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Abstra
t. | Let M be a di�erential manifold. Using di�erent methods, Kontsevi
hand Tamarkin have proved a formality theorem, whi
h states the existen
e of a Liehomomorphism \up to homotopy" between the Lie algebra of Ho
hs
hild 
o
hains onC1(M) and its 
ohomology (�(M;�TM); [�;�℄S). Suppose M is a Poisson man-ifold equipped with a Poisson tensor �; then one 
an dedu
e from this theorem theexisten
e of a star produ
t ? on C1(M). In this paper we prove that the formalitytheorem 
an be extended to a Lie (and even Gerstenhaber) homomorphism \up tohomotopy" between the Lie (resp. Gerstenhaber \up to homtoptopy") algebra ofHo
hs
hild 
o
hains on the deformed algebra (C1(M); �) and the Poisson 
omplex(�(M;�TM); [�;�℄S). We will �rst re
all Tamarkin's proof and see how the for-mality maps 
an be dedu
ed from Etingof-Kazhdan's theorem using only homotopiesformulas. The formality theorem for Poisson manifolds will then follow.0. Introdu
tionLet M be a di�erential manifold. Formality theorems link 
ommutative obje
tswith non-
ommutative ones. More pre
isely, one 
an de�ne two graded Lie algebrasg1 and g2. The �rst one g1 = �(M;�TM) is the spa
e of multive
tor �elds on M . Itis endowed with a graded Lie bra
ket [�;�℄S 
alled the S
houten bra
ket (see [Kos℄).The spa
e g1 
an be identi�ed with the 
ohomology of a 
o
hain 
omplex g2 =C(A;A) = Lk�0 Ck(A;A), the spa
e of regular Ho
hs
hild 
o
hains (generated bydi�erential k-linear maps from Ak to A and support preserving), where A = C1(M)is the algebra of smooth di�erential fun
tions over M . The ve
tor spa
e g2 is alsoendowed with a graded Lie algebra stru
ture given by the Gerstenhaber bra
ket[�;�℄G [GV℄. The di�erential b = [m;�℄G (where m 2 C2(A;A) is the 
ommu-tative multipli
ation in A) makes g2 into a graded di�erential Lie algebra and the2000 Mathemati
s Subje
t Classi�
ation. | Primary 16E40, 53D55, Se
ondary 18D50, 16S80.Key words and phrases. | Deformation quantization, star-produ
t, homotopy formulas, homo-logi
al methods.
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ohomology H�(g2; b) of g2 with respe
t to b 
oin
ides with g1. More pre
isely, one
an 
onstru
t a quasi-isomorphism�1 : g1 ! g2; (the Ho
hs
hild-Kostant-Rosenbergquasi-isomorphism, see [HKR℄) between the 
omplexes (g1; 0) and (g2; b); it is de-�ned, for � 2 g1, f1; � � � ; fn 2 A, by� 7! �(f1; : : : ; fn) 7! h�; df1 ^ � � � ^ dfni�:This map �1 is not a Lie algebra morphism, but the only obstru
tions for it tobe are given by boundaries for the di�erential b. In fa
t, Kontsevi
h's formalitytheorem states that �1 indu
es a morphism if one relaxes the Lie algebras stru
tureson g1 and g2 into Lie algebras \up to homotopy" stru
tures. In other words, setting�0 = m 2 C2(A;A), formality theorems 
an be seen as a 
onstru
tion of a 
olle
tionof homotopies �n : �ng1 ! g2 su
h that �1 is the Ho
hs
hild-Kostant-Rosenbergmorphism and the map � =Pn�0 �n : ��g1 ! g2 satis�es[�; �℄G = � Æm1;11 (0.1)where m1;11 : ��g1 ! ��g1 is the 
anoni
al extension of the S
houten Lie bra
ket ong1.The existen
e of su
h homotopies was proven by Kontsevi
h (see [Ko1℄ and [Ko2℄)and Tamarkin (see [Ta℄). They use di�erent methods in their proofs. Neverthelessthe two approa
hes are 
onne
ted (see [KS℄). In this paper we will use Tamarkin'smethods (whi
h are also well explained in [Hi℄) to obtain a version of the formalitytheorem when the manifold M is equipped with a Poisson stru
ture. Moreover, asin Tamarkin's proof, we will suppose that M = Rn . In some 
ases the results 
anbe globalized using te
hniques of Cattaneo, Felder and Tomassini (see [CFT℄). Morepre
isely, all our results are valid for an arbitrary manifold up to Se
tion 5 wherea
y
li
ity of the de Rham 
omplex only holds for M = Rn and thus globalization isneeded.One of the goals of this paper is to make the maps �n given by Tamarkin's proof asexpli
it as possible. We 
ould try to 
onstru
t them by indu
tion starting from �1 (theHo
hs
hild-Kostant-Rosenberg quasi-isomorphism), but we would meet 
ohomologi
alobstru
tions to build (�n)n�2. Thus a natural idea 
onsists in enlarging the stru
turesin order to redu
e the obstru
tions. More pre
isely, we know that the graded spa
eg1 = �(M;�TM) equipped with the Lie bra
ket [�;�℄S and the exterior produ
t ^has a graded Gerstenhaber algebra stru
ture.Although the 
omplex g2 equipped with the Gerstenhaber bra
ket and the 
up-produ
t is not a Gerstenhaber algebra, Tamarkin [Ta℄ has proved that g2 
an beendowed with a stru
ture of Gerstenhaber algebras up to homotopy (see Se
tion 1)and established the existen
e of a quasi-isomorphism of Gerstenhaber algebras up tohomotopy between g1 and g2.The paper is organized as follows:{ In Se
tion 1, taking our inspiration from the language of operads, we re
all thede�nitions of Lie algebras up to homotopy (L1-algebras for short) and refor-mulate the problem as follows: the (di�erential) graded Lie algebra stru
ture ong1 and g2 are equivalent to 
odi�erentials d1 and d2 on the exterior 
oalgebras



A FORMALITY THEOREM FOR POISSON MANIFOLDS 3��g1 and ��g2. A morphism of Lie algebras up to homotopy between g1 and g2is a morphism of di�erential 
oalgebras� : (��g1; d1)! (��g2; d2):We will also re
all the de�nition of Gerstenhaber algebras \up to homotopy" orG1-algebras (similarly given by a di�erential d on a pe
uliar 
oalgebra ��g
�)and morphism between them.{ In Se
tion 2 we re
all Tamarkin's 
onstru
tion of the G1-stru
ture on g2, givenby a di�erential d2 on ��g
�2 .{ In Se
tion 3 we prove (still following Tamarkin's approa
h) that there exists aG1-stru
ture on g1, given by a di�erential d01 on ��g
�1 , and that there exists aG1-morphism  : (��g
�1 ; d01)! (��g
�2 ; d2).{ In Se
tion 4 we establish the existen
e of a G1-morphism  0 : (��g
�1 ; d1) !(��g
�1 ; d01), where d1 de�nes the Gerstenhaber stru
ture on g1 des
ribed inSe
tion 1. We dedu
e this fa
t from the a
y
li
ity of the 
omplex�Hom(��g
�1 ); [m1;11 +m21;�℄� ;where [�;�℄ denotes the graded 
ommutator of morphisms,.{ In Se
tion 5 we prove that the 
omplex �Hom(��g
�1 ); [m1;11 +m21;�℄� is a
y
li
for M = Rn and that homotopy formulas 
an be written out.{ In Se
tion 6 we show that the G1-morphism � =  Æ  0 : (��g
�1 ; d1) !(��g
�2 ; d2) indu
es the desired L1-morphism between g1 and g2 and also in thesame way an asso
iative algebra morphism \up to homotopy" between thesetwo spa
es. Moreover when the manifold M is a Poisson manifold equippedwith a Poisson tensor �eld � 2 �(M;�2TM) satisfying [�; �℄S = 0, then thereexists a star-produ
t on M , that is to say a deformation m? of the produ
tm on A whose linear term is � (see [BFFLS1℄ and [BFFLS2℄). In this 
ase(g1; [�;�℄S; [�;�℄S) be
omes a graded di�erential Lie algebra (and even a Ger-stenhaber algebra) and (g2; [�;�℄G; b?), where b? is the Ho
hs
hild di�erential
orresponding to the deformed produ
t m?, is a new graded di�erential Liealgebra.{ In Se
tion 7 we prove a formality theorem between the two di�erential gradedLie (and even Gerstenhaber \up to homotopy") algebras (g1?; [�;�℄S ; [�;�℄S)and (g2?; [�;�℄G; b?) following the same steps as in Se
tions 2, 3 and 4.Remark: In this paper we emphasize the Lie stru
tures of g1 and g2, not theirasso
iative algebra stru
tures. Hen
e, our gradings for the spa
es g1, g2, : : : areshifted by one from what is usually done in the literature.1. De�nitions and notationsLet g be any graded ve
tor spa
e. The exterior 
oalgebra ��g is the 
ofree 
om-mutative 
oalgebra on the ve
tor spa
e g. In this paper we deal with graded spa
e.
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eforth, for any graded ve
tor spa
e g, we 
hoose the following degree on ��g : ifX1; : : : ; Xk are homogeneous elements of respe
tive degree jX1j; : : : jXkj, thenjX1 ^ � � � ^Xkj = jX1j+ � � �+ jXkj � k:In parti
ular the 
omponent g = �1g � ��g is the same as the Lie algebra g withdegree shifted by one. The 
oalgebra ��g being 
ofree, any degree one map dk : �kg!g (k � 1) extends into a derivation dk : ��g! ��g of the 
oalgebra ��g.Let us re
all the de�nition of Lie algebras \up to homotopy", denoted L1-algebrashen
eforth.De�nition 1.1. | A ve
tor spa
e g is endowed with a L1-algebra stru
ture if thereare degree one linear maps m1;:::;1 : �kg ! g su
h that if we extend them to maps��g! ��g, then d Æ d = 0 where d is the derivationd = m1 +m1;1 + � � �+m1;:::;1 + � � � :For more details on L1-stru
tures, see [LS℄. It follows from the de�nition that aL1-algebra stru
ture indu
es a di�erential 
oalgebra stru
ture on ��g and that themap m1 : g! g is a di�erential.The Lie algebra stru
ture on g1=�(M;�TM) is given by the S
houten bra
ket (see[Kos℄) whi
h extends the Lie bra
ket of ve
tor �elds in the following way:[�; � ^ 
℄S = [�; �℄S ^ 
 + (�1)j�j(j�j+1)� ^ [�; 
℄S (1.2)for �; �; 
 2 g1. For f 2 �(M;�0TM) = C1(M) and � 2 �(M;�1TM) we set[�; f ℄S = � � f , the a
tion of the ve
tor �eld � on f . The grading on g1 is de�ned byj�j = n, � 2 �(M;�n+1TM)We reformulate the graded Lie algebra stru
ture of g1 into a L1-algebra stru
tureas follows: the S
houten Lie bra
ket [�;�℄S on g1 is equivalent to a (degree one) mapm1;11 : �2g1 ! g1 that we 
an extend 
anoni
ally to m1;11 : ��g1 ! ��g1. The Ja
obiidentity satis�ed by [�;�℄S then 
orresponds to the identity:d1 Æ d1 = 0;where d1 = m1;11 . Hen
e the map m1;11 de�nes a L1-algebra stru
ture on g1.In the same way, the Lie algebra stru
ture on the ve
tor spa
e g2 = C(A;A) isgiven by the Gerstenhaber bra
ket [�;�℄G de�ned, for D;E 2 g2, by[D;E℄G = fDjEg � (�1)jEjjDjfEjDg;wherefDjEg(x1; : : :; xd+e�1) =Xi�0 (�1)jEj�iD(x1; : : :; xi; E(xi+1; : : :; xi+e); : : :):The spa
e g2 has a grading de�ned by jD j= k , D 2 Ck+1(A;A) and its di�erentialis b = [m;�℄G, where m 2 C2(A;A) is the 
ommutative multipli
ation on A.The Gerstenhaber bra
ket on C(A;A) is equivalent to a map m1;12 : �2g2 ! g2and the di�erential b is a degree one map m12 : g2 ! g2. These maps extends tomaps ��g2 ! ��g2. All identities de�ning the di�erential Lie algebra stru
ture on



A FORMALITY THEOREM FOR POISSON MANIFOLDS 5g2 (Ja
obi relations for [�;�℄G, b2 = 0, 
ompatibility between b and [�;�℄G) 
an besummarized in the unique relation d2 Æ d2 = 0;where d2 = m12 +m1;12 . Hen
e the maps b and [�;�℄G de�nes a L1-stru
ture on g2.In fa
t any di�erential Lie algebra (g; b) has a L1-stru
ture, with m12 = b, m1;12 isgiven by its bra
ket and m1;:::;1 : �k�3g! g = 0.De�nition 1.2. | A L1-morphism between two L1-algebras (g1; d1 = m11 + : : : )and (g2; d2 = m12 + : : : ) is a morphism of di�erential 
oalgebras� : (��g1; d1)! (��g2; d2): (1.3)Su
h a map � is uniquely determined by a 
olle
tion of maps �n : �ng1 ! g2 as thedi�erential 
oalgebras ��g1 and ��g2 are 
ofree. In the 
ase g1 and g2 are respe
tivelythe graded Lie algebra (�(M;�TM); [�;�℄S) and the di�erential graded Lie algebra(C (C1(M); C1(M)) ; [�;�℄G) it is easy to 
he
k that De�nition (0.1) (from theintrodu
tion) and De�nition (1.3) 
oin
ide.A shu�e (of length n) is a permutation of f1; :::; ng (n � 1) su
h that there existp; q � 1 with p+ q = n and the following inequalities hold:�(1) < � � � < �(p); �(p+ 1) < � � � < �(p+ q):For any permutation � of f1; :::; ng and any graded variables x1; : : : ; xn in g (withdegree shifted by minus one) we de�ne the sign "(�) (the dependen
e on x1; : : : xn isimpli
it) by the identity x1 : : : xn = "(�)x��1(1) : : : x��1(n)whi
h holds in the free graded 
ommutative algebra generated by x1; : : : xn. For anygraded ve
tor spa
e g, ea
h shu�e � a
ts on g
n by the formula:� � (a1 
 � � � 
 an) = "(�)a��1(1) 
 � � � a��1(n)for a0; � � � ; an 2 g. We denote g
n the quotient of g
n by the image of all the mapsshufp;q = P�:(�), where the sum is over all shu�es of length n = p + q with p; q�xed. The graded ve
tor spa
e �n�0g
n a quotient 
oalgebra of the tensor 
oalgebra�n�0g
n. It is well known (see [GK℄ for example) that this 
oalgebra �n�0g
n isthe 
ofree Lie 
oalgebra on the ve
tor spa
e g (with degree shifted by minus one).Hen
eforth, for any spa
e g, we denote ��g
� the graded spa
e �m�1; p1+���+pn=m g
p1^� � � ^ g
pn . We will use the following grading on ��g
�: for x11; � � � ; xpnn 2 g, we de�nejx11 
 � � � 
 xp11 ^ � � � ^ x1n 
 � � � 
 xpnn j = p1Xi1 jxi11 j+ � � �+ pnXin jxinn j � n:Noti
e that the indu
ed grading on ��g � ��g
� is the same as the one introdu
edabove. The 
obra
ket on �g
� and the 
oprodu
t on ��g extend to a 
obra
ket anda 
oprodu
t on ��g
�. The sum of the 
obra
ket and the 
oprodu
t give rise to



6 GREGORY GINOT & GILLES HALBOUTa Gerstenhaber 
oalgebra stru
ture on ��g
�. It is well known that this 
oalgebrastru
ture is 
ofree (see [Gi℄,Se
tion 3 for example).De�nition 1.3. | A stru
ture of Gerstenhaber algebra \up to homotopy" (G1-algebra for short) on a graded ve
tor spa
e g is given by a 
olle
tion of degree onemaps mp1;:::;pn : g
p1 ^ � � � ^ g
pn ! gindexed by p1; : : : pn � 1 su
h that their 
anoni
al extension: ��g
� ! ��g
� satis�esd Æ d = 0 where d = Xl�1; p1+���pn=lmp1;:::;pn :More details on G1-stru
tures are given in [Gi℄. Again, as the 
oalgebra stru
tureof ��g
� is 
ofree, the map d makes ��g
� a di�erential 
oalgebra.De�nition 1.4. | A morphism of G1-algebras between two G1-algebras (g1; d1)and (g2; d2) is a map � : (��g
�1 ; d1)! (��g
�2 ; d2) of 
odi�erential 
oalgebras.The Lie algebra g1 of multive
tor�elds is in fa
t a Gerstenhaber algebra that is tosay a graded Lie algebra stru
ture with a graded 
ommutative algebra stru
ture (forthe same spa
e with grading shifted by �1) and a 
ompatibility between the bra
ketand the produ
t (expressing that the bra
ket is a derivation for the produ
t) as in(1.2). On the spa
e g1 = �(M;�TM), the 
ommutative stru
ture is given by theexterior produ
t:8�; � 2 �(M;�TM); � ^ � = (�1)(j�j+1)(j�j+1)� ^ �: (1.4)We 
an reformulate the graded Gerstenhaber stru
ture into a G1-algebra stru
tureas follows. The graded Lie algebra stru
ture is still given by a map m1;11 : �2g1 ! g1,and the 
ommutative graded algebra stru
ture is given by a map m21 : g
21 ! g1(be
ause g
21 is the quotient of g
21 by the 2-shu�es, that is to say the elementsa 
 b + (�1)(jaj+1)(jbj+1)b 
 a). The maps m1;11 , m21 above extend into degree onederivations m1;11 ; m21 : ^�g
�1 ! ^�g
�1 :All the identities de�ning the Gerstenhaber-algebra stru
ture on g1 
an be summa-rized into the unique relation d1 Æ d1 = 0where d1 = m1;11 + m21. Hen
e the Gerstenhaber bra
ket and the exterior prod-u
t de�ne a G1-algebra stru
ture on g1. More generally, any Gerstenhaber algebra(g;m; [�;�℄) has a 
anoni
al G1-stru
ture given by m2 = m, m1;1 = [�;�℄, theother maps being zero.
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ture on g2 = C(A;A)The Lie algebra g2 is also endowed with an asso
iative produ
t. It is the \
up"produ
t [ de�ned, for D;E 2 g2 and x1; : : : ; xjDj+jEj+2 2 A, by(D [ E)(x1; : : :; xjDj+jEj+2) = (�1)
D(x1; : : :; xjDj+1)E(xjDj+2; : : :; xjDj+jEj+2)where 
 = (jEj + 1)(jDj + 1). The proje
tion of this produ
t on the 
ohomology of(g2; b) is the exterior produ
t ^, but unfortunately (g2; [�;�℄G;[; b) is not a Ger-stenhaber algebra. However the relations (1.2), (1.4) are satis�ed up to a boundaryfor b.Tamarkin stated the existen
e of a G1-stru
ture on g2. Our aim in this se
tion isto build this G1-stru
ture more expli
itly. By De�nition 1.3. we have to exhibit adi�erential d2 on ��g
�2 satisfying, ifd2 = m12 +m1;12 +m22 + � � �+mp1;:::;pn2 + � � � ;1. m12 is the map b and m1;12 is the map [�;�℄G.2. d2 Æ d2 = 0.We �rst reformulate this problem: let L2 = � g
n2 be the 
ofree Lie 
oalgebra ong2 (see Se
tion 1 for the notation). Sin
e L2 is a 
ofree 
oalgebra, a Lie bialgebrastru
ture on L2 is given by degree one maps ln2 : g
n2 ! g2, 
orresponding to thedi�erential, and maps lp1;p22 : g
p12 ^ g
p22 ! g2, 
orresponding to the Lie bra
ket.These maps extend uniquely into a 
oalgebra derivation L2 ! L2 and a 
oalgebramap L2 ^ L2 ! L2 (still denoted lm2 and lp;q2 ). The following lemma is well known.Lemma 2.1. | Suppose we have a di�erential Lie bialgebra stru
ture on the Lie
oalgebra L2, with di�erential and Lie bra
ket respe
tively determined by maps ln2 andlp1;p22 as above. Then g2 has a G1-stru
ture given, for all p; q; n � 1, bymn2 = ln2 ; mp;q2 = lp;q2 and mp1;:::;pr2 = 0 for r � 3:Proof : The map d2 = Pi�0 li2 +Pp1;p2�0 lp1;p22 : ��L2 ! ��L2 is the Chevalley-Eilenberg di�erential on the di�erential Lie algebra L2; it satis�es d2 Æ d2=0. �Thus to obtain the desiredG1-stru
ture on g2, it is enough to de�ne a Lie bialgebrastru
ture on L2 given by maps ln2 and lp1;p22 with l12 = b and l1;12 = [�;�℄G.Let us now give an equivalent formulation of our problem, whi
h is stated in termsof the asso
iated operads in [Ta℄:Proposition 2.2. | Suppose we have a di�erential bialgebra stru
ture on the 
ofreetensorial 
oalgebra T2 = �n�0 g
n2 with di�erential and multipli
ation given respe
-tively by maps an : V 
n ! V and ap1;p2 : V 
p1 
 V 
p2 ! V . Then we have adi�erential Lie bialgebra stru
ture on the Lie 
oalgebra L2 = �n�0 g
n2 , with di�er-ential and Lie bra
ket respe
tively determined by maps ln2 and lp1;p22 where l12 = a1and l1;12 is the anti-symmetrization of a1;1.A di�erential bialgebra stru
ture on the 
ofree tensorial 
oalgebra �V 
n asso
iatedto a ve
tor spa
e V is often 
alled a B1-stru
ture on V , see [Ba℄.



8 GREGORY GINOT & GILLES HALBOUTProof : We follow the proof in [Ta℄. Let V be a �nite-dimensional ve
tor spa
e andV � be the dual spa
e. A di�erential bialgebra stru
ture on T = �n�0 V 
n is givenby maps an : V 
n ! V (n � 2), 
orresponding to the di�erential, and maps ap1;p2 :V 
p1 
 V 
p2 ! V (p1; p2 � 0), 
orresponding to the produ
t. We 
an de�ne dualmaps of the maps Pn�0 an : T ! T and Pp1;p2�0 ap1;p2 : T 
 T ! T , namelyD : T̂ ! T̂ and � : T̂ ! T̂ 
̂T̂ , where T̂ is the 
ompletion of the tensor algebra�n�0V �
n. The maps D and � are given by maps an� : V � ! V �
n and ap1;p2� :V � ! V �
p1 
 V �
p2 , and de�ne a di�erential bialgebra stru
ture on the 
ompletefree algebra T̂ . The tensor algebra �n�0V �
n is now graded as follows: jxj = p whenx 2 V �
p.Similarly, if we 
onsider a di�erential Lie bialgebra stru
ture on the 
ofree Lie
oalgebra L = �n�0 V 
n, the dual maps d and Æ of the stru
ture maps Pn�0 lnandPp1;p2�0 lp1;p2 indu
e a di�erential Lie bialgebra stru
ture on L̂, the 
ompletionof the free Lie algebra �n�0Lie(V �)(n) on V �, where Lie(V �)(n) is the subspa
e ofelement of degree n.We now repla
e formally ea
h element x of degree n in T̂ (resp. L̂) by hnx, whereh is a formal parameter. Letting jhj = �1, we easily see that a di�erential asso
iative(resp. Lie) bialgebra stru
ture on the asso
iative (resp. Lie) algebras (�n�0V �
n)[[h℄℄(resp. (�n�0Lie(V �)(n))[[h℄℄) with the produ
t and 
oprodu
t being of degree zerois equivalent to a di�erential asso
iative (resp. Lie) bialgebra stru
ture on the asso-
iative (resp. Lie) algebra T̂ (resp. L̂). Thus we have a di�erential free 
oalgebra(T̂ [[h℄℄; D;�).We 
an apply now Etingof-Kazhdan's dequantization theorem for graded di�en-tial bialgebras (see [EK2℄ and Appendix of B. Enriquez for a proof in the gradeddi�erential \super" 
ase) to our parti
ular 
ase: this proves that there exists a Liebialgebra (L̂0; [�;�℄; Æ), generated as a Lie algebra by V � and an inje
tive map IEK :L̂0[[h℄℄! (�n�0V �
n)[[h℄℄ su
h that1. the restri
tion IEK : V � ! V � is the identity,2. IEK([a; b℄) = IEK(a)IEK(b)� IEK(b)IEK(a) +O(h), for all a; b 2 L̂0[[h℄℄,3. (���op) IEK = hIEKÆ +O(h2);4. the maps IEK, Æ and [�;�℄ are given by universal formulas depending only on� and the produ
t of T̂ ,5. if we apply Etingof-Kazhdan's quantization fun
tor (see [EK1℄) to the Lie bial-gebra (�n�0Lie(V �)n[[h℄℄; Æ) we get the bialgebra ((�n�0V �
n)[[h℄℄;�) ba
k.The last 
ondition implies that L̂0 is free as a Lie algebra be
ause T̂ is free as analgebra. Moreover, there exist a di�erential d su
h that IEK Æ d = D Æ IEK so that(L̂0; d; Æ) is a di�erential free Lie 
oalgebra. Taking now dual maps, we get the result.�Sin
e the map IEK de�ned in the pre
edent proof is the identity on V �, the �rstterms a12 and l12 of the di�erentials will be the same on T2 = �g
n2 and on L2 =�n�0 g
n2 . For the same reason the �rst term l1;12 of the Lie bra
ket on L2 will bethe antisymmetrization of the �rst term a1;12 of the 
obra
ket on T2.



A FORMALITY THEOREM FOR POISSON MANIFOLDS 9By Proposition 2.2, the problem of de�ning a Lie bialgebra stru
ture on L2 givenby maps ln2 and lp1;p22 with l12 = b and l1;12 = [�;�℄G, is equivalent to de�ning adi�erential bialgebra stru
ture on T2 given by maps an2 : g
n2 ! g2 and ap1;p22 :g
p12 
 g
p22 ! g2 where a12 = b and a1;12 is the produ
t f�j�g de�ned in Se
tion 1.Indeed, the anti-symmetrization of f�j�g is by de�nition [�;�℄G. The latter 
an bea
hieved using the bra
es (de�ned in [GV℄) a
ting on the Ho
hs
hild 
o
hain 
omplexg2 = C(A;A) for any algebra A. The bra
es operations are maps a1;p2 : g2
g
p2 ! g2(p � 1) de�ned, for all homogeneous D;E1; : : : ; Ep 2 g
p+12 and x1; : : : ; xd 2 A (withd = jDj+ jE1j+ � � �+ jEpj+ 1), bya1;p2 (D1 
 (E1 
 : : :
Ep))(x1 
 � � � 
 xd) =X(�1)�D(x1; : : :; xi1 ; E1(xi1+1; : : :); : : :; Ep(xip+1; : : :); : : :)where � =Ppk=1 ik(jEk j + 1). The maps a1;p2 : g2 
 g
p2 ! g2 and aq�2;p2 = 0 give aunique bialgebra stru
ture on the 
ofree 
otensorial algebra T2 = �n�0g
n2 . Similarlytaking a12 to be the Ho
hs
hild 
oboundary b and a22 to be the 
up-produ
t [, andaq�32 = 0, gives a unique di�erential bialgebra stru
ture on the tensor 
oalgebra T2.Theorem 3.1 in [Vo℄ asserts that these maps yield a di�erential bialgebra stru
tureon the 
ofree 
oalgebra T2 (the proof is a straightforward 
omputation, also see [GV℄and [Kh℄).Using this result, we 
an su

essively apply Proposition 2.2 and Lemma 2.1 toobtain the desired G1-stru
ture on g2 given by maps mp1;:::;pk2 su
h that m12 = b andm1;12 = [�;�℄G. By 
onstru
tion, the maps mp1;:::;pk2 are 0 for k > 2. Moreover, themap m22 
oin
ides, up to a Ho
hs
hild 
oboundary, with the 
up-produ
t [ be
ause,when passing to 
ohomology, they both give the same map m21, 
orresponding to theprodu
t ^ of the Gerstenhaber algebra (g1; [�;�℄S;^).3. A G1-morphism  : (��g
�1 ; d01)! (��g
�2 ; d2)The obje
tive of this se
tion is to prove the following proposition.Proposition 3.1. | There exist a di�erential d01 on ��g
�1 and a morphism of di�er-ential 
oalgebras  : (��g
�1 ; d01)! (��g
�2 ; d2) su
h that the indu
ed map  1 : g1 ! g2is the Ho
hs
hild-Kostant-Rosenberg map of Se
tion 0.Proof : For i = 1; 2 and n � 0, let us setV [n℄i = Mp1+���+pk=n g
p1i ^ � � � ^ g
pkiand V [�n℄i = Pk�n V [k℄i . Let dp1;:::;pk2 : g
p12 ^ � � � ^ g
pk2 ! g2 be the 
omponentsof the di�erential d2 de�ning the G1-stru
ture of g2 (see De�nition 1.3) and denote



10 GREGORY GINOT & GILLES HALBOUTd[n℄2 and d[�n℄2 the sumsd[n℄2 = Xp1+���+pk=n dp1;:::;pk2 and d[�n℄2 =Xp�n d[p℄2 :Clearly, d2 =Pn�1 d[n℄2 . In the same way, we denoted0[n℄1 = Xp1+���+pk=n d0p1;:::;pk1 and d0[�n℄1 = X1�k�n d0[k℄1 :We know from Se
tion 1 that a morphism  : (��g
�1 ; d01)! (��g
�2 ; d2) is uniquelydetermined by its 
omponents  p1;:::;pk : g
p11 ^ � � � ^ g
pk1 ! g2. Similarly we set [n℄ = Xp1+���+pk=n p1;:::;pk and  [�n℄ = X1�k�n [k℄:Again, we have d01 =Pn�1 d0[n℄1 and  =Pn�1  [n℄.We have to build both the di�erential d01 and the morphism of 
odi�erential  . Infa
t we will build the maps d0[n℄1 and  [n℄ by indu
tion. For the �rst terms, we setd0[1℄1 = 0 and  [1℄ = �1;the Ho
hs
hild-Kostant-Rosenberg map (see Se
tion 0).Suppose we have built maps (d0[i℄1 )i�n�1 and ( [i℄)i�n�1 satisfying [�n�1℄ Æ d0[�n�1℄1 = d[�n�1℄2 Æ  [�n�1℄on V [�n�1℄1 and d0[�n�1℄1 Æ d0[�n�1℄1 = 0 on V [�n℄1 . These 
onditions are enough toinsure that d01 is a di�erential and  a morphism of di�erential 
oalgebras. If wereformulate the identity  Æ d01 = d2 Æ  on V [n℄1 , we get [�n℄ Æ d0[�n℄1 = d[�n℄2 Æ  [�n℄: (3.5)If we take now into a

ount that d0[1℄1 = 0, and that on V [n℄1 we have  [k℄ Æ d0[l℄1 =d[k℄2 Æ  [l℄ = 0 for k + l > n+ 1, the identity (3.5) be
omes [1℄d0[n℄1 +B = d[1℄2  [n℄ +A (3.6)where B =Pn�1k=2  [�n�k+1℄d0[k℄1 and A = d[1℄2  [�n�1℄ +Pnk=2 d[k℄2  [�n�k+1℄ (we nowomit the 
omposition sign Æ). The term d[1℄2 in (3.6) is the Ho
hs
hild 
oboundaryb. So thanks to the Ho
hs
hild-Kostant-Rosenberg theorem (3.6) is equivalent to the
o
hains B � A being Ho
hs
hild 
o
y
les. Therefore, in order to prove existen
e ofd0[n℄1 and  [n℄, it is suÆ
ient to prove thatd[1℄2 (B �A) = 0 (3.7)and to show that for any 
hoi
e of those maps, we haved0[�n℄1 d0[�n℄1 = 0 on V [�n+1℄1 : (3.8)



A FORMALITY THEOREM FOR POISSON MANIFOLDS 11� We will �rst 
onstru
t d01[2℄: for n = 2, we get A = d[1℄2  [1℄ + d[2℄2  [1℄ and B = 0 sothat  [1℄d0[2℄1 = d[1℄2 ( [2℄ +  [1℄) + d[2℄2  [1℄:Thus d01[2℄ is the image of d[2℄2 through the proje
tion on the 
ohomology of g2 and asthe Ho
hs
hild-Kostant-Rosenberg map  [1℄ is inje
tive from g1 = H(g2; b = d[1℄2 ) tog2, we get d01[2℄ = d[2℄1 :� Let us prove (3.7): we have d[1℄2 (�A) = �Pnk=2 d[1℄2 d[k℄2  [�n�k+1℄. Using d2d2 = 0,we get d[1℄2 (�A) = nXk=2 kXl=2 d[l℄2 d[k+1�l℄2 ! [�n�k+1℄= nXl=2 d[l℄2  nXk=l d[k+1�l℄2  [�n�k+1℄! :Clearly, we have Pnk=l d[k+1�l℄2  [�n�k+1℄ = Pn�l+1k=1 d[k℄2  [�n�k+2�l℄. Using on
eagain d[a℄1 d[b℄1  [
℄ = 0 on V [n℄1 for a+b+
 > n+2, we add terms ( [n�k+2�l+k0 ℄)0�k0�k�1to  [�n�k+2�l℄ without 
hanging the previous equality. Thus we haved[1℄2 (�A) = nXl=2 d[l℄2  n�l+1Xk=1 d[k℄2 ! [�n+1�l℄ = nXl=2 d[l℄2 d[�n+1�l℄2  [�n+1�l℄:Sin
e �d[l℄2 �l�2 map V [�k℄2 into V [�k�1℄2 , the previous equality has non-trivial termsonly on V [�n�1℄1 . Thus we 
an apply the indu
tion hypothesis  [�k℄d0[�k℄1 = d[�k℄2  [�k℄on V [�k℄1 for k � n� 1. We getd[1℄2 (�A) = nXl=2 d[l℄2  [�n+1�l℄d0[�n+1�l℄1 :We have nowd[1℄2 (B �A) = d[1℄2 n�1Xk=2  [�n�k+1℄d0[k℄1 + nXl=2 d[l℄2  [�n+1�l℄d0[�n+1�l℄1 :The term 
orresponding to l = n vanishes sin
e d0[1℄1 = 0. Using a previous argumenton V [n℄1 for d[a℄2  [b℄d0[
℄1 , we add maps  [p+p0℄ (p0 � 0) to  [�p℄. If we then reindex thesum with respe
t to the terms d0[l℄1 , we getd[1℄2 (B �A) = n�1Xl=2 d[�n+1�l℄2  [�n�1℄d01[l℄:



12 GREGORY GINOT & GILLES HALBOUTTherefore we have proved that d[1℄2 (B � A) = Pn�1l=2 d[�n+1�l℄2  [�n+1�l℄d01[l℄. Sin
ed0[l℄1 �V [�k℄1 � � V [�k�1℄1 , we 
an again apply the indu
tion hypothesis, thus gettingd[1℄2 (B �A) = n�1Xl=2  [�n+1�l℄d0[�n+1�l℄1 d0[l℄1 = 0be
ause d0[1℄1 = 0 and d0[�n�1℄1 d0[�n�1℄1 = 0 on V [�n℄1 ,again by the indu
tion hypothesis.� We will �nally prove (3.8) that is to say d0[�n℄1 d0[�n℄1 = 0 on V [�n+1℄1 . As  [1℄ isa quasi-isomorphism between (g1; 0) and (g2; b = d[1℄2 ), this is equivalent to say that [1℄ d0[�n℄1 d0[�n℄1 is a boundary on V [�n+1℄1 . Using a previous degree argument, we getthe following identity on V [�n+1℄1 : [1℄ d0[�n℄1 d0[�n℄1 =  [�n℄ d0[�n℄1 d0[�n℄1 :By de�nition of d0[�n℄1 we 
an write  [�n℄ d0[�n℄1 = d[�n℄2  [�n℄ as d0[�n℄1 maps V [�n+1℄1to V [�n℄1 . Thus it is suÆ
ient to prove that d[�n℄2  [�n℄d0[�n℄1 is a boundary whenrestri
ted to V [�n+1℄1 .Now we haved[�n℄2  [�n℄d0[�n℄1 = b [�n℄d0[�n℄1 + X2�k�n d[�k℄2  [�n℄d0[�n℄1 :Sin
e P2�k�n d[�k℄2 maps V [�k℄2 to V [�k�1℄2 , the linear 
ombination of mapsX2�k�n d[�k℄2  [�n℄d0[�n℄1has non-trivial summands only on V [�n+1℄1 . On the latter spa
e we haveX2�k�n d[�k℄2  [�n℄ d0[�n℄1 = X2�k�n d[�k℄2 d[�n℄2  [�n℄;by de�nition of d0[�n℄1 . Hen
e, the following identities hold on V [�n+1℄1 :d[�n℄2  [�n℄ d0[�n℄1 = b [�n℄ d0[�n℄1 � b d[�n℄2  [�n℄ + d[�n℄2 d[�n℄2  [�n℄= b  [�n℄ d0[�n℄1 � b d[�n℄2  [�n℄as d2d2 = 0. �Con
lusion : The only tool we have used in this se
tion is the existen
e of a quasi-isomorphism between the 
omplexes (g1; 0) and (g2; b). Sin
e we know expli
it ho-motopy formulas for su
h a quasi-isomorphism (see [DL℄, [Ha℄), we obtain expli
itformulas for d01[k℄ and  [k℄.



A FORMALITY THEOREM FOR POISSON MANIFOLDS 134. A G1-morphism  0 : (��g
�1 ; d1)! (��g
�1 ; d01)In this se
tion, we will prove the following proposition.Proposition 4.1. | If the 
omplex �Hom(��g
�1 ;��g
�1 ); [m1;11 +m21;�℄� is a
y
li
,then there exists a G1-morphism  0 : (��g
�1 ; d1)! (��g
�1 ; d01) su
h that the indu
edmap  0[1℄ : g1 ! g1 is the identity.We will use the same notations for V [n℄1 , V [�n℄1 , d0[n℄1 and d0[�n℄1 as in Se
tion 3. Wealso denote d1 =Xn�1 d[n℄1 and d[�n℄1 = X1�k�n d[k℄1and similarly  0 =Xn�1 [n℄ and  0[�n℄ = X1�k�n 0[n℄:Proof : We will build the maps  0[n℄ by indu
tion as in Se
tion 3. For  0[1℄ we haveto set:  0[1℄ = Id (the identity map):Suppose we have built maps ( 0[i℄)i�n�1 satisfying 0[�n�1℄d[�n℄1 = d01[�n℄ 0[�n�1℄on V [�n℄1 (d01[�n℄ maps V [�l℄1 to V [�l�1℄1 ). Expli
iting the equation  0d1 = d01 0 onV [n+1℄1 , we get  0[�n℄ d[�n+1℄1 = d01[�n+1℄  0[�n℄: (4.9)If we now take into a

ount that d[i℄1 = 0 for i 6= 2, d01[1℄ = 0 and that on V [n+1℄1 wehave  0[k℄d[l℄1 = d01[�k℄ 0[l℄ = 0 for k + l > n+ 2, the identity (4.9) be
omes 0[�n℄ d[2℄1 = n+1Xk=2 d01[k℄  0[�n�k+2℄:We have seen in the previous se
tion that d01[2℄ = d1[2℄. Thus (4.9) is equivalent tod1[2℄ 0[�n℄ �  0[�n℄d1[2℄ = hd1[2℄;  0[�n℄i = � n+1Xk=3 d01[k℄ 0[�n�k+2℄:Noti
e that d[2℄1 = m1;11 +m21. By the a
y
li
ity of the 
omplex (End(��g
�1 ); [d[2℄1 ;�℄),the 
onstru
tion of  0[�n℄ will be possible when Pn+1k=3 d01[k℄ 0[�n�k+2℄ is a 
o
y
le inthis 
omplex. Thus, to �nish the proof, we have to 
he
k that"d[2℄1 ; n+1Xk=3 d01[k℄  0[�n�k+2℄# = 0 on V [n+1℄1 : (4.10)



14 GREGORY GINOT & GILLES HALBOUTWe have Dn = "d[2℄1 ; n+1Xk=3 d01[k℄  0[�n�k+2℄# = "d[2℄1 ; n�1Xk=1 d01[n+2�k℄  0[�k℄# :It follows that we 
an write�Dn = n�1Xk=1 hd[2℄1 ; d01[n+2�k℄i 0[�k℄ � n�1Xk=1 d01[n+2�k℄ hd[2℄1 ;  0[�k℄i : (4.11)Using the indu
tion hypothesis for � 0[�k℄�k�n�1, we get[d1[2℄;  0[�k℄℄ = � k+1Xl=3 d01[l℄  0[�k�l+2℄ = � k�1Xl=1 d01[k+2�l℄  0[�l℄on V [�k+1℄1 . The equation 4.11 then be
omes�Dn = n�1Xk=1 hd[2℄1 ; d01[n+2�k℄i 0[�k℄ + n�1Xk=1 d01[n+2�k℄ k�1Xl=1 d01[k+2�l℄  0[�l℄! :Finally, we have�Dn = n�1Xk=1 hd[2℄1 ; d01[n+2�k℄i  0[�k℄ + n�2Xl=1  n�1Xk=l+1 d01[n+2�k℄d01[k+2�l℄! 0[�l℄:This implies�Dn = n�1Xk=10�hd01[2℄; d01[n+2�k℄i+ n�1Xp=k+1 d01[n+2�p℄d01[p+2�k℄1A 0[�k℄:But the mapshd01[2℄; d01[n+2�k℄i+ n�1Xp=k+1 d01[n+2�p℄ d01[p+2�k℄ = n+2�kXq=2 d01[q℄ d01[n+4�q�k℄are zero be
ause d01d01 = 0 on V [�n+2�k℄1 . This yields the result. �5. A
y
li
ity of the 
omplex �Hom(��g
�1 ;��g
�1 ); [m1;11 +m21;�℄�In this se
tion the manifold M is supposed to be the Eu
lidian spa
e Rm for m � 1.We prove the following proposition:Proposition 5.1. | IfM = Rm , the 
o
hain 
omplex �End(��g
�1 ); [m1;11 +m21;�℄�is a
y
li
.



A FORMALITY THEOREM FOR POISSON MANIFOLDS 15Proof : Sin
e 
oalgebras maps ��g
�1 ! ��g
�1 are in one to one 
orresponden
e withmaps ��g
�1 ! g1, we are left to 
he
k that the 
o
hain 
omplex�Hom(��g
�1 ; g1); [m1;11 +m21;�℄�is a
y
li
.First we introdu
e an \external" bigrading on the 
o
hain 
omplex indu
ed byduality from the following bigrading on ��g
�1 :jxje = (p1 � 1 + � � �+ pn � 1; n� 1)if x 2 g
p11 ^ � � � ^ g
pn1 . Let the internal degree of x 2 g1 be jxji = jxj+ 1, where jxjis the usual degree of an element of g1. One re
overs the usual degree on ��g
�1 byjxj = jxjetot +Xi;k jxki jiwhere jxjetot is the sum of the two 
omponents of jxje.The exterior produ
t m21 makes g1 into an asso
iative algebra whi
h is graded
ommutative for the inner degree. For any ve
tor spa
e V , the spa
e g1 
 V is ag1-module equipped with a g1-a
tion by multipli
ation on the �rst fa
tor. Observethat�Hom(��g
�1 ; g1); [m1;11 +m21;�℄� �= �Homg1(g1 
 ��g
�1 ; g1); [m1;11 +m21;�℄� ;�= �Homg1(��g1(g1 
 g
�1 ); g1); [m1;11 +m21;�℄�where g1 a
ts (on the right and on the left) on itself by the multipli
ation m21.We now prove a
y
li
ity of this last 
o
hain 
omplex. The 
odi�erential (Æ)� =[m1;11 +m21;�℄ splits in two parts (Æ21)�+(Æ1;11 )� = (Æ)� where (Æ21)� is the 
odi�erentialof bidegree (1; 0) indu
ed by m21 and (Æ1;11 )� is the one of bidegree (0; 1) indu
ed bym1;11 . Thus, Homg1(��g1g1
 g
�1 ; g1) endowed with the bigrading j � je is a bi
omplexlying in the �rst quadrant. The bigrading of an element x 2 g1
g
p11 ^ :::^g1
g
pn1is jxje = (p1 � 1 + :::+ pn � 1; n� 1).The 
odi�erential (Æ21)� is dual to a di�erential Æ21 . It is a standard 
al
ulation(see [Lo1℄, 1.5 for example) to show that Æ21 , restri
ted to ea
h summand g1 
 g
�1 , isthe usual Harrison boundary, that is to say the image of the Ho
hs
hild di�erential da
ting on g
�+11 onto its quotient g1 
 g
�1 by the shu�es.We now use the fa
t that (g1;m21) = (�(M;�TM);^) is a polynomial algebra.Denote by 
g1 the module of K�ahler di�erential one-forms of the algebra g1. LetJ : g
�+11 ! ��
g1 be the map whi
h sends x0 
 � � � 
 xn to x0dx1 � � � dxn andI : ��
g1 ! g
�+11 be the anti-symmetrization map given byJ(x0dx1 � � � dxn) = X�2Sn (�1)�n! "(�)x0 
 x��1(1) : : :
 x��1(n)where Sn is the permutation group of f1; � � � ; ng, (�1)� is the sign of � and "(�) theKoszul-Quillen sign (see Se
tion 1). It is easy to 
he
k that J Æ I = Id.



16 GREGORY GINOT & GILLES HALBOUTIt is known from [Ha℄ that there exists a homotopy s : g
�+11 ! g
�+21 su
h thatI Æ J = Id+ d Æ s+ s Æ d. We denote P the natural proje
tion g
�+11 ! g1 
 g
�1 . It isa standard 
omputation (see [Lo2℄) that the map J fa
tors through g1 
 g
�1 to givea map J 0 : g1 
 g
�1 ! 
g1 . There is also a map I 0 = P Æ J : 
g1 ! g1 
 g
�1 . ClearlyJ 0 Æ I 0 = Id. Sin
e the map P 
ommutes with the di�erential d, the map s0 = P Æ ssatis�es I 0 Æ J 0 = Id + d Æ s0 + s0 Æ d:The map s0 extends uniquely into a degree 1 homotopy h to ��g1g1 
 g
�1 so that�I 0 Æ �J 0 = Id + Æ21 Æ h + h Æ Æ21 , where �I 0, �J 0 are the extensions of the degreezero maps I 0 and J 0. Moreover �J 0 Æ �I 0 = Id and ��g1
g1 is a (spe
ial) deformationretra
t of ��g1g1
g
�1 (see [Ha℄). We denote p : ��g1g1
g
�1 ! ��g1
g1 the proje
tion.Sin
e ��g1g1 
 g
�1 is a bi
omplex with di�erential Æ = Æ21;1 + Æ1;11 , it follows from[Ka℄, Se
tion 3 that there exists a map u : ��g1
g1 ! ��g1g1 
 g
�1 and a (degreeone) map H : ��g1g1 
 g
�1 ! ��g1g1 
 g
�1 [1℄ su
h that pu = Id and up = Id + ÆH +HÆ. Hen
e the 
ohomology we are looking for is the 
ohomology of the 
omplex�Homg1(��g1
g1 ; g1); Æ1;11 � whi
h sits in the 
omplex�Hom(��g1; g1); Æ1;11 � �= �Homg1(g1 
 ��g1; g1); Æ1;11 � :In parti
ular, the di�erential Æ1;11 is indu
ed by the usual exterior derivative (see[HKR℄) on Homg1(g1
��g
�1 ; g1). To �nish the proof, we pro
eed as in [Ta℄ and [Hi℄.Re
all from the introdu
tion that A = C1(Rm ) is the algebra of smooth fun
tionson Rm . Let Der(A) = 
�A be the spa
e of smooth derivations on A. Sin
e g1 is aA-module, by transitivity of the spa
e of K�ahler di�erentials for smooth manifolds,one has 
g1 �= g1 
A 
A �
g1=A:Sin
e g1 �= ��ADer(A), we �nd that 
g1=A �= g1 
 Der(A) (with grading shifted byminus one on Der(A)). Hen
e (see [Ta℄.3.5) there is an isomorphism�Homg1(��g1
g1 ; g1); Æ1;11 � �= ��1+�
g1 ; ddR�where ddR is de Rham's di�erential (the degree on the left hand of the isomorphismis the one indu
ed by the inner degree of g1). When g1 = �(Rn ;�Rn ) this 
omplexis a
y
li
. �Remark: At every step of this proof, it is possible to 
onstru
t expli
it homotopyformulas. So the 
oeÆ
ients  0[n℄ built in this se
tion 
an be expressed in an expli
itway from the G1-stru
ture on g2.Corollary 5.2. | If g1 = �(Rm ;�TRm), then there exists a G1-morphism  0 :(��g
�1 ; d1)! (��g
�1 ; d01) su
h that the indu
ed map  0[1℄ : g1 ! g1 is the identity.Proof : It is an immediate 
onsequen
e of Propositions 4.1 and 5.1. �
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es when M is a Poisson manifoldFrom the Se
tions 3, 4 and 5 we know that the map� =  Æ  0 : (��g
�1 ; d1)! (��g
�2 ; d2)is a G1-morphism when M = Rm ; in other words, we have the identity� Æ d1 = d2 Æ � on ��g
�1 : (6.12)Sin
e � : ��g
�1 ! ��g
�2 is a 
oalgebra map, it restri
ts to the sub
oalgebra ��g1to give a 
oalgebra map ��g1 ! ��g2. The restri
tion of d1 and d2 are respe
tivelythe 
odi�erential indu
ed by m1;11 and the 
odi�erential indu
ed by b + m1;12 (seethe end of Se
tion 2). When we restri
t these maps to ��g1 and ��g2, the previousequality (6.12) still holds with the di�eren
e that, now, d1 and d2 are the di�erentialde�ning the L1-stru
tures on g1 and g2 of Se
tion 1. So the restri
tion of � to these
oalgebras yields a morphism of di�erential 
oalgebras� : (��g1; d1)! (��g2; d2):Thus we have 
onstru
ted the desired L1-morphism between (g1; d1) and (g2; d2).Remark: Similarly to De�nitions 1.1, 1.3, one 
an de�ne, on a ve
tor spa
e g, aC1-algebra stru
ture given by degree one maps am : g
n ! g su
h that if we extendthem to maps �g
� ! �g
�, then D =P am satis�es D ÆD = 0. In parti
ular, a2yields a 
ommutative operation on g, a1 a di�erential and the produ
t a2 is asso
iativeup to homotopies for the di�erential a1. Let us then 
onsider the free Lie 
oalgebras�n�0g1
n and �n�0g2
n. They are also sub
oalgebras of respe
tively ��g
�1 and��g
�2 . Hen
e we 
an restri
t � into a 
oalgebra map � : �g1
n ! �g2
n. DenotingD1 = m21 the 
odi�erential indu
ed by the exterior produ
t ^, and D2 the 
odi�er-ential indu
ed by Pn�0mn2 , the map � yields a di�erential 
oalgebra morphism� : ��g1
n; D1�! ��g2
n; D2�;hen
e, a morphism of C1-algebras between (g1; D1) and (g2; D2). Through theEtingof-Kazhdan equivalen
e used in Proposition 2.2, this implies that there is amorphism of A1-algebras between (g1;^) and (g2;[). More pre
isely, it means thatthere is a morphism ��g
n1 ;^� ! ��g
n2 ; b+ [� of di�erential 
oalgebras betweenthe tensor 
oalgebras of g1 and g2. Details on C1 and A1-stru
tures 
an be foundin [GK℄ and [St℄.From now on, we will suppose that the manifoldM is a Poisson manifold equippedwith a Poisson tensor � (satisfying [�; �℄S = 0). The L1-map � allows us to 
onstru
ta star-produ
t on M (see [BFFLS1℄). If ~ is a formal parameter and if we impose� to be R[[~℄℄-linear, � extends to a L1-morphism between g1[[h℄℄ and g2[[h℄℄. Set�~ = Pn�0 ~n�n� 2 ��g1, where �n� = � ^ ::: ^ �| {z }n times (here ^ is not the exterior



18 GREGORY GINOT & GILLES HALBOUTprodu
t of tensor �elds but a ^ b is an element in g1 ^ g1). If we de�ne m? = �(�~),we get [m?;m?℄G = 0: (6.13)This is a 
onsequen
e of de�nition (0.1) of a L1-morphism given in Se
tion 0 andof the fa
t that [�; �℄S = 0 implies m1;11 (�~) = 0. The map m? being an element ofg2[[~℄℄ of degree one, it de�nes a bilinear map in C2(A;A)[[~℄℄, where Ck(A;A)[[~℄℄denotes the set of k-R[[~℄℄-linear maps in Ck(A;A). The identity 6.13 implies thatm? is an asso
iative produ
t on A[[~℄℄. Finally, by de�nition of �, we have:m? = m+ ~�1(�) +Xn�2 ~n�n(�; : : : ; �);where �1(�) = f�; �g is the Poisson bra
ket. This proves that m? is a star-produ
t on(M;�).The spa
es g1 and g2 
an now be endowed with two new stru
tures: the spa
e(g1; [�;�℄S; [�;�℄S) be
omes a graded di�erential Lie algebra (and even a Gersten-haber algebra) whereas (g2; [�;�℄G; b?), where b? is the Ho
hs
hild di�erential 
orre-sponding to the deformed produ
t m?, is a new graded di�erential Lie algebra. As inthe 
ase when � = 0, we have the following result �a la Ho
hs
hild-Kostant-Rosenberg.Theorem 6.1. | The 
omplexes (g2[[~℄℄; b?) and (g1[[~℄℄; [~�;�℄S) are quasi-isomor-phi
.Proof : Let us denote �1~ the R[[~℄℄-linear map g1[[~℄℄! g2[[~℄℄ given by� 7! �1~(�) =Xn�0 ~n�n+1 (�n� ^ �) = �g1 0�Xn�0~n�n� ^ �1Afor � 2 g1, where �g1 denotes the proje
tion of � on g1. Similarly, we write �g1^g1for the proje
tion of � on g1 ^ g1. We get�1~([~�; �℄S) = �g1 0�Xn�0 ~n�n� ^ [~�; �℄S1A= �g1 0�Xn�0 ~n+1m1;11 ��n+1� ^ ��1A= m1;12 0��g1^g1 0�Xn�0 ~n+1�n+1� ^ �1A1A= 24�0�Xn�0 ~n�n�1A ; �0�Xn�0~n�n� ^ �1A35G= [m?; �1~(�)℄G= b?�1~(�):



A FORMALITY THEOREM FOR POISSON MANIFOLDS 19Thus �1~ is a morphism of 
omplexes between (g1; [~�;�℄S) and (g2[[~℄℄; b?). Byde�nition, we 
an write �1~(�) = �1(�) +Pn�1 ~n�1;n~ where �1;n~ are R[[~℄℄-linearmaps. The proof of the theorem is then a 
onsequen
e of the following lemma. �Lemma 6.2. | Let ' : (B; 0) ! (D; d) be a quasi-isomorphism of 
o
hain 
om-plexes. Suppose we have two deformed 
omplexes (B[[~℄℄; b~) and (D[[~℄℄; d~) withb~ = Pn�1 ~nbn and d~ = d +Pn�1 ~ndn, where bi and di are R[[~℄℄-linear maps.Suppose in addition that there exists a morphism of 
omplexes '~ = ' +Pn�1 'nbetween (B[[~℄℄; b~) and (D[[~℄℄; d~), where 'i are R[[~℄℄-linear maps. Then '~ is aquasi-isomorphism.Proof : Suppose Æ~ = Pn�0 ~nÆn 2 D[[~℄℄ satis�es d~Æ~ = 0. We will 
onstru
t�n 2 B by indu
tion su
h that �~ = Pn�0 �n satis�es b~�~ = 0 and '~(�~) = Æ~.Sin
e d~Æ~ = 0, we have d0Æ0 = 0, so that Æ0 = '0(�0), (�0 2 B with b0�0 = 0). Thisfollows from '0 being a quasi-isomorphism between (B; 0) and (D; d0).Suppose we have built �0; : : : ; �n 2 B su
h that for all k � n,Æk = kXi=0 'i(�k�i) (6.14)and kXi=0 bi�k�i = 0: (6.15)We have shown that Relations (6.14) and (6.15) hold for k = 0. We will now 
onstru
t�n+1 su
h that they hold for k = n+1. We 
an reformulate Relation (6.14) as follows:'0(�n+1) = Æn+1 � n+1Xi=1 'i(�n+1�i):Sin
e '0 is a quasi-isomorphism between (B; 0) and (D; d0), this is equivalent to say:d0(Æn+1)� n+1Xi=1 d0'i(�n+1�i) = 0: (6.16)Sin
e d~Æ~ = 0 we have d0Æn+1 = �Pn+1i=1 diÆn+1�i. Therefore(6:16)() n+1Xi=1 diÆn+1�i + n+1Xi=1 d0'i�n+1�i = 0() n+1Xi=1 di n+1�iXj=0 'j(�n+1�i�j) + n+1Xi=1 d0'i�n+1�i = 0() n+1Xi=0 n+1�iXj=0 di'j(�n+1�j�i) = 0



20 GREGORY GINOT & GILLES HALBOUT(�n+1 = 0 by 
onvention). Sin
e '~ is a morphism of 
omplexes, we obtainn+1Xi=0 n+1�iXj=0 di'j(�n+1�j�i) = n+1Xi=0 n+1�iXj=0 'i(bj�n+1�j�i) = '00�n+1Xj=0 bj�n+1�j1A :(6.17)So (6:16) () '0 �Pn+1j=0 bj�n+1�j� = 0. This relation will be satis�ed provided wehave proved Relation (6.15) for k = n+1. As '0 is a quasi-isomorphism of 
omplexesbetween (B; 0) and (D; d0) we only have to prove that '0 �Pn+1j=1 bj�n+1�j� is aboundary. Using Relation (6.17), we have'00�n+1Xj=0 bj�n+1�j1A = n+1Xi=0 n+1�iXj=0 di'j(�n+1�j�i)= d0 n+1Xj=0 'j(�n+1�j) + n+1Xi=1 n+1�iXj=0 di'j(�n+1�j�i)= d0 n+1Xj=0 'j(�n+1�j) + n+1Xi=1 diÆn+1�i (thanks to (6:14))= d0 n+1Xj=0 'j(�n+1�j)� d0Æn+1be
ause d~ �~ = 0. �It is 
lear from the previous proof that we 
an build expli
it homotopy formulasfor the map �1~ sin
e in the proof of Theorem 6.1, we had �1~ = �1 + O(~), with �1the Ho
hs
hild-Kostant-Rosenberg map.Remark 6.3: Lemma 6.2 also holds for two 
o
hain 
omplexes (B; b) and (D; d),where b~ = b+Pn�1 ~nbn with b 6= 0, but we have no expli
it homotopy formulas.The 
o
hains 
omplexes (B[[~℄℄; b~) and (D[[~℄℄; d~) are �ltered by the powers of ~.The p-
omponent of the �ltration isF p(B[[~℄℄) = ~pB[[~℄℄ � B[[~℄℄and similarly for D[[~℄℄. The �ltrations are de
reasing and the di�erentials b~ and d~respe
ts the �ltrations as well as the morphism '~. Therefore, there are two spe
tralsequen
es with �rst terms given byEBp;q1 = Hp+q(F qB[[~℄℄=F q+1B[[~℄℄)and EDp;q1 = Hp+q(F qD[[~℄℄=F q+1D[[~℄℄)
onverging respe
tively to H �(B[[~℄℄; b~)) and H �(D[[h℄℄; d~). The morphism '~ in-du
es a map of spe
tral sequen
es '~1 : EB�;�1 �! ED�;�1 .It is easy to 
he
k that EBp;q1 �= Hp+q(B)~q , EDp;q1 �= Hp+q(D)~q and that themap '~1 is indu
ed by the quasi-isomorphism ', hen
e is an isomorphism for all p; q.
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tral sequen
es are strongly 
onvergent in the sense of [CE℄, Se
tion 15.2,it follows that '~ indu
es an isomorphism H �(B[[~℄℄; b~)) �= H �(D[[h℄℄; d~).Now, we are in the situation of Se
tion 1: we have two graded di�erential Lie al-gebras (g1; [�;�℄S; [�;�℄S) and (g2; [�;�℄G; b?) su
h that H(g2; b?) �= H(g1; [�;�℄S).The quasi-isomorphism �1~ is not a Lie algebra morphism. The aim of the next se
tionis to 
onstru
t a L1-morphism between (g1; [�;�℄S) and (g2; b?).7. A formality theorem for a Poisson manifoldIn this se
tion we de�ne d1? the map d1? = m1;11 +m21+ ~[�;�℄S : ��g
�1? ! ��g
�1? ,where g1? = g1[[~℄℄. As for the 
ase � = 0, we will 
onstru
t a G1-stru
ture ong2? = g2[[~℄℄ given by a di�erential d2? : ��g
�2? ! ��g
�2? , where d2? = m12?+m1;12 + � � �withm12? 
orresponding to the di�erential b? = [m?;�℄G. We will also prove, followingthe same steps as in the � = 0 
ase, that there exists a G1-morphism between theG1-algebras (g1?; d1?) and (g2?; d2?).Theorem 7.1. | One 
an build a G1-stru
ture on g2[[~℄℄ determined by a di�er-ential d2? : ��g
�2? ! ��g
�2? with d2? = m12? +m1;12? + � � �+mp1;:::;pn2? + � � � , wheremp1;:::;pn2? : g2[[~℄℄
p1 ^ � � � ^ g2[[~℄℄
pn ! g2[[~℄℄
p1 ^ � � � ^ g2[[~℄℄
pn ;m12? = b? = [m?;�℄G and m1;12? = m1;12 is the Gerstenhaber bra
ket.Proof : We 
an use the same arguments as in Se
tion 2. Thanks to Lemma 2.1, it isenough to de�ne a di�erential Lie bialgebra stru
ture on the 
ofree Lie 
oalgebraL2? =�g2[[~℄℄
n. Etingof-Kazhdan's dequantization and quantization theorems 
an be usedin the same way to prove it is enough to have a di�erential bialgebra stru
ture on the
ofree tensorial 
oalgebra T2? = �g2[[~℄℄
n sin
e the 
orresponden
e in Proposition2.2 was given by universal formulas.So we want now to de�ne a bialgebra stru
ture on T2? given by maps an2? and ap1;p22?su
h that a12? = b? and a1;12? is the produ
t f�j�g de�ned in Se
tion 1. This 
an bedone using bra
es as in the end of Se
tion 2. This is be
ause the bra
es indu
inga bialgebra stru
ture on g2 are independent of the algebra stru
ture on g2. Thus aG1-stru
ture 
an be built on g? with mp1;:::;pn2? = 0 for n > 2. �We 
an now state the analogue of Proposition 3.1.Theorem 7.2. | There exist a G1-stru
ture on g1[[~℄℄ 
orresponding to a di�eren-tial d01? : ��g
�1? ! ��g
�1? and a morphism of di�erential 
oalgebras ? : (��g
�1? ; d01?)! (��g
�2? ; d2?)su
h that the indu
ed map g1 ! g2 is the Ho
hs
hild-Kostant-Rosenberg map.



22 GREGORY GINOT & GILLES HALBOUTProof : We will follow the proof of Proposition 3.1 and use the same notations. Letus denote V (n)i? = nXk=0 ~kV [n�k℄i and V (�n)i? = nXk=0 V (k)i? :There is a de
omposition d2? =Pk�0 ~kdfkg2? . We denote dfkgp1;:::;pl2? : gp12 ^ � � � ^gpl2 ! g2 the 
omponents of d2? : ��g
�2 ! ��g
�2 . Similarly, we denote dfkg[n℄2? themap from ��g
�2 to itself de�ned bydfkg[n℄2? = Xp1+���+pl=n dfkgp1;:::;pl2? :We have the obvious identity dfkg2? =Pn�1 dfkg[n℄2? . We 
an now de�ned(m)2? = Xk+n=m dfkg[n℄2?and set d2? = Xm�1 d(m)2? ; d(�m)2? = mXi=1 d(i)2? :In the same way we setd01? = Xm�1 d01?(m); d01?(m) = Xk+n=m d01?fkg[n℄; d01?(�m) = mXi=1 d01?(i); ? = Xm�1 ?(m);  ?(m) = Xk+n=m ?fkg[n℄ and  ?(�m) = mXi=1  ?(i):The proof of Proposition 3.1 
an now be reprodu
ed, formally repla
ing the super-s
ripts [�℄ with (�). We 
an build maps d01? and  ? by indu
tion setting d01?(1) = 0and  (1)? = �1, the Ho
hs
hild-Kostant-Rosenberg map. The proof then relies againonly on the fa
t that �1 is a quasi-isomorphism of 
omplexes from (g1; 0) to (g2; b =m12 = m(1)2? ) (for whi
h we have homotopy formulas). Moreover, at order two we haveagain d01?(2) = d1?(2) = ~[�;�℄S + d1;11 + d21: �Using the grading (�) along the lines of the proof of Theorem 4.1, we 
an prove inthe same way the following.Theorem 7.3. | If the 
omplex �End(��g
�1 ); hm1;11 +m21 + ~[�;�℄S ;�i� is a
y
li
,then there exists a G1-morphism  0 : (��g
�1? ; d1?) ! (��g
�1? ; d01?) su
h that the in-du
ed map g1 ! g2 is the identity.Theorems 7.2 and 7.3 hold for arbitrary Poisson manifolds.



A FORMALITY THEOREM FOR POISSON MANIFOLDS 23Corollary 7.4. | If g1 = �(Rm ;�TRm), there exists a G1-morphism 0 : (��g
�1? ; d1?)! (��g
�1? ; d01?):Proof : Using Theorem 7.3 it is enough to 
he
k that the 
o
hain 
omplex�Hom(��g
�1 ;��g
�1 ); hm1;11 +m21 + ~[�;�℄S ;�i�is for M = Rm . This follows from Proposition 5.1 and the following Lemma 7.5. �Lemma 7.5. | If a 
omplex (C; d0) is a
y
li
, then, for any di�erential d? = d0 +Pi�1 ~idi, the R[[~℄℄-linear 
omplex (C[[~℄℄; d0 +Pi�1 ~idi) is a
y
li
.This follows from Remark 6.3. However, as we wish to be able to 
onstru
t expli
ithomotopies we give another proof.Proof : Suppose we have x =Pi�0 ~ixi 2 C[[~℄℄ satisfyingd?x = 0: (7.18)We will 
onstru
t by indu
tion y =Pi�0 ~iyi satisfying x = d?y.Relation (7.18) at order 0 gives d0x0 = 0; so by hypothesis there exists y0 2 C su
hthat x0 = d0y0. Suppose we have built yi for i � n�1 su
h that xk =Pki=0 diyk�i forall k � n� 1. We want to build yn su
h that xn =Pni=0 diyn�i. From the a
y
li
ityof the 
omplex (C; d0) this is equivalent tod0 xn � nXi=1 diyn�i! = 0: (7.19)We have (7:19) () nXi=1 dixn�i + nXi=1 d0diyn�i = 0:By the indu
tion hypothesis, we obtain(7:19) () nXi=1 dixn�i � nXi=1 iXj=1 djdi�jyn�i = 0() nXi=1 dixn�i � nXj=1 dj nXi=j di�jyn�i = 0() nXi=1 dixn�i � nXj=1 dj n�jXi=0 diyn�i�j = 0() nXi=1 dixn�i � nXj=1 djxn�j = 0:This proves the result. �



24 GREGORY GINOT & GILLES HALBOUTAs in Se
tion 6, it is easy to see that �? =  0? Æ ? is a G1-morphism between g1?and g2?. Moreover �? restri
ts to a L1-morphismf�? : (g1[[~℄℄; ~[�;�℄S; [�;�℄S)! (g2[[~℄℄; b?; [�;�℄G)and also to a A1-morphism��? : (g1[[~℄℄; ~[�;�℄S ;^)! (g2[[~℄℄; b?;Xi�2mi2?):If we now restri
t the map �? to �[1℄? : g1[[~℄℄ ! g2[[~℄℄, we have �[1℄? ([~�; �℄S) =b?�[1℄? (�) for any � 2 g1. So we have 
onstru
ted another morphism of 
omplexes(g1[[~℄℄; ~[�;�℄S) ! (g2[[~℄℄; b?). A

ording to Lemma 6.2, the map �[1℄? is a quasi-isomorphism whi
h is a priori di�erent from the map �1~. We leave the two followingquestions unanswered:Question 1: Are the two maps �1~ and �[1℄? the same?Question 2: To prove the existen
e of the G1-morphism �?, we have used thegrading (�) whi
h imposes the initial 
ondition  [1℄? = �1, the Ho
hs
hild-Kostant-Rosenberg morphism. Is it possible to build a map �? su
h that �[1℄? = �1~?Remark: B. Keller helped us to give a partial answer to this se
ond question, usingthe following proposition (see K. Lef�evre [Le℄ for a proof in the A1 
ase).Proposition 7.6. | Let A and B be two L1 (respe
tively A1, or G1)-algebras,with stru
tures determined by di�erentialsdA : ��A! ��A (respe
tively A
� ! A
� or ��A
� ! ��A
�);and dB de�ned in the same way. Denote dA =Pn�0 dnA(_; : : : ; _), where dnA is a homo-geneous 
omponent of dA (in the G1 
ase, we write dA = Pl�0;n1+���+np=l dn1;:::;npAwith dn1;:::;npA : A
n1� : : :�A
np ! B and we order the maps dn1;:::;npi su
h that(n1; : : : ; np) � (m1; : : : ;mq) , (n1 + � � � + np > m1 + � � � +mq) or (n1 + � � �+ np =m1 + � � �+mq and (n1; : : : ; np) � (m1; : : : ;mq) for the lexi
ographi
 order). Supposethere exists a \twisting" element a 2 A su
h thatXn�0 dnA(a; : : : ; a) = 0;and a L1 (respe
tively A1, or G1)-morphism ' = Pn�0 'n (using the same 
on-vention as above) between A and B. Then(a) : = there exists a \twisted" L1 (respe
tively A1, or G1)-algebra stru
tureon A with di�erential dAa =Pn�0 dnAa given bydnAa(�; : : : ; �) =Xi�0 dn+iA (: : : ; a; : : : ; a; : : : );where the element a is inserted i times;



A FORMALITY THEOREM FOR POISSON MANIFOLDS 25(b) : the element b 2 B de�ned byb =Xn�0'n(a; : : : ; a)satis�es Xn�0 dnB(b; : : : ; b) = 0:(
) : there exists a \twisted" L1 (respe
tively A1, or G1)-algebra stru
ture onB with di�erential dBb =Pn�0 dnBb given bydnBb(�; : : : ; �) =Xi�0 dn+iB (: : : ; b; : : : ; b; : : : )where the element b is inserted i times;(d) : there exists a L1 (respe
tively A1, or G1)-morphism between the two \twis-ted" L1 (respe
tively A1, or G1)-algebra stru
tures on A and B given by'ab =Pn�0 'nab, where'nab(�; : : : ; �) =Xi�0 'n+i(: : : ; a; : : : ; a; : : : )where the element a is inserted i times.In our 
ase, where A = g1 and B = g2 and ' is Tamarkin's L1 (respe
tively A1,or G1)-morphism, and a = � (the Poisson tensor �eld), we 
an apply the previousproposition, but only in the L1 
ase (be
ause otherwiseP dk1(�; : : : ; �) 6= 0), and geta deformed L1-morphism between the graded Lie algebras (g1[[~℄℄; ~[�;�℄S ; [�;�℄S)and (g2[[~℄℄; b?; [�;�℄G).8. Appendix (B. Enriquez and P. Etingof): Etingof-Kazhdan'sdequantization theorem for graded di�erential super-bialgebrasIn this appendix, we prove the following theorem:Theorem 8.1. | We have an equivalen
e of 
ategoriesDQ� : DGQUE! DGLBAhfrom the 
ategory of di�erential graded quantized universal enveloping super-algebrasto that of di�erential graded Lie super-bialgebras su
h that if U 2 Ob(DGQUE) anda = DQ(U), then U=hU = U(a=ha), where U is the universal algebra fun
tor, takinga di�erential graded Lie super-algebra to a di�erential graded super-Hopf algebra.Re
all the Etingof-Kazhdan quantization theorems. We denote by LBA the prop ofLie bialgebras and UE
p the prop of 
o-Poisson universal enveloping algebras. UE
pis a 
ompletion of the prop of 
o-Poisson 
o
ommutative bialgebras. We let h be aformal variable and we set LBAh = LBA[[h℄℄ and UE
p;h = UE
p[[h℄℄.



26 GREGORY GINOT & GILLES HALBOUTWe denote by QUE the prop of quantized universal enveloping algebras. QUE istopologi
ally free over k[[h℄℄, it is a 
ompletion of the prop Bialgh of quasi-
o
ommuta-tive bialgebras. We have a natural isomorphism QUE 
k[[h℄℄ k = UE
p.Theorem 8.2. | ([EK1℄, [EK2℄): To any asso
iator �, one 
an atta
h a propisomorphism Q� : QUE! UE
p;h, whose redu
tion modh isQUE 
k[[h℄℄ k ��!UE
p ��!UE
p;h 
k[[h℄℄ k:Theorem 8.3. | (Propi
 Milnor-Moore theorem) : We have a symmetrization iso-morphism UE
p;h ��! bS�(LBAh);where bS� is the 
ompleted symmetri
 algebra S
hur fun
tor.This theorem (see [EE℄) is based on Euler idempotents (see [Lo3℄).If P is a prop, we 
an atta
h to ea
h symmetri
 tensor 
ategory S, the 
ategory ofS-representations of P , RepS(P ). Obje
ts of RepS(P ) are pairs (V; �) of V 2 Ob(S)a prop morphism P ! Prop(V ), where Prop(V ) is the prop atta
hed to V (e.g.,Prop(V )(n;m) = HomS(V 
n; V 
m)).Corollary 8.4. | If S is any symmetri
 tensor 
ategory, Q� gives rise to an equiv-alen
e of 
ategories DQ�;S : RepS(QUE)! RepS(LBAh);whose redu
tion modh is the \S-primitive part" fun
torRepS(UE
p)! RepS(LBA);adjoint to the \S-universal enveloping algebra" fun
tor RepS(LBA)! RepS(UE
p).We will work with the symmetri
 
ategory S = Complexes(Ve
t) of 
omplexes (V �; d�)of topologi
ally free k[[h℄℄-modules, where a
tions of the symmetri
 groups are thesame as those for super-ve
tor spa
es ( �i2ZV i is de
omposed as � �i22ZV i��� �i22Z+1V i�).Let us des
ribe pre
isely RepS(QUE) and RepS(LBAh) when S = Complexes(Ve
t).{ RepS(LBAh) is the 
ategory DGLBAh of 
omplexes (V �; d�), together with dif-ferential graded maps � : �2(V �)! V � and Æ : V � ! �2(V �), satisfying the Liebialgebra axioms in the Z=2Z-graded sense;{ RepS(QUE) is the 
ategory DGQUE, obtained as follows. Let DGLA be the
ategory of di�erential graded Lie super-algebras. The 
ategory of their uni-versal enveloping algebras is denoted DGUE; DGUE is a full subsategory ofDGBialg
o
o, whi
h is the 
ategory of di�erential graded super-
o
ommutativesuper-bialgebras. (DGUE is the sub
lass of algebras A 
hara
terized by theMilnor-Moore 
ondition [n�0Ker(Id�� Æ ")
n Æ�(n) = A.) DGQUE is the 
at-egory of formal deformations of DGUE in the 
ategory DGBialg of di�erentialgraded super-bialgebras.
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es an isomorphism of 
ategories between DGQUEand DGLBAh, whi
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