
Formality 
onje
tures and deformationGilles Halbout30 septembre 1999R�esum�eLet M be a symple
ti
 manifold over R. Connes, Flato and Stern-heimer 
onstru
ted an invariant ' in the 
y
li
 
ohomology of M forany 
losed star-produ
t. They 
ompute this invariant in the de Rham
omplexe ofM whenM = T �V . We 
omplete this result by 
omputingthe image of ' in the de Rham 
omplex for any symple
ti
 manifoldand any star-produ
t and we show 1) that this invariant is a 
ompleteinvariant of star-produ
ts 2) how this invariant is related to the general
lassi�
ation of Kontsevi
h. The proof uses the Riemann-Ro
h theoremfor periodi
 
y
li
 
hains of Nest-Tsygan. Finaly, we show that gene-ralization of this invariant to any star-produ
t over a Poisson manifold
an be made by generalizing Kontsevit
h formality 
onje
tures.x 0 Introdu
tionSin
e their introdu
tion by Bayen, Flato, Frodsal, Li
hnerowi
z andSternheimer in 1975 (
f. [BFFLS1℄ and [BFFLS2℄) existen
e and 
las-si�
ation of star-produ
ts over a Poisson manifold has been a veryimportant issue. Star-produ
ts were de�ned to give a mathemati
alframework for the analogy between 
lassi
al and quantum equationsin physi
s. Quantum me
ani
s was seen as a \deformation" of 
las-si
al me
ani
s and instead of 
onsidering new obje
ts su
h as opera-tors, one still 
onsiders fon
tions endowed with a new algebrai
 non-
ommutative stru
ture. We will re
all the de�nition of star-produ
tsin the �rst part.The �rst results 
on
erning existen
e and 
lassi�
ations have beengiven when the Poisson stru
ture is regular of maximal rank, that is tosay when the manifold is symple
ti
. Le
omte and De Wilde in 1983,Omori, Maeda and Yoshika in 1992 and Fedosov have given expli
it
onstru
tions of su
h star-produ
ts and 
lassi�
ations depending on1



their 
onstru
tions. We will dis
uss links between thoses 
lassi�
ationsin the se
ond part.Nevertheless, it 
ould be interesting to �nd a 
lassi�
ation not de-pending on any 
onstru
tion. A good 
andidate for that was the in-variant of Connes, Flato and Sternheimer who de�ned a 
o
y
le for\
losed star-produ
t". In the third part, we will show how this 
o
y
le
an be de�ned for any star-produ
t over a symple
ti
 manifold. We will
ompute it in the De Rham 
omplex using the index theorem of Nestand Tsygan (the 
omputation was already done by Connes, Flato andSternheimer when the manyfold is a 
otangent bundle and the produ
tgiven by 
omposition of di�erential operators). Finaly, we show thatthis invariant is a 
omplete invariant.In the fourth part, we will use this invariant to relate the 
lassi�
a-tion of Kontsevi
h with the one given in the symple
ti
 
ase. This laterresult allows us to believe in a possible generalisation of the 
o
y
leof Connes, Flato and Sternheimer. For that, we will have to generalizethe index theorem of Nest and Tsygan.In the �fth part, we will show how this generalization is related toa natural 
onje
ture : the periodi
 
y
li
 
omplex of the deformed al-gebra is quasi-isomorphi
 to the 
orresponding Poisson-
omplex. This
onje
ture 
an be a 
onsequense of generalisation of Kontsevi
h for-mality 
onje
tures. We will show some possible ways to proove thoses
onje
tures : a �rst one will need an expli
it homotopy formula. A se-
ond one will need extension of graphs de�nied by Kontsevi
h. In thispart, we will also re
all the basi
 de�nition of L1 morphisms.ACKNOWLEDGEMENTSI am very sad not to have known Moshe Flato. I hope he wouldhave liked that note. I am very thankful to the Dijon's team, DanielSternheimer, Philippe Bonneau, Giuseppe Dito ... for their invitationand their eÆ
ien
y. I won't forget the help of Pierre Cartier and Mar
Rosso and I am very gratefull to Eri
 Lei
htnamm and Boris Tsyganfor all the very fru
tfull and friendly dis
ution I had with them.x 1 Notations, de�nitions and �rst 
onstru
tionsAll along this note, M will denote a smooth manifold over a �eldk = R or C of dimension m. We will use the notation A for the2



spa
e C1(M)[[h℄℄ of series in the formal parameter h over the spa
eof smooth fun
tions over the manifoldM . Let's re
all the de�nition ofstar-produ
ts introdu
ed in [BFFLS1℄ by Bayen, Flato, Frodsal, Li
h-nerowi
z and Sternheimer :D�e�nition 1.1 A star-produ
t is a map ? : A �A ! A , R[[h℄℄-bilinear,asso
iative and satisfying, for all f and g in C1(M)[[h℄℄ :f ? g = fg + hP1(f; g) + h2P2(f; g) + � � �where the maps Pi : C1(M)� C1(M) ! C1(M) are bilinear maps,bidi�erential and vanishing over 
onstant fun
tions.Two deformations ? et ?0 are 
alled equivalent if there exist anisomorphism T = 1 + hT1 + h2T2 + � � � (where the Ti are di�erentialoperators) su
h that : T (f ? g) = T (f)?0T (g):The spa
e A is then endowed with two algebrai
 stru
tures :- we will write A � when we use the 
anoni
al 
ommutative mutipli
ationof fun
tions- and we will write A ? when it is endowed with the star-produ
t ?.On
e 
onstru
ted a star-produ
t on the algebra A � , we 
an de�neanother stru
ture : let's 
all [�;�℄? the 
ommutator for the produ
t ?,[f; g℄? = f ? g � g ? f:We 
an write [�;�℄? = hf�;�g?+O(h2). Thanks to the de�nition of?, we easily 
he
k that f�;�g? is a Poisson bra
ket. In other words,there exist a 2-tensor � 2 �(M;^2TM) satisfying [�; �℄S = 0 ([�;�℄Sis the S
houten bra
ket) su
h that :ff; gg? =< �; d f ^ d g > :If now we start with a Poisson manifold (a manifold endowed witha Poisson bra
ket), we will ask the star-produ
t to satisfy ff; gg? =(P1(f; g) � P1(g; f)) for all f and g in C1(M) or, without lost ofgenerality, P1 = 12f�;�g:First answers to that problem were given when the Poisson stru
tureis regular of maximal rank, in other words, when the Poisson manifoldis symple
ti
. The symple
ti
 stru
ture is built using the 
anoni
al iso-morphism that de�ne � : �(M;^TM) s�!
�(M) : the symple
ti
 form !3



is then the image s�(�). In that 
ase, the quantization problem be
omeseasier thank to the Darboux theorem : lo
aly, a symple
ti
 manifold(M;!) is isomorphi
 to (R2n=m ; !0) where !0 is a 
onstant symple
ti
form. We know (
f. [Ve℄ et [FLS℄) that, for su
h a 
anoni
al symple
-ti
 manifold, there exist a unique (up to equivalen
e) deformation : theMoyal-Weyl produ
t, whi
h we denote by ?MW .The main problem, in the symple
ti
 
ase, was to glue all thoselo
al deformations together. Though a 
onstru
tion was given by Guttfor the 
otangent bundle of a Lie group (
f. [Gu2℄), we had to waittill 1983 to have the proof of existen
e of star-produ
ts over a generalsymple
ti
 manifold.x 2 Exiten
es and 
lassi�
ations in the symple
ti
 
aseThe �rst proof of existen
e was given by De Wilde and Le
omte (
f.[DWL℄), following works of Neroslavsky and Vlassov where we supposedthe third de Rham 
ohomology group was trivial (
f. [NV℄). In that
onstru
tion, 
oeÆ
ients of the star-produ
ts were given by indu
tionusing very thin results on Ho
hs
hild 
ohomology and properties of theGerstenhaber bra
ket.De Wilde and Le
omte also gave a 
lassi�
ation of deformations.This 
lassi�
ation depends strongly on their 
onstru
tion, and tells thatequivalen
e 
lasses of star-produ
ts are in bije
tion with de Rham 
oho-mology 
lasses. More pre
isely, we have a one to one 
orrespondan
e :f?g=� �! ~[!℄ + ~2H2(M)[[~℄℄:In 1991, Omori, Y. Maeda, A. Yoshioka (
f. [OMY℄) gave ano-ther proof of existen
e. Following, the same kind of approa
h, Fedosov(
f. [Fe1℄) gave a more geometri
al proof. The proof starts with the
onstru
tion of a bundle over the manifold M , the Weyl bundle W ; its�ber over a point m 2M is the symetri
 algebra generated by h and theelements of T �mM , W m = S(T �mM)[[h℄℄. Sin
e the manifold M is sym-ple
ti
, we 
an endowe ea
h �ber with a 
onstant symple
ti
 stru
ture,and thus also with the Moyal-Weyl star-produ
t. So, we get a star-produ
t (de�ned on ea
h �ber) on the bundle W . To get a star-produ
tba
k on the manifold M , Fedosov uses a \
at" 
onne
tion (whi
h isalso a derivation). Taking horizontal se
tions of this 
onne
tion, weget an algebra (A r ) isomorphi
 to (C1(M)[[h℄℄ and thus by stru
turetransportation, we build the produ
t on M . This diagram summarizes4



the 
onstru
tion :W : W m = S(T �mM)[[h℄℄ ����! star-produ
t on ea
h �ber (W ; ?MW )x?? r=
at 
onne
tion ??y+ derivationM : (C1(M)[[h℄℄; ?) ' ���� (A r = ff 2 �(M;W )jrf = 0g; ?MW )Moreover Fedosov showed that, up to equivalen
e, any star-produ
tover a symple
ti
 manifold 
an be 
onstru
ted in that way. He also gavea 
lassi�
ation of those star-produ
ts in term of de Rham 
ohomology
lasses using the Weyl 
urvature of the 
onne
tion r : � = 
urv(r) 2� 1~! +
2(M)[[~℄℄.Gutt and Deligne, in the language of algebrai
 geometry (
f. [De℄),have 
ompared the two 
onstru
tions and 
lassi�
ations of Le
omte-DeWilde and Fedosov. One 
an also �nd in [Ha1℄ an expli
it 
omparison :starting with a given star-produ
t, its 
lasses in the Le
omte-De Wildeand Fedosov 
lassi�
ations are related by the operator h3:�h, namely :Le
omte-De Wilde : f?g=� '����! ~[!℄ + ~2H2(M)[[~℄℄= x??h3:�hFedosov : f?g=� �����! � 1~ [!℄ +H2(M)[[~℄℄Now we have shown links between di�erent 
onstru
tions and their
lassi�
ations, a natural question arise : is there a way to 
lassify star-produ
ts over a symple
ti
 manifold not depending on any 
onstru
-tion? Next paragraph will answer to that question.x 3 A 
omplete invariant in the symple
ti
 
aseA good 
andidate for 
lassifying star-produ
ts is the invariant de-�ned by Connes, Flato and Sternheimer in [CFS℄. This invariant, 'was de�ned for 
losed star-produ
ts i. e. those for whi
h the mapTr : A ? ! k[[h; h�1℄; f 7! 1hn Z Mfis a tra
e. To 
onstru
t this invariant, they used the map � : C1(M)�C1(M)! C1(M)[[~℄℄; �(f; g) = f ? g � fg whi
h takes into a

ountthe fa
t that identity map, A � ! A ? is not an algebra homomorphism.5



The map ' is a 
o
y
le in the 
y
li
 
omplex de�ned as follow :' : =Xk�0 1k!'2kwhere '2k(f0; f1; : : : ; f2k) = Tr(f0 ? �(f1; f2) ? � � � ? �(f2k�1; f2k)):Some questions remained opened :1) Is it possible to de�ne a similar invariant for any (non ne
essarly
losed) star-produ
t?2) We know (
f. [Co℄) that the periodi
 
omplex is quasi-isomorphi
 tothe de Rham 
omplex. What is the image of ' in this 
omplex? (whenM = T �V and the star-produ
t is given by 
omposition of di�erentialopperators on V , Connes, Flato and Sternheimer showed that the imageis Todd(V ))3) Is the invariant a 
omplete invariant? (In other words, do di�erent
lasses of star-produ
t give di�erent 
lasses in the de Rham 
ohomo-logy?)Thanks to [Gu1℄ and [OMY℄, we know that, for any star-produ
t ?,there exist a unique (up to a 
onstant in k[[h; h�1℄) tra
e Tr
an on A ? .So, for any star produ
t, one 
an 
opy the work of [CFS℄, repla
ing Trwith Tr
an. That answers positively to the �rst question.Cal
ulation of ' in the de Rham 
omplex was made in [Ha2℄ :as we have seen in the previous part, any star-produ
t is equivalentto a one 
onstru
ted using a 
onne
tion r (with 
orresponding Weyl
urvature �). Let's 
all A r the 
orresponding deformed algebra. Proofstrongly used the index theorem of Nest-Tsygan (
f. [NT1℄, [NT2℄ andalso [Fe2℄, [BNT℄) : the following diagram is 
ommutative up to homo-topy :�C�(M;CCper� (A r )C ) \h=000���������! �C�(M;CCper� (A � )C )�??y ??yHKR�C�(M;
�(M)[~�1; ~℄℄)  ���������[Â(TM)[e�� �C�(M;
�(M)[~�1; ~℄℄)where \h = 0" is the 
anoni
al proje
tion, HKR is the Ho
hs
hild-Kostant-Rosenberg quasi-isomorphism (
f. [HKR℄), and CCper� (resp.�C�) denote the 
y
li
 periodi
 (resp. Che
h) 
omplex. The map � isa quasi-isomorphism of 
omplex, de�ned in [NT1℄ and 
alled \tra
edensity" as it satis�es : ZM Æ � = Tr
an :6



Using work of [NT3℄, we 
an build a map J : �C�(M;CCper� (A � )C ) !�C�(M;CCper� (A r )C ) satisfying\h = 0" Æ J = Id and RM e!~RM Â(TM)e�� ZM Æ � Æ J = ':It is �naly obvious that the image of ' in the de Rham 
omplex isRM e!~RM Â(TM)e�� Â(TM)e��.By the same time, we answered to the third question : as the 
lassof ' depends (and depends only) on the 
urvature � 
lassifying star-produ
ts on M , we see that the invariant of Connes, Flato and Stern-heimer is a 
omplete invariant.Moreover, we 
he
ked that this 
lassi�
ation is 
ompatible whiththe one given by Kontsevi
h (
f. [Ko℄) in term of 
lasses of Poissontensor �elds for deformations on a general Poisson manifold. A naturalquestion was then to generalize the invariant of [CFS℄ for any star-produ
t over a Poisson manifold.x 4 Generalisation of the invariantAs we have seen in the last paragraph, the invariant ' 
an be readin the 
ommutative diagram of Nest and Tsygan and satis�es, up to a
onstant, ' = RM Æ �ÆJ . So, to generalize ', we will have to generalizethe diagram. We will keep the notations of the previous paragraph.The 
urvature � de�nes a generalized symple
ti
 form and so is nondegenerated. It de�nes thus an isomorphism s0� : T �M [[~℄℄! TM [[~℄℄,analogus of the inverse of the isomorphism s� de�ned in the �rst pa-ragraph. Let �� 2 ~� + ~2�(M;^2TM)[[~℄℄ be the image of the form�� through this isomorphism. We will also note D� : 
�(M)[~�1; ~℄℄!
2n��(M)[~�1; ~℄℄ the Poin
ar�e duality indu
ed by the form �nn! . Ta-king the left 
omposition of the \tra
e density" � by D�, one obtains aquasi-isomorphism of 
omplexes �? = D� Æ � :�C�(M;CCper� (A ? )C[~�1 ;~℄℄; b? +B)! �C�(M;
�(M)[~�1; ~℄℄; d+L��)where L�� = [d; i�� ℄ is the Poisson derivative (
f. [Br℄ et [Kos℄). One
he
ks thatL�� Æ L�� = L[��;��℄S = 0 et D� Æ d = L�� ÆD�:So we have : 7



Proposition 4.1 The following diagram is 
ommutative up to homo-topy :�C�(M;CCper� (A r )C ; b? +B) \h=000������! �C�(M;CCper� (A � )C ; b+B)�???y ??yHKR�C�(M;
�(M)[~�1; ~℄℄; d+L��)  ������[Â(TM) �C�(M;
�(M)[~�1; ~℄℄; d)Preuve : Noti
e that the map e�i�� : (
�(M); d) ! (
�(M); d+L��)is a morphism of 
omplexes. Indeed,e�i�� (d)ei�� = ead(�i�� ) d = d+L�� :To proove the proposition, we just have to 
he
k that the morphism of
omplexes ei�� ÆD� Æ e�i�� : (
�(M); d)! (
�(M); d)
orrespond to the produit by the form e��. For that, let's 
al
ulate theimage of 1 through that map :e�i�� (1) = 1D�(1) = �nn!ei�� ( �nn! ) = e��:We noti
e that, i�� (�) = �n and we 
an demonstrate by indu
tionthat i��(�n) = �n�n�1. One proove then (on
e again by indu
tion)that ik��k! ( �nn! ) = � �n�k(n�k)! , and thus ei�� ( �nn! ) = e��: The propositionis then a simple 
onsequen
e of the algebrai
 index theorem (
f. lastparagraph).Suppose now that the Poisson stru
ture f:; :g over M is not regularanymore. Let ? be a deformation of (M; f:; :g) and �~ a generalised 2-tensor �eld in ~� + ~2�(M;^2TM)[[~℄℄ satisfying [�~; �~℄S = 0. On
eagain, we hope to 
onstru
t a quasi-isomorphism of 
omplexes��~ : (CCper� (A ? ); b? +B)! (
�(M); d+L�~):Existen
e of su
h a map is still a 
onje
ture but would allow us to getthe wanted 
lassi�
ation of deformations. We thus want to generalizethe algebrai
 Riemann-Ro
h theorem, and then to de�ne the generalizedÂ-genius of the Poisson manifold Â�(M) : following the latest works8



of Tsygan, we hope that this Chern 
lass would be de�ned to make thisnew diagram still 
ommuting :�C�(M;CCper� (A r )C ; b? +B) \h=000������! �C�(M;CCper� (A � )C ; b+B)��~??y ??yHKR�C�(M;
�(M)[~�1; ~℄℄; d+L�~)  ������[Â�(M) �C�(M;
�(M)[~�1; ~℄℄; d):Thus, one would �nd again the fa
t (
f. [Ko℄) that equivalen
e 
lassesof star-produ
ts are in one to one bije
tion with Gauge equivalen
e
lasses of generalized 2-ve
tor tensor �~.As we 
an see, the main diÆ
ulty is to build the morphism ��~ .Thanks to the te
hni
 of retra
ts by deformation perturbation (
f. [Ka℄),we only have to proove existen
e of a quasi-isomorphism�0�~ : (C�(A ? ); b?)! (
�(M); L�~):Cohomology of the 
omplex (
�(M); L�~) is not yet well known but one
ould �nd in [Ma℄ some very interesting results. In the next paragraphwe will show that 
onstru
tion of su
h a morphism is a 
onsequen
e ofthe existen
e of a L1-homomorphism. Nevertheles, for the moment, we
an only give the �rst terms of su
h an homomorphism, the existen
eof whi
h is still a 
onje
ture.x 5 Formality 
onje
turesLet's start with a de�nition :D�e�nition 5.1 Let g�1 and g�2 be two N-graded Lie algebras ; a L1-homomorphism is given by maps �i : ^ig1 ! g2 of degree 1� i :8>>>><>>>>:�0 2 g12�1 : gl1 ! gl2�2 : gl1 ^ gm1 ! gl+m�12� � ��i : gl11 ^ � � � ^ glii ! gl1+���+li+1�i2satisfying, if � =Pk �k and �Lie is the Lie di�erential,[�; �℄ = � Æ �Lie9



where [�; �℄(g1 ^ � � � ^ gl) =lPi=0 P�2Sl (�1)f�g[�i(g�(1) ^ � � � ^ g�(i)); �l�i(g�(i+1) ^ � � � ^ g�(j))℄and f�g is su
h that g�(1) ^ � � � ^ g�(l) = (�1)f�gg1 ^ � � � ^ gl.Using this de�nition, on 
an easily write the formality theorem ofKontsevi
h.Th�eor�eme 5.2 [Ko℄ Let M be a di�erential manifold. There exista L1-homomorphism, K� between the two graded Lie algebras g1 =(�(M;^��1TM); [:; :℄S) and g2 = (C��1(C1(M); C1(M)); [:; :℄G) su
hthat K0 is egual to m, the 
ommutative multipli
ation on C1(M) andK1 is the morphism of Ho
hs
hild-Kostant-Rosenberg HKR.Corollaire 5.3� If (M; f:; :g) is a Poisson manifold, � the asso
iated tensor �eld andK� a L1-homomor-phism like in the previous theorem, the mapm? =Xl 1l!Kl(~� ^ � � � ^ ~�) 2 C2(C1(M); C1(M))[[~℄℄is a deformation of (M; f:; :g).� If A ? is the algebra (C1(M)[[~℄℄;m?) deformed using su
h an homo-morphism. The map �� : (�(M;^�TM); [�; :℄S)! (C�(A ? ; A ? )[[~℄℄; �?),� 7!Xl 1l!Kl+1(~� ^ � � � ^ ~�;�)is a morphism of 
omplexes (the di�erential �? = [m?; :℄G is the Ho
h-s
hild 
oboundary de�ned over the algebra A ? ).Preuve : Condition [�; �℄S = 0 shows that�Lie(~� ^ � � � ^ ~�) = 0:The 
orollary is then an easy 
onsequen
e of theoreme 5.2.Now, we want to proove a similar result for the Ho
hs
hild homo-logy. Let's re
all that for all unitary algebra A, the spa
e C�(A) is amodule over the Lie algebra (C�(A;A); [:; :℄G) (
f. [NT3℄ or [Ha2℄). LetC1; C2 be elements of C�(A;A) and � 2 C�(A) ; with the notations of[NT3℄ or [Ha2℄ we have :C1�� = LC1(�) = (�1)j�jjC1j(� �2 (1; C1))[C1; C2℄G�� = C1�(C2�(�)) � C2�(C1�(�)):10



In the same way, the spa
e 
�(M) is a module over the Lie algebra(�(M;^�TM; [:; :℄S). Let �1, �2 be elements of �(M;^�TM) and � 2
�(M) ; �1�� = L�1(�) = [d; iC1 ℄(�)[�1;�2℄S �� = �1�(�2�(�)) � �2�(�1�(�)):When A is the non deformed algebra A � , one 
an 
onstru
t two Liealgebras : (C�(A � ; A � )�C�(A � ); [:; :℄0G) and (�(M;^�TM)�
�(M); [:; :℄0S)where[:; :℄0G = [:; :℄G over C�(A � ; A �)[:; :℄0G = 0 over C�(A � )[C;�℄0G = C�� for C in C�(A � ; A � ) and � in C�(A � )[:; :℄0S = [:; :℄S over �(M;^�TM)[:; :℄0S = 0 over 
�(M)[�; �℄0S = ��� for � in �(M;^�TM) and � in 
�(M)Conje
ture 5.4 There exists a L1-homomorphism, F:, between thetwo graded Lie algebras g10 = (�(M;^�TM)�
�(M); [:; :℄0S) and g20 =(C�(A � ; A � )�C�(A �); [:; :℄0G) su
h that F0 = m, 
ommutative multipli
a-tion in C1(M) and Fi = Ki + Ii�1where Il : ^l�(M;^�TM)

�(M)! C�(A � ) and Ki : �(M;^�TM)!C�(A : ) is a L1-homomorphism like in theorem 5.2.Corollaire 5.5 Let (M; f:; :g) be a Poisson manifold, � the asso
iatedtensor �eld, K� a L1-homomorphism like in theoreme 5.2, F� a L1-homomorphism like in the last 
onje
ture and m? =Pl 1l!Kl(~�^� � �^~�) the star-produ
t asso
iated to K�. The map��� : (
�(M); ~L�)! (C�(A ? ); b?); � 7!Xl 1l!Il(~� ^ � � � ^ ~� 
 �)is a 
omplex homomorphism.Preuve : The 
orollary is on
e again a straitforward 
onsequen
eof theorem 5.2, the previous 
onje
ture 
onje
ture and the fa
t that�Lie(~� ^ � � � ^ ~�) = 0.We will now study ne
essary 
onditions that must satisfy the �rstterms of the sequen
e (Il)l�0 : ^l�(M;^�TM) 
 
�(M) ! C�(A �):First of all, we have to 
hoose I0 so that, for ea
h 
oordinate system(x1; : : : ; xn),I0(f dxi1 ^ � � � ^ dxil ) = f 
Alt(xi1 
 � � � 
 xil):11



Let's noti
e that the map I0 : (
�(M); 0) ! (C�(A � ); b) is a morphismof 
omplexes \inverse" of HKR, (C�(A � ); b)! (
�(M); 0) :HKR Æ I = Id in C�(A � ) and I ÆHKR = Id in H�(A � ):Now, let's build the map I1 : �(M;^�TM) 
 
�(M) ! C�(A �): Thismap must satisfy :8� 2 �(M;^�TM); � 2 
�(M); I0(���)�K1(�)�I0(�) = m�I1(�; �):If one looks at that 
ondition on a lo
al 
oordinate system (x1; :::; xn)in the parti
ular 
ase where � = g1�x1 and � = g2 dx1, one �nd :K1(�) = g1�x1 (2 C1(C1(M); C1(M)); f 7! g �f�x1 )I0(�) = g2 
 x1� � � = g2 d g1 + g1 �g2�x1 dx1I0(� � �) = g2Pi �g1�xi 
 xi + g1 �g2�x1 
 x1K1(�) � I0(�) = g1 �g2�x1 
 x1 + g2 
 g1m� = Lm = �b (Ho
hs
hild boudary)We thus sear
h a 
hain I1(�; �) = ~I1(g1; g2) in C2(C1(M)) su
h thatb~I1(g1; g2) = g2 
 g1 � g2Xi �g1�xi 
 xi:The 
hain I1 
an be seen as an homotopy between 
omplexes of Ho
h-s
hild and of de Rham in degree 1. Re
ipro
ally, it is easy to see that
onstru
ting su
h an homotopy is enough to de�ne the map I1.Proposition 5.6 The map I1 de�ned like in the 
onje
ture 5.4 existsif and only if there exist une homotopy between 
omplexes of Ho
hs
hildand of de Rham in degree 1.Homotopy formulas have been written by Connes in [Co℄. We 
analso �nd an expli
it one in [Ha3℄ for polynomial fun
tions. Su
h aformula 
ould help us to proove 
onje
ture 5.4. for the dual of a Liealgebra.Re
ently Tsygan has developed another approa
h : instead of 
onje
-ture 5.4, he states an onther 
onje
ture. Thanks to theorem 5.2, one
an repla
e C�(A : ) with �(M;^�TM) and see C�(A � ) as a module over�(M;^�TM). The new formality 
onje
ture if thenConje
ture 5.7 There exists a L1-homomorphism, F 0: , between thetwo graded Lie algebras g10 = (�(M;^�TM)�C�(A � ); [:; :℄0G) and g20 =(�(M;^�TM)�
�(M); [:; :℄0S) su
h thatF 0i = Id+I 0i�1where I 0l : ^l�(M;^�TM)
 C�(A �)! 
�(M):12



The problem is now to build the maps I 0l . To do that, an optimis-ti
 approa
h would be to 
opy the proof of Kontsevi
h of theorem 5.2 :we would like to de�ne new graph a
ting on forms instead of fun
-tions, graph whi
h allowed us to de�ne maps Tl : ^l�(M;^�TM) 
C�(
�(M))! 
�(M). The maps I 0l would be then just parti
ular 
asesof maps Tl.R�ef�eren
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