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Abstract

Construction of formality theorem by Kontsevich ([Ko]) andTamarkin ([Ta])
are first made locally. In [Ko] and [Do], sufficient conditions are given to glob-
alize the fomality maps. Kontsevich formality maps satisfythose conditions. In
this letter, we show that Tamarkin’s maps can also be constructed to satify those
conditions and so can be globalized. This letter is extracted from a general lecture
given in Dijon 8 - 12 March 2004 on Tamarkin’s works.

Let M be a differential manifold andg2 = (C·(A,A),b) be the Hochschild cochain
complex onA = C∞(M). The classical Hochschild-Kostant-Rosenberg theorem states
that the cohomology ofg2 is the graded Lie algebrag1 = Γ·(M,∧·TM) of multivector
fields onM. There is also a graded Lie algebra structure ong2 given by the Gersten-
haber bracket. In the caseM = R

n, using different methods, Kontsevich ([Ko]) and
Tamarkin ([Ta]) have proved the existence of Lie homomorphisms “up to homotopy”
(L∞-morphisms) formg1 to g2. Kontsevich’s proof uses graphs and maps are related
to polyzeta functions whereas Tamarkin’s construction uses existence of associators.
In fact Tamarkin’sL∞-morphism comes from the restriction of a “up to homotopy”
Gerstenhaber algebra homomorphism (G∞-morphism) fromg1 to g2 (theG∞-algebra
structure ong1 is induced by its classical Gerstenhaber algebra structureand a far less
trivial G∞-structure ong2 was proved to exist by Tamarkin [Ta] and relies on Drinfeld’s
associator). WhenM is a Poisson manifold, Kontsevich and Tamarkin homomorphisms
imply the existence of a star-product (see [BFFLS1] and [BFFLS2] for a definition).
Connection between the two approaches has been shown in [KS]. The purpose of this
letter is to prove that the (local)G∞-morphism of Tamarkin can be built so that itsL∞
part satisfies globalization hypothesis described by Kontsevich ([Ko]) and Dolgushev
([Do]) and so can be globalized, as well as Tamarkin’sL∞ maps.

In the first section, we fix notations and recall the definitions of L∞ andG∞-structures.
In the second section we state and prove the main Theorem.
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Remark : in the sequel, unless otherwise is stated, the manifoldM is supposed to be
R

n for somen≥ 1.

1 L∞ and G∞-structures

For any graded vector spaceg, we choose the following degree on the space∧·
g : if

X1, . . . ,Xk are homogeneous elements of respective degree|X1|, . . . |Xk|, then

|X1∧·· ·∧Xk| = |X1|+ · · ·+ |Xk|−k.

In particular the componentg = ∧1
g ⊂ ∧·

g is the same as the spaceg with degree
shifted by one. The space∧·

g with the deconcatenation cobracket is the cofree cocom-
mutative coalgebra ong with degree shifted by one. Any degree one mapdk : ∧k

g → g

(k ≥ 1) extends into a derivationdk : ∧·
g → ∧·

g of the coalgebra∧·
g (by cofreeness

property).

Definition 1.1. A vector spaceg is endowed with a L∞-algebra (Lie algebra “up to
homotopy”) structure if there are degree one linear maps m1,...,1 : ∧k

g→ g such that if
we extend them to maps∧·

g →∧·
g, then d◦d = 0 where d is the derivation

d = m1 +m1,1+ · · ·+m1,...,1 + · · · .

For more details onL∞-structures, see [LS]. It follows from the definition that aL∞-
algebra structure induces a differential coalgebra structure on∧·

g and that the map
m1 : g → g is a differential. Ifm1,...,1 : ∧k

g → g are 0 fork ≥ 3, we get the usual
definition of (differential ifm1 6= 0) graded Lie algebras.

For any graded vector spaceg, we denoteg⊗n the quotient ofg⊗n by the image of
all the shuffles of lengthn (see [GK] or [GH] for details). The graded vector space
⊕n≥0g

⊗n is a quotient coalgebra of the tensor coalgebra⊕n≥0g
⊗n. It is well known

that this coalgebra⊕n≥0g
⊗n is the cofree Lie coalgebra on the vector spaceg (with

degree shifted by minus one). For any spaceg, we denote∧·
g
⊗· the graded space

⊕
m≥1, p1+···+pn=m

g
⊗p1 ∧ ·· · ∧ g

⊗pn. We use the following grading on∧·
g
⊗· defined as

follows: for x1
1, · · · ,x

pn
n ∈ g,

|x1
1⊗·· ·⊗xp1

1 ∧·· ·∧x1
n⊗·· ·⊗xpn

n | =
p1

∑
i1

|xi1
1 |+ · · ·+

p1

∑
in

|xin
n |−n.

Notice that the induced grading on∧·
g ⊂ ∧·

g
⊗· is the same as the one introduced

above. The cobracket on⊕g
⊗· and the coproduct on∧·

g extend to a cobracket and a
coproduct on∧·

g
⊗· which yield a Gerstenhaber coalgebra structure on∧·

g
⊗·. It is well

known that this coalgebra structure is cofree (see [Gi],Section 3 for example).

Definition 1.2. A G∞-algebra (Gerstenhaber algebra “up to homotopy”) structure on
a graded vector spaceg is given by a collection of degree one maps

mp1,...,pn : g
⊗p1 ∧·· ·∧g

⊗pn → g
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indexed by p1, . . . pn ≥ 1 such that their canonical extension:∧·
g
⊗· →∧·

g
⊗· satisfies

d◦d = 0 where
d = ∑

m≥1, p1+···pn=m

mp1,...,pn.

Again, as the coalgebra structure of∧·
g
⊗· is cofree, the mapd makes∧·

g
⊗· a differen-

tial coalgebra. If the mapsmp1,...,pn are 0 for(p1, p2, . . . ) 6= (1,0, . . .), (1,1,0, . . .) or
(2,0, . . .), we get the usual definition of (differential ifm1 6= 0) Gerstenhaber algebra.

The space of polyvector fieldsg1 is endowed with a graded Lie bracket[−,−]S called
the Schouten bracket (see [Kos]). This Lie algebra can be extended into a Gerstenhaber
algebra, with commutative structure given by the exterior product:(α,β ) 7→ α ∧β .
Settingd1 = m1,1

1 +m2
1, wherem1,1

1 : ∧2
g1 → g1, andm2

1 : g
⊗2
1 → g1 are the extension

of the Schouten bracket and the exterior product, we find that(g1,d1) is aG∞-algebra.

In the same way, one can define a differential Lie algebra structure on the vector space
g2 = C(A,A) =

⊕
k≥0Ck(A,A), the space of Hochschild cochains (generated by differ-

entialk-linear maps fromAk to A), whereA = C∞(M) is the algebra of smooth differ-
ential functions overM. Its bracket called Gerstenhaber bracket[−,−]G is defined, for
D,E ∈ g2, by

[D,E]G = {D|E}− (−1)|E||D|{E|D},

where

{D|E}(x1, . . .,xd+e−1) = ∑
i≥0

(−1)|E|·iD(x1, . . .,xi ,E(xi+1, . . .,xi+e), . . .).

The spaceg2 has a grading defined by|D |= k⇔ D ∈Ck+1(A,A) and its differential is
b = [m,−]G, wherem∈C2(A,A) is the commutative multiplication onA.

Proposition 1.3. ([HKR]) The complex(g2,b) is quasi-isomorphic to(g1,0).

An explicit quasi-isomorphism is given by the Hochschild-Kostant-Rosenberg map
(see [HKR]),ϕHKR : (g1,0) → (g2,b) defined, forα ∈ g1, f1, · · · , fn ∈ A, by

ϕHKR : α 7→
(
( f1, . . . , fn) 7→ 〈α,d f1∧·· ·∧d fn〉

)
.

Tamarkin (see [Ta] or also [GH]) stated the existence of aG∞-structure ong2 given
by a differentiald2 = m1

2 + m1,1
2 + m2

2 + · · ·+ mp1,p2
2 + · · · , on ∧·

g
⊗·
2 (mp1,p2,...,pk

2 = 0
for k≥ 3) satisfyingd2◦d2 = 0. Although this structure is non-explicit, it satisfies the
following three properties :

(a) m1
2 is the extension of the differentialb

(b) m1,1
2 is the extension of the Gerstenhaber bracket[−,−]G.

(c) m2
2 induces the exterior product in cohomology. (1.1)
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Definition 1.4. A L∞-morphism between two L∞-algebras(g1,d1 = m1
1 + . . . ) and

(g2,d2 = m1
2 + . . .) is a morphism of differential coalgebras

ϕ : (∧·
g1,d1) → (∧·

g2,d2). (1.2)

Such a mapϕ is uniquely determined by a collection of mapsϕn : ∧n
g1 → g2 (again

by cofreeness properties). In the caseg1 andg2 are respectively the graded Lie algebra
(Γ(M,∧T M), [−,−]S) and the differential graded Lie algebra(C(A,A) , [−,−]G), for-
mality theorems of Kontsevich and Tamarkin state the existence of aL∞-morphism be-
tweeng1 andg2 such thatϕ1 is the Hochschild-Kostant-Rosenbergquasi-isomorphism.

Definition 1.5. A morphism of G∞-algebras between two G∞-algebras(g1,d1) and
(g2,d2) is a mapφ : (∧·

g
⊗·
1 ,d1) → (∧·

g
⊗·
2 ,d2) of codifferential coalgebras.

There is a coalgebra inclusion∧·
g → ∧·

g
⊗·, and it is easy to check that anyG∞-

morphism between twoG∞-algebras(g,∑mp1,...,pn), (g′,∑m′p1,...,pn) restricts into a

L∞-morphism
(
∧·

g,∑m1,...,1
)
→

(
∧·

g
′,∑m′1,...,1

)
. In the caseg1 andg2 are as above,

Tamarkin’s theorem states that there exists aG∞-morphism between the twoG∞ alge-
brasg1 andg2 (with theG∞ structure he built) that restricts to aL∞-morphism between
the differential graded Lie algebrasg1 andg2..

2 Main theorem

We keep the notations of the previous section, in particularg2 is the Hochschild com-
plex of cochains onC∞(M) andg1 its cohomology.

Here is our main theorem.

Theorem 2.1. Suppose M= R
d and we are given a G∞-structure ong2 given by a

differential d2 as in 1.1. One can construct, following Tamarkin, a G∞-morphismΦ :
g1 → g2 satisfying the extra conditions:

1. The G∞-morphism is local (one can replaceRd by its formal completionRd
0

at the origin, or in other words, one can replace the functions with their Taylor
expansion) and it can be made equivariant with respect to linear transformations
of the coordinates onRd

0.

2. For any set of vector fields(vi)1≤i≤2 ∈ Γ(Rd
0,TR

d
0),

Φ1,1(v1∧v2) = 0. (2.3)

3. If n≥ 2 and v∈ Γ(Rd
0,TR

d
0) is linear in the coordinates onRd

0, then for any set
of tensor product of multivector fieldsγi ∈ Γ(Rd

0,∧TR
d
0)

⊗pi :

Φ1,p2,...,pn(v∧ γ2∧·· ·∧ γn) = 0. (2.4)
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Corollary 2.2. The restrictionϕ of Φ as a L∞-morphism

ϕ : (g1, [−,−]S) → (g2, [−,−]G +b)

satisfies the conditions:

1. The L∞-morphism is local and it can be made equivariant with respect to linear
transformations of the coordinates onR

d
0.

2. For any set of vector fields(vi)1≤i≤2 ∈ Γ(Rd
0,TR

d
0),

ϕ1,1(v1∧v2) = 0. (2.5)

3. If n≥ 2 and v∈ Γ(Rd
0,TR

d
0) is linear in the coordinates onRd

0, then for any set
of multivector fieldsγi ∈ Γ(Rd

0,∧TR
d
0) :

ϕ1,1,...,1(v∧ γ2∧·· ·∧ γn) = 0. (2.6)

Those are exactly the conditions written in [Ko] and [Do] forglobalization. So one
can build a global L∞ morphism using Tamarkin’s methods.

Proof of Theorem 2.1:
Let us first recall the proof of Tamarkin’s formality theorem(see [GH] for more

details):

1. Firstly one proves there exists aG∞-structure ong2, given by a differentiald2, as
in (1.1), satisying the extra property:

d2 = ∑
p1,p2

dp1,p2
2 ,

and by construction,d1,p
2 (u,v1 · · ·vp) = 0 for p > 1 and any vector fieldsu.

2. Then, one constructs aG∞-structure ong1 given by a differentiald′
1 together with

a G∞-morphismΦ′ between(g1,d′
1) and(g2,d2).

3. Finaly, one constructs aG∞-morphismΦ′′ between(g1,d1) and(g1,d′
1).

The compositionΦ = Φ′ ◦Φ′′ is then aG∞-morphism between(g1,d1) and(g2,d2),
that rectricts to aL∞-morphism between the differential graded Lie algebrasg1 andg2.

The theorem will follow if we prove that points 2 and 3 of Tamarkin’s construction
are still true withΦ′ andΦ′′ satisfying the extra conditions of Theorem 2.1 andd′

1
satisfying conditions (2.4) forn≥ 3.

- Point 2: let us recall (see [GH]) that the constructions ofΦ′ andd′
1 can be made

by induction. Fori = 1,2 andn≥ 0, let us set

V [n]
i =

⊕

p1+···+pk=n

g
⊗p1
i ∧·· ·∧g

⊗pk
i
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andV [≤n]
i = ∑k≤nV [k]

i . Let d[n]
2 andd[≤n]

2 be the sums

d[n]
2 = ∑

p1+···+pk=n
dp1,...,pk

2 and d[≤n]
2 = ∑

p≤n
d[p]

2 .

Clearly,d2 = ∑n≥1d[n]
2 . In the same way, we denoted′

1 = ∑n≥1d′[n]
1 with

d′[n]
1 = ∑

p1+···+pk=n
d
′p1,...,pk
1 and d′[≤n]

1 = ∑
1≤k≤n

d′[k]
1 .

We know from Section 1 that a morphismΦ′ : (∧·
g
⊗·
1 ,d′

1) → (∧·
g
⊗·
2 ,d2) is uniquely

determined by its componentsΦ′p1,...,pk : g⊗p1
1 ∧·· ·∧g

⊗pk
1 → g2. Again, we haveΦ′ =

∑n≥1Φ′[n] with

Φ′[n] = ∑
p1+···+pk=n

Φ′p1,...,pk and Φ′[≤n] = ∑
1≤k≤n

Φ′[k].

We want to construct the mapsd′[n]
1 andΦ′[n] by induction with the initial condition

d′[1]
1 = 0 and Φ′[1] = ϕHKR,

whereϕHKR : (g1,0) → (g2,b) is the Hochschild-Kostant-Rosenberg quasi-isomor-
phism (defined after Proposition 1.3). Note that this map satisfies the first conditions
of Theorem 2.1.
Now suppose the construction is done forn− 1 (n ≥ 2), i. e., we have built maps

(d′[i]
1 )i≤n−1 and(Φ′[i])i≤n−1 satisfying the extra conditions of Theorem 2.1 and

Φ′[≤n−1]◦d′[≤n−1]
1 = d[≤n−1]

2 ◦ Φ′[≤n−1] onV [≤n−1]
1 andd′[≤n−1]

1 ◦d′[≤n−1]
1 = 0 onV [≤n]

1 .
(2.7)

In [GH], we proved that for any such(d′[i]
1 )i≤n−1 and(Φ′[i])i≤n−1, one can constructd′[n]

1
andΦ′[n] such that condition (2.7) is true forn instead ofn−1. as this last statement is
equivalent to

ϕHKRd′[n]
1 = bΦ′[n] +A (2.8)

whereA is always a Hochschild cocycle (existence ofd′[n]
1 andΦ′[n] are then conse-

quences of Proposition 1.3).
- It is obvious (use homotopy formulas of [Ha] to solve (2.8))that the first condition in

Theorem 2.1 can then be satisfied for those mapsd′[n]
1 andΦ[n].

- Using Equation (2.7), condition (2.3) is equivalent to:

Φ([α,β ]S) (= ϕHKR([α,β ]S)) = [Φ(α),Φ(β )]G (= [ϕHKR(α),ϕHKR(β )]G),

for any set of vector fieldsα,β ∈ Γ(Rd
0,TR

d
0), which is true.

- Let us check conditions (2.4) ford[n]
1 andΦ′[n] when they are supposed to be true by

induction fork ≤ n−1. Using the induction hypothesis in Equation (2.7) and the fact
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thatdp1,...,pn
2 = 0 for n > 2 andd1,p

2 (u,v1 · · ·vp) = 0 for p > 1 and any vector fieldsu,
one can see that those conditions are equivalent to

[X,Φ[n−1](· · · ∧x1
i ⊗·· ·⊗xpi

i ∧·· · )]G = ∑Φ[n−1](· · · ∧ · · ·⊗ [X,x
ni j
i ]S⊗·· ·∧ · · · ),

(2.9)
whereX is a linerar vector fields andx

ni j
i are tensor fields, which is exactely the equiv-

ariance with respect to linear transformations of the coordinates onRd
0 and whas al-

ready proved.

So one can constructd[n]
1 andΦ′[n] satisfying the conditions of Theorem 2.1.

- Point 2: let us now recall that the construction ofΦ′′ can also be made by induc-

tion. Again, we will use the same notations forV [n]
1 , V [≤n]

1 , d′[n]
1 , d′[≤n]

1 Φ′[n], Φ′[≤n] and
we will also write

d1 = ∑d[n]
1 , d′[≤n]

1 = ∑
1≤k≤n

d[n]
1

and
Φ′′ = ∑Φ′′[n], Φ′′[≤n] = ∑

1≤k≤n

Φ′′[n].

Suppose the construction is done forn−1, i.e. we have built maps(Φ′′[i])i≤n−1 satis-
fying the extra conditions of Theorem 2.1 and

Φ′′[1] = id, Φ′′[≤n−1]d[≤n]
1 = d′[≤n]

1 Φ′′[≤n−1] (2.10)

onV [≤n−1]
1 . Again, in [GH], we prove that one can constructΦ′′[n] such that condition

(2.10) is true forn instead ofn−1 : indeed this last statement is equivalent to

[d[2],Φ′′[≤n]] = −
n+1

∑
k=3

d′[k]
1 Φ′′[n−k+2]

where the complex
(

Hom(∧·
g
⊗·
1 ,∧·

g
⊗·
1 ), [d[2],−]

)
is acyclic. To prove this last fact

(see [Ta] and [GH]), one can see this complex as a bicomplex where

[d[2],−] = [[−,−]S,−]+ [∧,−]

(the sum of dCE the Chevalley-Eilenberg differential and dH the Harrison differential)
and use the following properties :

1. The complex
(
Hom(g⊗·

1 ,g1),dH
)

is concentrated in degree 0

2. The complex
(
Homg1(∧

·
g1

Ωg1,g1),dCE
)

is concentrated in degree 0 whereΩg1

is the degreee 0 cohomology of the former complex and is the module of Kähler
differential one-forms of the algebrag1,

which implies the acyclicity of the complex
(

Hom(∧·
g
⊗·
1 ,∧·

g
⊗·
1 ), [d[2],−]

)
. Those

facts can be checked using again homotopy formulas (see [GH]). Using those formu-
las, one can again easily check thatΦ′′ can be built to satisfies the first conditions of
Theorem 2.1.
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To prove the third condition forΦ′′ (the second one can be proved in the same way),
using the induction hypothesis, one has to check that the twopoints giving acyclicity

of the complex
(

Hom(∧·
g
⊗·
1 ,∧·

g
⊗·
1 ), [d[2],−]

)
are also true when we impose the extra

conditions. More precisely, we have to prove :
1. If a mapψ ′ of degree more that 2 satisfies dHψ = ψ ′ and the third extra condi-

tions of Theorem 2.1, one can chose the mapψ to satisfy also those conditions. This
can be done as the Harrison differential acts independentely on each part of the exterior
product.

1’. If ψ satisfies the third extra conditions of Theorem 2.1, dCEψ satisfieds also
those conditions. This is true as the only equation that should be satisfied is of the Type
of Equation (2.9) and is again a consequence of equivariancewith respect to linear
change of coordinates.

2. The complex
(

H̃omg1(∧
·
g1

Ωg1,g1),dCE

)
is concentrated in degree 0 where,

with H̃om, we restrict our complex to the maps satisfying the thirdcondition. It is true
becauseH̃om= Hom since the maps∧·

g1
Ωg1 → g1 are not concerned with the third

condition of Theorem 2.1.

So the theorem is proved. �

Remark: Let H̃om(∧·
g
⊗·
1 ,∧·

g
⊗·
1 ) be the subspace of Hom(∧·

g
⊗·
1 ,∧·

g
⊗·
1 ) consisting of

maps satisfying conditions of Theorem 2.1. What we did can bereformulated as fol-

lows:
(
H̃om(∧·

g
⊗·
1 ,∧·

g
⊗·
1 ), [d[2],−]

)
is a subcomplex of

(
Hom(∧·

g
⊗·
1 ,∧·

g
⊗·
1 ), [d[2],−]

)

which is acyclic. We proved acyclicity of this complex following the same steps used

to prove acyclicity of
(
Hom(∧·

g
⊗·
1 ,∧·

g
⊗·
1 ), [d[2],−]

)
but it can be deduced directly:

Hom(∧·
g
⊗·
1 ,∧·

g
⊗·
1 )) can be seen as a subcomplexH of an extended complex̂H where

we do admit 1 on the left hand side. BotĥH andH are acyclic (elements ofH consist
of all elements which are given by polydifferiential expressions and whose projection
gives a polyvector field whose 0-ary component is a function vanishing at 0). Note
now thatH is agln[ε]-module, wheregln[ε] = gln⊕gln ·ε, |ε|= −1, the differential is
∂/∂ε and operations onH are given by mapsLX andiX , respectively the natural action
and the contraction by vector fieldsX ∈ gln.
The complexH̃om(∧·

g
⊗·
1 ,∧·

g
⊗·
1 ) can be seen as a subcomplexH ′ ⊂ H consisting of all

gln-equivariant polyvector fields whose 0-ary component vanishes at 0 (and therefore
vanishes itself),i. e. U ∈ H is in H ′ ⇔ iXU = LXU = 0. It suffices now to showH ′ is
acyclic which is true because so isH andH ′ is quasi-isomorphic to the relative cochain
complexC∗(gln[ε],gln;H).
To prove this quasi-isomorphism, splitgln-equivariantlyg1 = gln⊕h, this induces an
isomorphism ofgln[ε]-modulesH ∼= ∏i hom(Λi

gln,H
′). Let us discuss the differential

on the right hand side of this formula corresponding to that on H under our identifi-
cation. LetF be the filtration ofH ′ given byFkH ′ = H ′ ∩FkH, where in turn,FkH
consists of all elements which vanish onTn1g1∧·· ·∧Tni g1 as long asn1+ · · ·+ni < k.
The differential is induced by that inC∗(gln,H

′) ∼= ∏i hom(Λi
gln,H

′) modulo a term
which increasesF . An easy spectral sequence argument imply then the statement.
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