure if there are degree one linear mags™: AKg — g such that if
we extend them to mapsg — A'g, then dod = 0 where d is the derivation

d=mt

For more details oh-structures, see [LS]. It follows from the definition thata-
algebra structure induces a differential coalgebra atrecon A'g and that the map
mt: g — g is a differential. Ifm%1: Akg — g are 0 fork > 3, we get the usual
definition of (differential ifm' # 0) graded Lie algebras.

For any graded vector spage we denoteg®" the quotient ofg®" by the image of
all the shuffles of lengtim (see [GK] or [GH] for details). The graded vector space
Gn>0g”" is a quotient coalgebra of the tensor coalgebraog®". It is well known
that this coalgebrab,>og®" is the cofree Lie coalgebra on the vector spadqavith
degree shifted by minus one). For any spacave denoten g the graded space

g@PLA ... A g®Pn We use the following grading on'g® defined as
M>1, py+tpp=m- — —

follows: forxt,--- x&" e g,

p1 . p1
X XA AXG® - @XR = X Y X .
In

11

Notice that the induced grading oxig C A'g® is the same as the one introduced
above. The cobracket arg® and the coproduct on'g extend to a cobracket and a
coproduct om’'g® which yield a Gerstenhaber coalgebra structuragff". Itis well
known that this coalgebra structure is cofree (see [Gi}j8e® for example).

Definition 1.2. A Ge-algebra (Gerstenhaber algebra “up to homotopy”) struaton
a graded vector spacgis given by a collection of degree one maps

mPL-:Pn - g®pl/\.../\g®pn — g



indexed by p.... pn > 1 such that their canonical extensiomg_® — /\'g_®' satisfies
dod = 0where
d= mPL:-Pn_
m>1, pi+--pn=m

Again, as the coalgebra structure/of® is cofree, the mag makes\'g®" a differen-
tial coalgebra. If the maps°t--Pr are 0 for(py, p,...) # (1,0,...), (1,1,0,...) or
(2,0,...), we get the usual definition of (differentialiif # 0) Gerstenhaber algebra.

The space of polyvector fieldg is endowed with a graded Lie bracKet, —]s called
the Schouten bracket (see [Kos]). This Lie algebra can et into a Gerstenhaber
algebra, with commutative structure given by the exterfodpict: (a, 3) — o A .
Settingd; = mi* + m2, wheremi! : A2g; — g1, andm? : g©2 — g, are the extension

of the Schouten bracket and the exterior product, we find(thatl; ) is aG.-algebra.

In the same way, one can define a differential Lie algebrattra on the vector space
g2=C(A/A) = @kzock(A, A), the space of Hochschild cochains (generated by differ-
entialk-linear maps fromA* to A), whereA = C*(M) is the algebra of smooth differ-
ential functions oveM. Its bracket called Gerstenhaber bradket—|¢ is defined, for
D,E € gp, by

[D,Ele = {D|E} - (1) FIP{E|D},

where

{DIE}(X1, .. ., Xd e 1) = lZ)(—l)‘E"iD(xl, X E (X Xie), )

The spacey, has a grading defined B |= k < D € C¥+1(A A) and its differential is
b = [m,—]c, wherem € C?(A, A) is the commutative multiplication oA.

Proposition 1.3. ((HKR]) The compleXg2,b) is quasi-isomorphic tdgs,0).

An explicit quasi-isomorphism is given by the Hochschildgtant-Rosenberg map
(see [HKR]),Pukr : (g1,0) — (g2,b) defined, fora € g1, f1,---, fn € A, by

¢HKR : GH((fl,...,fn)l—) <a,df1/\"'/\dfn>).

Tamarkin (see [Ta] or also gGH]) stated the existence @.astructure ong; given
by a differentialdy = m}+myt + mg+ -+ mpvP2 4. on gy (mbrPeP =0
for k > 3) satisfyingd, o d, = 0. Although this structure is non-explicit, it satisfies the
following three properties :

(a) m3 is the extension of the differentibl

(b) my'is the extension of the Gerstenhaber bragket-]c.

(c) m3induces the exterior product in cohomology. (1.1)



Definition 1.4. A L,-morphism between twookalgebras(g,d; = mt +...) and
(g2,d2 = M} +...) is @ morphism of differential coalgebras

¢ : (/\'gl,dl) — (/\'gz,dz). (1.2)

Such a map is uniquely determined by a collection of ma@%: A"g; — g2 (again

by cofreeness properties). In the cggs@ndg, are respectively the graded Lie algebra
(M(M,ATM), [—,—]s) and the differential graded Lie algef@(A,A), [—,—]c), for-
mality theorems of Kontsevich and Tamarkin state the excg®f al.-morphism be-
tweeng; andg, such thatp? is the Hochschild-Kostant-Rosenberg quasi-isomorphism.

Definition 1.5. A morphism of G-algebras between two £salgebras(gi,d;) and
(92,d2) is amape: (A'gy",di) — (A'gy", o) of codifferential coalgebras.

There is a coalgebra inclusiong — A'g®, and it is easy to check that arG-
morphism between tw..-algebras(g, ¥ mPr-P), (g', s m/PP) restricts into a

Tamarkin’s theorem states that there exis&amorphism between the tw@., alge-
brasgi andg, (with the G, structure he built) that restricts tda-morphism between
the differential graded Lie algebrgs andgs..

2 Main theorem

We keep the notations of the previous section, in partigylas the Hochschild com-
plex of cochains o€* (M) andg; its cohomology.

Here is our main theorem.

Theorem 2.1. Suppose M= RY and we are given a Gstructure ong, given by a
differential @ as in 1.1. One can construct, following Tamarkin, a-@orphismd® :
g1 — go satisfying the extra conditions:

1. The G,-morphism is local (one can repladg® by its formal completiong
at the origin, or in other words, one can replace the funcsiovith their Taylor
expansion) and it can be made equivariant with respect eslitransformations
of the coordinates of.

2. For any set of vector fieldsi)1<i<z € I' (RS, TRY),
o (v Avp) = 0. (2.3)

3. Ifn>2and ve I'(RY, TRY) is linear in the coordinates oRY, then for any set
of tensor product of multivector fielgse I(RI, ATRI)®p; :

q)l,pz,---,pn(v/\w/\.../\yn) =0. (2.4)



Corollary 2.2. The restrictiong of ® as a L.,-morphism
¢ :(91,[——ls) = (g2,[= —]c +b)
satisfies the conditions:

1. The L,-morphism is local and it can be made equivariant with respedinear
transformations of the coordinates &§.

2. For any set of vector fields;)1<i<2 € I' (R, TRY),
¢ (v Avp) =0. (2.5)

3. Ifn>2and ve I'(RY, TRY) is linear in the coordinates oRY, then for any set
of multivector fieldss € I'(RY, ATRY) :

¢1,1,...,1(V/\ VoA Ayn) = 0. (2.6)

Those are exactly the conditions written in [Ko] and [Do] fglobalization. So one
can build a global L, morphism using Tamarkin’'s methods.

Proof of Theorem 2:1

Let us first recall the proof of Tamarkin’s formality theordsee [GH] for more
details):

1. Firstly one proves there exist&a,-structure orgy, given by a differentiatl,, as
in (1.1), satisying the extra property:

do = Z dgl,m’
P1,P2

and by constructiord%’p(u,vl ---Vp) =0 for p > 1 and any vector fields.

2. Then, one constructs&,-structure ory; given by a differentiatl; together with
aGe,-morphismd’ between(gy,d;) and(gz,d).

3. Finaly, one constructs@.-morphism®” between(gs,d;) and(gs,d7).

The compositior® = @' o ®” is then aG..-morphism betweellgs,d;) and (g2, d>),
that rectricts to &..-morphism between the differential graded Lie algelraandg,.

The theorem will follow if we prove that points 2 and 3 of Tarkiafs construction

are still true with®" and ®” satisfying the extra conditions of Theorem 2.1 afjd
satisfying conditions (2.4) fan > 3.

- Point 2: let us recall (see [GH]) that the constructionsb6findd; can be made
by induction. Foii = 1,2 andn > 0, let us set

Vi[n] _ @ goPEA - A g
P1+-+Pe=n




andv=" = 5, V. Letd!” andd}™" be the sums
=y dfP and  df = > dlfl.
P1+-+Pe=n p=n

Clearly,dy = 5>, 0. In the same way, we denoté = ¥ -, ' with

dal = dPrPand  dPE= y oW
P1t-FPx=n 1<k<n

We know from Section 1 that a morphisii : (A'g]",d;) — (A'gy",d2) is uniquely
determined by its componerntgPy-Pk : 7P AL A g 7P — g5 Again, we haved’ =
3 =1 @1 with

' — Z @’ PLr--s P and @' — 'K
P1+-+Pk=n

1<k<n
We want to construct the mags,” and®'" by induction with the initial condition
d'g_l] =0 and q)/[l] = ¢HKR;

where ¢ukr : (91,0) — (g2,b) is the Hochschild-Kostant-Rosenberg quasi-isomor-
phism (defined after Proposition 1.3). Note that this majsfeas the first conditions
of Theorem 2.1.

Now suppose the construction is done for 1 (n > 2), i. e., we have built maps

(d’[l'])ign,l and(®'l);,,_; satisfying the extra conditions of Theorem 2.1 and

/-l g =t — gl=snUo @01 ony/=Y andd =" o 0" = 0 onv) =,

_ (2.7)
In [GH], we proved that for any suqld’g])ign,l and(®'l!)<,_1, one can construcl’[l”]
and®’" such that condition (2.7) is true forinstead o — 1. as this last statement is
equivalent to

Prkrd;"” = b+ A (2.8)

whereA is always a Hochschild cocycle (existenceckﬁ?] and®'" are then conse-
quences of Proposition 1.3).
- Itis obvious (use homotopy formulas of [Ha] to solve (2#Bgt the first condition in

Theorem 2.1 can then be satisfied for those nifsand !,
- Using Equation (2.7), condition (2.3) is equivalent to:

@([a,Bls) (= ¢rrr([a,Bls)) = [®(a), P(B)le (= [drkr (@), PHkr (B)lG),

for any set of vector fielda, B € ' (RJ, TRY), which is true.

- Let us check conditions (2.4) fak” and®'™ when they are supposed to be true by
induction fork < n— 1. Using the induction hypothesis in Equation (2.7) and tus f



thatdPP" = 0 for n > 2 anddy®(u, vy - -vp) = O for p> 1 and any vector fields,
one can see that those conditions are equivalent to

X, oMU At @xPA-- ]G:Z¢[”*1](---A~~~®[X,xin”]s®~~~/\~~~),

i (2.9)
whereX is a linerar vector fields anxf" are tensor fields, which is exactely the equiv-
ariance with respect to linear transformations of the cimattes onRg and whas al-
ready proved.

So one can construdt” and®'™ satisfying the conditions of Theorem 2.1.

- Point 2: let us now recall that the constructiond@f can also be made by induc-
tion. Again, we will use the same notations %f’, V=", d/", d=" o/, @/=nl and
we will also write

a-gdl ATy dr

1<k<n

' — Z q)/l[n]7 q)//[gn] _ CD”[”]_
lg;gn

Suppose the construction is done for 1, i.e. we have built map$¢//[i])i§n_l satis-
fying the extra conditions of Theorem 2.1 and

and

o'l —ig q)//[gnfl]d[lﬁn] _ d’l[ﬁn] @[] (2.10)
onV{=""Y_ Again, in [GH], we prove that one can constrazt such that condition
(2.10) is true fom instead oin— 1 : indeed this last statement is equivalent to

[d CD" <n zgd CD”n k+2]

where the complex Hom(A'gf", A'gy"), [d?, —]) is acyclic. To prove this last fact
(see [Ta] and [GH]), one can see this complex as a bicomplexavh

(4, =] = ([, ~]s =] + A, -]

(the sum of dg the Chevalley-Eilenberg differential ang, ¢the Harrison differential)
and use the following properties :

1. The compleXHom(g;",g1),dy) is concentrated in degree O

2. The comple>(Homgl(/\'nggl,gl),dCE) is concentrated in degree 0 whebg,
is the degreee 0 cohomology of the former complex and is thduheaf Kahler
differential one-forms of the algeba,

which implies the acyclicity of the compleéHom(A‘g?‘,/\'g?'),[d[z],—]). Those
facts can be checked using again homotopy formulas (see)[&Hd]ng those formu-
las, one can again easily check tk#t can be built to satisfies the first conditions of
Theorem 2.1.



To prove the third condition fo®” (the second one can be proved in the same way),
using the induction hypothesis, one has to check that theptvirts giving acyclicity

of the comple><Hom(/\‘g§“>', Noy)s [d2, —]) are also true when we impose the extra

conditions. More precisely, we have to prove :

1. If a mapy/’ of degree more that 2 satisfiegyl = ¢’ and the third extra condi-
tions of Theorem 2.1, one can chose the matp satisfy also those conditions. This
can be done as the Harrison differential acts independesetach part of the exterior
product.

1'. If  satisfies the third extra conditions of Theorem 2.3zl satisfieds also
those conditions. This is true as the only equation thatlshmeisatisfied is of the Type
of Equation (2.9) and is again a consequence of equivariaitberespect to linear
change of coordinates.

2. The complex(l—To?ngl(/\ﬁngl,gl),dCE) is concentrated in degree 0 where,

with Hom, we restrict our complex to the maps satisfying the tbhoxdition. It is true
becausédom = Hom since the maps; Qg, — g1 are not concerned with the third
condition of Theorem 2.1.

So the theorem is proved. [ ]

Remark: Let Hom(A g5, A'gS") be the subspace of Hdm g5, A'g%") consisting of
maps satisfying conditions of Theorem 2.1. What we did carebermulated as fol-
lows: (I—To?n(/\'ﬁ,/\‘ﬁ), [d[z],—]) is a subcomplex O(Hom(/\‘ﬁ,/\'ﬁ), [d2, —])
which is acyclic. We proved acyclicity of this complex folling the same steps used
to prove acyclicity of(Hom(/\‘g?',/\'g?'),[d[z],—]) but it can be deduced directly:
Hom(A'gy",A'g7")) can be seen as a subcompltxof an extended compleid where

we do admit 1 on the left hand side. BdthandH are acyclic (elements ¢ consist
of all elements which are given by polydifferiential expgiess and whose projection
gives a polyvector field whose 0-ary component is a functianishing at 0). Note
now thatH is agl,[e]-module, whergl ,[€] = gl , D gl - €, |€] = —1, the differential is
d/d¢ and operations oH are given by mapkx andix, respectively the natural action
and the contraction by vector fielése gl,,.

The compleHTn?n(/\'g?‘,/\'g%') can be seen as a subcompli&’xc H consisting of all
gl ;-equivariant polyvector fields whose 0-ary component yagssat O (and therefore
vanishes itself)i. e. Ue HisinH’ < ixU = LxU = 0. It suffices now to showl’ is
acyclic which is true because saHsandH’ is quasi-isomorphic to the relative cochain
complexC*(gl,[e], gl H).

To prove this quasi-isomorphism, spiit,-equivariantlyg,s = gl,, & h, this induces an
isomorphism ol ,[e]-modulesH = [];hom(Algl ,,H’). Let us discuss the differential
on the right hand side of this formula corresponding to thmHounder our identifi-
cation. LetF be the filtration ofH’ given by FXH’ = H' N FKH, where in turnF¥H
consists of all elements which vanish®ftg; A---ATMNg; aslongasy +---+n <k.
The differential is induced by that i@* (gl ,,H’) = [];hom(Algl,,H’) modulo a term
which increasef. An easy spectral sequence argument imply then the statemen
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