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ABSTRACT. In this paper we prove Lie algebroid versions of Tsygan’s formality
conjecture for Hochschild chains both in the smooth and holomorphic settings.
In the holomorphic setting our result implies a version of Tsygan’s formality
conjecture for Hochschild chains of the structure sheaf of any complex ma-
nifold and in the smooth setting this result allows us to describe quantum
traces for an arbitrary Poisson Lie algebroid. The proofs are based on the use
of Kontsevich’s quasi-isomorphism for Hochschild cochains of R[[y',...,y%]],
Shoikhet’s quasi-isomorphism for Hochschild chains of R[[y?, ..., y9]], and Fe-
dosov’s resolutions of the natural analogues of Hochschild (co)chain complexes
associated with a Lie algebroid.

INTRODUCTION

Lie algebroids and Lie groupoids provide a natural framework for developing
analysis on differentiable foliations and manifolds with corners [19], [20], [21], [23],
[33]. This motivates our interest to the natural analogues of Hochschild and cyclic
(co)homological complexes in the setting of Lie algebroids and to the corresponding
analogues of the Kontsevich-Tsygan formality conjectures. Thus the formality the-
orem for the differential graded Lie algebra (DGLA) of Hochschild cochains in the
Lie algebroid setting [1] allows us to quantize an arbitrary Poisson Lie algebroid®.
The formality of the DGLA module of Hochschild chains in the Lie algebroid set-
ting would give a description of the quantum traces for Poisson Lie algebroids, and
the formality of the cyclic complex in the setting of Lie algebroids would imply
the algebraic index theorem [9], [22], [27] for the deformations associated with an
arbitrary Poisson Lie algebroid.

An appropriate analogue of the Hochschild cochain (resp. chain) complex asso-
ciated with a Lie algebroid FE is the complex of E-polydifferential operators (resp.
Hochschild E-chains) (see definitions 1.4 and 1.9 in the next section). It turns
out that the complex of E-polydifferential operators is naturally a DGLA and the
complex of F-chains is naturally a DG module over this DGLA. Due to the recent
result [1] of the first author for any Lie algebroid F over a smooth manifold the
DGLA of E-polydifferential operators is formal.

In this paper we use Kontsevich’s [16] and Shoikhet’s [25] formality theorems
for R;l”ormal and the ‘Fedosov-like’ [8] globalization technique [2, 6, 7, 22| to prove
that for any Lie algebroid E over a smooth manifold (resp. holomorphic Lie al-
gebroid over a complex manifold) the DGLA module of E-chains (resp. the sheaf
of DGLA modules of E-chains) is formal. In the smooth setting this result allows

I According to the terminology of P. Xu [32] we have to call this object a triangular Lie bial-
gebroid. However, since we do not mention, the bialgebroid structure, we refer to this object as a
Poisson Lie algebroid.
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us to describe quantum traces for an arbitrary Poisson Lie algebroid and in the
holomorphic setting our result implies a version of Tsygan’s formality conjecture
for Hochschild chains of the structure sheaf of any complex manifold.

Eliminating the sheaf of Hochschild E-chains in the holomorphic setting we get
that for any holomorphic Lie algebroid E the sheaf of E-polydifferential operators is
formal as a sheaf of DGLAs. In particular, this result implies Kontsevich’s formality
theorem for complex manifolds, the proof of which was formulated only for algebraic
varieties (see paper [34] of A. Yekutieli).

The paper is organized as follows. In the first section we recall some basic
facts about Lie algebroids and define algebraic structures on the complexes of E-
polydifferential operators and E-polyjets of an algebroid E. We recall Kontsevich’s
[16] and Shoikhet’s [25] formality theorems for R%,,. ., and formulate our first re-
sult, the formality of the module of E-chains (see theorem 1.11 on page 10). The
second section is devoted to the construction of the Fedosov resolutions of the
sheaves of E-polydifferential operators, F-chains, E-polyvector fields and E-forms.
It is the most technical part of the paper. Using these resolutions in section 3, we
prove theorem 1.11. In the same section we apply this theorem to the description of
quantum traces of Poisson Lie algebroids. In section 4 we prove Tsygan’s formality
conjecture for Lie algebroid chains in the holomorphic setting (see theorem 4.2 on
page 28), which, in particular, gives us the formality theorem for Hochschild chains
of the structure sheaf of an arbitrary complex manifold (see theorem 4.4). In the
concluding section we mention an equivariant version of theorem 1.11 and raise
some other questions.

Notation. We assume Einstein’s convention for the summation over repeated
indices and omit the symbol A referring to a local basis of exterior forms. The
arrow »— denotes an L,,-morphism of L..-algebras, the arrow >>— denotes a
morphism of L..-modules, and the notation

L

l mod

M

means that M is an L,,-module over the Ly,-algebra £. Throughout the paper
(except section 4) M denotes a smooth real manifold and O denotes the structure
sheaf of M . The abbreviation “DGLA” stands for “differential graded Lie algebra”
and the abbreviation “DGA” stands for “differential graded associative algebra”.
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1. ALGEBRAIC STRUCTURES ASSOCIATED WITH A LIE ALGEBROID

1.1. Lie algebroids and associated sheaves. Let us recall the following
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Definition 1.1. A Lie algebroid over a smooth manifold M is a smooth vector
bundle E of finite rank whose sheaf of sections is a sheaf of Lie algebras equipped
with a map of sheaves of Lie algebras

p:E—TM.

The Opr-module structure and the Lie algebra structure on the sheaf E are compa-
tible in the following sense: for any open subset U C M, any function f € Op(U)
and any sections u,v € I'(U, E)

(1.1) [u, fo] = flu, v] + p(u)(f)v.
The map p is called the anchor.
Example. The tangent bundle TM on M is the simplest example of a Lie alge-

broid. The bracket is the usual Lie bracket of vector fields and the anchor is the
identity map id : TM — TM.

Definition 1.2. The bundle “T* , of E-polyvector fields is the exterior algebra

poly
of the bundle E with the shifted grading
NTIE, x>0
1.2 A ETk L o=
(1.2) poly k@l poly» poly Ou, *=—1.

It turns out that the Lie bracket [, | on T(”Ty, ) = T'(E) can be naturally

extended to a Lie bracket on the whole vector space I'(ET* ) of E-polyvectors.

poly
Indeed, first, we defined a Lie bracket [, ]sny on I‘(ETp;lly @ ETz?oly) as follows
[fag]SN = 0) v f7g € F(ETp;lly)7
(1'3) [u7 f]SN = p(u)fa Vue F(ETpOoly) ) f € F(ETp_olly) ’
[u,v]sy = [u,v], Vu,ve F(ETgoly) .

Next, we extend [, sy to T'(ET*, ) by requiring the graded Leibniz rule with

poly
respect to the A-product
(1.4) [u, v Awlsy = [u,v]sy Aw + (=1)*F Dy A [u, wlgn
Vuel(®T),,), veT(*T}y,), weT(PT,,).

In the simplest example E = TM the Lie bracket [, |sn coincides with the well
known Schouten-Nijenhuis bracket of ordinary polyvector fields.

The exterior algebra A*EY of the dual bundle EV to E is a natural candidate
for the bundle ¥Q%, of E-differential forms or just E-forms for short. The bundle
EQs, of E-forms is endowed with the following E-de Rham differential
(1.5)

Edw(og,...,o0) = >, (=1)p(os)w(oo,...,64,...,0%)
+Zi<j(71)i+jw([o'ivo—j]vo'07”wa'ia"'aé—ja"'ao'k)a
O'iEF(E).

By the word connection on a vector bundle B over M we always mean FE-
connection, that is a linear operator

(1.6) V:T(M,B) — PQY(M,B)
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satisfying the following equation
V(fu) = Fd(f)u+ fV ()
for any f € Op (M) and v € T'(M, B) .

Another operation defined on E-forms is a contraction with E-polyvector fields.
For an E-polyvector field u € F(ETIfoly) we denote by ¢, the contraction with
w. Using this contraction, the F-de Rham differential (1.5), and the Cartan-Weil
formula
(1.7) EBLu="%dou, + (=1)F1,0%d
we define the E-Lie derivative of E-forms by the E-polyvector field u € I'(FTF

poly)'
For our purposes it is more convenient to use the reversed grading in the bundle

of E-forms. Thus we denote by
(1.8) A, =F05), Ay = On
the corresponding bundle with reversed grading and observe that ¥A, is equipped

with a structure of a graded module over the sheaf of graded Lie algebras ET;Oly
via the E-Lie derivative (1.7). Namely,

Lemma 1.3. For any E-polyvector fields u € T(FTE, ) and v € F(ET]ﬁoly) one has

poly
(1.9) FLyo "Ly — (*1)MEL7J o PL, = EL[%”]SN :
Proof. First, it is immediate from the definition (1.7) that for any u € I'(¥ T]foly)
(1.10) Bdo*L, = (—)*FL,"d.
Second, we claim that for any u € F(ETZfoly) and v € F(ETéoly) we have
(1.11) BLy o — ()M, 0 FLy = (=) i ey -
Using (1.10) and (1.11) it is not hard to show that for any u € I’(ETIfOly) and
v e F(ET]ﬁoly)

ELu(EdLv + (_)lLvEd) - (_)kl (Edbv + (_)lLvEd)ELu = (EdL[u,v]szv + (_)kHL[u,v]sszd) :
Thus it suffices to prove that equation (1.11) holds.

The proof of (1.11) goes as follows. First, direct computations show that (1.11)
holds for any sections u and v of the subsheaf ETp;lly & ET;z(;)oly' Second, using
the Leibniz rule (1.4) we prove the desired identity by induction on the degrees of
E-polyvector fields v and v. In doing this, we need another simple identity

ELul/\ug = ELu1 byy — (_)kl buy ELu2 ) Vou; € F(ETic:ly) ’
which follows easily from the fact that for any uw € D(®T%, ) and v € T(PT )

Lupw = by O Ly .

O

One can also define the Op;-module UE of E-differential operators to be the
sheaf of algebras locally generated by functions and E-vector fields. More precisely,
UE is the sheaf associated with the following presheaf

(1.12) Ur— u® f—fOu—plu)f,

UV —vQu— [u,v],

T(OM(W@F(U’E))/{ f®g—fg fou— fu, }
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f7g€OM(U)7 ’U,,’UGF(U,E).
As a sheaf of Op/-modules, UE is endowed with an increasing filtration
(1.13) Oy =UE° CUE' CUE*C--- CUE,

which is defined by assigning the degree 1 to the E-polyvectors.

In the terminology of [24] E is a sheaf of Lie-Rinehart algebras over the structure
sheaf Oy; and U F is the universal enveloping algebroid of E. Thus, besides the fact
that UF is a sheaf of algebras, UFE is also equipped with a coassociative Oj;-linear
coproduct A : UE — UE ®p,; UE which is defined as follows

Al)=1®1,

(1.14) Alw)=u@l+10u,  APQ)=A(P)AQ),
Vuel(E), PQeT(UE).

Notice that, in the simplest example E = TM of the Lie algebroid UFE is the
sheaf of differential operators on M .

1.2. Algebraic structures on F-polydifferential operators and E-polyjets.
We start this subsection with the following

Definition 1.4. The bundle ED;Oly of E-polydifferential operators is the tensor
algebra of the bundle UE with a shifted grading:

) R5UE, x>0,
EDpoly = k@l ED};oly ’ EDpoly = {OZM, = —1.
It is easy to see that in the case £ = T'M the sheaf ED;oly
polydifferential operators on M.
Using the coproduct (1.14) in UE we endow the graded sheaf ED;Oly of E-
polydifferential operators with a Lie bracket [,]¢. To introduce this bracket we first
define the following bilinear product of degree 0

o: D @Fp L Fp

is the sheaf of

poly poly poly >

|P|
PeQ)= Z(,l)ilQl (1®i @ AlQD) 1®\P|*i)(p) . (1®z‘ ®Q® 1®|P\7i) :
i=0

(1.15) P
Pef = Z(_l)i(1®i Qp® 1®|P\—i)(P)(1®i ®Ff® 1®\P|—i)7
i=0

feg=0, feP =0
for any P,Q € F(EDI?OOly) and f,g € I‘(EDzjolly) = Oy . Here A = (A® 12" o
-0 A, A is by convention the identity map, and p denotes the representation
of UE on Oy induced via the anchor map.
Although the bilinear product is not associative, the graded commutator

(1.16) [P,Qla =PeQ—(-1)FI®IQe P, PQer("D;,,)

defines a graded Lie bracket between the E-polydifferential operators.
It is not hard to see that in the case F = T'M the above bracket reduces to the
well known Gerstenhaber bracket [12] between polydifferential operators on M.
Let us now define the vector bundle of F-polyjets.
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Definition 1.5. The bundle EZ7P°" of E-polyjets is the following graded bundle
placed in nonnegative degrees

Eypoly — @EJ,fOly, Eypoly .— Homy,, (UE®?9+JV},OM).
k>0
Since the sheaf ED;oly
graded vector bundle the sheaf £J¥¢ oW of E-polyjets is a profinite dimensional graded
vector bundle. Furthermore, the sheaf ZJP°Y is endowed with a canonical flat
connection V& which is called the Grothendieck connection and defined by the
formula

of E-polydifferential operators is an ind-finite dimensional

(1.17) VEG)(P) = p(a)(j(P)) — j(oeP),
where o € T(E), j € T(51P), P € L(¥Dy,,), and the operation e is defined in

(1.15).
For this connection we have the following standard

Proposition 1.6. Let x be a map of sheaves

1 .
e [ B k>0
OM, if k=0

defined by the formula

(1.18) x(@)(P)=a(l®P), PeT(*Dy,), acT(").

The restriction of the map x to the VC-flat E-polyjets gives the isomorphism of
sheaves
Bppoly it k>0,

1.19 s ker VO N Eppoly
(1.19) e ET Owm, i k=o0.

Proof. To see that the map (1.19) is surjective one has to notice that for any E-
polyjet b of degree k — 1 (resp. a function b € I'(O)y)) the equations

a(1® P)=b(P), PeTl(¥D" 1

poly
and
(1.20) a(u-Q® P) = p(u)a(Q ® P) — a(Q ® (A* D (u) - P)),
QeT(UE), u€e(E)
define a V%-flat E-polyjet a of degree k (resp. a V&-flat E-jet a).

On the other hand, if a is a V%-flat E-polyjet of degree k equation (1.20) is
automatically satisfied. Thus a is uniquely determined by its image x(a). O

l
£ ety

Let t be the cyclic permutation acting on the shea of E-polyjets

(1.21) ta) (PR -@P)=aPL® - PR),

acTEPY), P eTUE).
Using this operation and the bilinear product (1.15) we define the map

ES . EDk

Eqypoly Eypoly
poly ® Jl —J

I—k >
P®a— ESp(a) such that
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(1.22)58p(a)(Q) = a(Q o P)

k
+ 3 (=) (a) (AW @ 12079 (Q) - (P @ 12071)) |

for PeT(EDF, ), acTEPY), Qe (EDLF).

poly poly
Due to the following proposition the map (1.22) defines an action of the sheaf of

graded Lie algebras ED; o1y Of E-polydifferential operators on the graded sheaf Ejpoly

of E-polyjets. Namely,

Proposition 1.7. For any pair Py, Py € F(ED*

poly) of E-polydifferential operators
EJfOly)

and any E-polyjet a € T'(
(1.23) ESp, ESp,(a) — (—)IP1I1P21ES ESp (a) = ESp, py14(a) .

Moreover, the action (1.22) is compatible with the Grothendieck connection (1.17)
(1.24) VS (ESp(a)) = ¥Sp(V$(a)), wel(E), Pel(*D;,,).

poly
Proof. Tt is not hard to show that for any a € T'(£/roW)
(125) ESPlESPz (a’) = ESP1°P2 (a’) + H(Plv PQ)(G’) + (7)‘P1||P2|H(P27 Pl)(a) )

where?
. poly Egpoly
H(Py, Py): "JPoty — J*_|P1|_|P2|

is a graded Oj-linear endomorphism of the sheaf 77 °Y defined by the following
formula

(H(Pr, P2)(a))(Q) =
> (m)iatiRlg {(1@' ® APl @ 180—=IRI=1) @ A2l g 18(=i=IP2D) Q).
i

(19 @ P, @ 180--1P1-) g p, g 1®<n—j—\P2\>)} 4

Z(_)kngHl(n—\Pg\)tl(a) [(A\Pl\ ® 1HH-IP-1 g AlP2l g 18n—h=I=IPa| ().
k.l

)

P, @ 120+=1P=1) o p g 1®(n7k717|1>2\)}
the sums run over all 7, j, k, [ satisfying the conditions
0<i<j—|P|-1, J<n—|Pf,
1 <1< P, |Pi|—14+1<k<n-—|P|—-I,

and
Q c F(EDn_|P1|_|P2|) .

poly
Equation (1.25) obviously implies identity (1.23).

Equation (1.24) follows immediately from the fact that the coproduct (1.14)
is compatible with the multiplication of the FE-differential operators and the fact
that the Grothendieck connection (1.17) commutes with the cyclic permutation
(1.21). O

2Formula (1.25) is essentially borrowed from paper [13] of E. Getzler.
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Notice that an element 1 ® 1 € T(”D],, ) is distinguished by the following
remarkable identity [1 ® 1,1 ® 1]¢ = 0. Using this observation we define the
following differentials

(1.26)  9=[1®1, ¢ : "Dy, — "Dt} b:= FSg, : Byrolv — Eypely

on the sheaf of E-polydifferential operators and the sheaf of E-polyjets.

From the definition of the differentials (1.26) and equation (1.23), we see that 0
is compatible with the Lie bracket (1.16) and the differential b is compatible with
the action (1.22) in the sense of the following equation

b (“Sp(a)) = Sap(a) + (=) ESp(b(a)).
Vael(Erevy, pPer(ED:,,).

poly
Thus, ("D, 9, [;]c) is a sheaf of differential graded Lie algebras (DGLA for short)

and (E77°% b, ES) is a sheaf of differential graded modules (DG modules for short)

We would like to mention that the tensor product of sections (over Opy) turns
the sheaf £D,,,[—1]* with the shifted grading into a sheaf of graded associative
algebras. Moreover, it is not hard to see that the differential 9 (1.26) is compatible
with this product. Thus ED;Oly can be also viewed as a sheaf of DG associative
algebras (DGA).

The complex of sheaves (D(E/7°), b) is not a good candidate for the Hochschild
chain complex in the Lie algebroid setting. Indeed, if our Lie algebroid E is T'M
then the complex (I'(¥J2°"),b) boils down to the Hochschild chain complex of
C*°(M) without the zeroth term and the action (1.22) does not coincide with the
standard action of Hochschild cochains on Hochschild chains (see eq. (3.4) in [7]).
To cure these problems simultaneously we introduce a graded sheaf £C% oW of O-
modules placed in non-positive degrees

OM * =0
Epoly __ ’ )
(127) Cf Y= {EJpoly x < O7

—x—1
and the following R-linear isomorphism of sheaves
(128) 0: choly — ker vG N Ejfily

obtained by inverting the map (1.19).

Due to propositions 1.7 the action (1.22) and the differential b (1.26) commute
with the Grothendieck connection V. Thus, the V&-flat E-polyjets form a sheaf
of DG submodule of (EJF°" b, ES) over the sheaf of DGLAs (ED}oys 05 ]G -
Combining this observation with proposition 1.6 we conclude that the isomorphism
(1.28) allows us to endow the sheaf (1.27) with a structure of a sheaf of DG modules
over the sheaf of DGLAs ED;oly' Namely,

Proposition 1.8. The map

(1.29) PR, : EDE, @ FCPY — Foroly,

given by the formula

(1'30) ERP(G’) =X©° ESP(Q(G))a Pe F(EDI;;oly)v ac F(chwly) )
and the differential

(1.31) b(a) = x o “Sian(e(a)) : T(PCP) — T(CLTY)
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turn FCPY (1.27) into a sheaf of DG modules over the sheaf of DGLAs EDr - O
Remark 1. Since the map g is NOT Oj;-linear the DGLA module structure (1.30),
(1.31) on ECP" is only R-linear unlike the DGLA module structure (1.22) (1.26)
on the sheaf EJF°"Y.

Remark 2. It is not hard to see that in the case E = T M the global sections of
the sheaf ZCP°Y give the jet version [30] of the homological Hochschild complex of
the algebra Oy, of functions on M.

The second remark motivates the following definition:

Definition 1.9. We refer to the sheaf EC?Y of DG modules over the sheaf of
DGLAs ED;Oly of E-polydifferential operators as the sheaf of the Hochschild E-
chains or just E-chains for short.

oty and ECPW are described by Hochschild-
Kostant-Rosenberg type theorems. The original version of this theorem [15] says
that the module of Hochschild homology of a smooth affine algebra is isomorphic to
the module of exterior forms of the corresponding affine variety. In [3] A. Connes
proved an analogous statement for the algebra of smooth functions on any compact
real manifold, and in [29], N. Teleman was able to get rid of the assumption of
compactness. The similar question about Hochschild cohomology turns out to be
tractable if we replace the Hochschild cochains by polydifferential operators. We
believe that the cohomology of this complex was originally computed by J. Vey
[31]. All these computations correspond to the case when E = T M. In our general
case we have the following proposition:

The cohomology of the complexes D*

Proposition 1.10. The natural maps

V:(E ;:olyao) — (E ;:olyaa)
1
(1.32) VoA AU CESY Z €(0)Voy ® -+ @ Vg,
0ESKt1
and

¢: (Forov n)y —  (PA,,0)
(1.33) a — (v o(a)(V(v))

are quasi-isomorphisms of complexes of sheaves. The induced structure of the graded
Lie algebra on ET;Oly coincides with the one given by the bracket (1.4) and the
induced structure of the graded module on FA, coincides with the one given by the

Lie deriwative (1.7).

Remark. Recall that PA, is the sheaf (1.8) of E-forms with reversed grading.

Proof. In order to prove theorem 1.11 we do not need this proposition in full gen-
erality. It essentially suffices to restrict ourselves to the case of the tangent Lie
algebroid TR? — R?. This particular case is well known. So we may regard propo-
sition 1.10 as a corollary of theorem 1.11 O

1.3. The formality of the DGLA module of E-chains. Unfortunately, the
maps (1.32) and (1.33) respect neither the Lie brackets nor the actions. This defect
can be cured using the notion of Lie algebras and their modules up to homotopy
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(see [14] for a detailed discussion of the general theory and its applications, and [7,
section 2| for a quick review of the notions and results we need). The first result of
this paper is the following theorem:

Theorem 1.11. For any C* Lie algebroid (E, M, p) one can construct a commu-
tative diagram of sheaves of DGLAs and DGLA modules over M

ET*

poly T Ly - Lo —=< EDx

poly
(1-34) l mod l mod J, mod l mod

Ep,  sv— My =< My —=<=< BHorw,

in which the horizontal arrows in the upper row are quasi-isomorphisms of sheaves
of DGLAs and the horizontal arrows in the lower row are quasi-isomorphisms of
Loo-modules. The terms (L1, L2, M1, Ma) and the quasi-isomorphisms of the
diagram (1.34) are functorial for isomorphisms of pairs (E,0F), where E is a C>
Lie algebroid and OF is a torsion free E-connection on E.

The proof of this theorem occupies the next two sections.

1.4. Formality theorems for the Hochschild complexes of R[[y!,...,y%]]. In
order to prove theorem 1.11 we construct the Fedosov resolutions of the sheaves of
DGLAs ET;Oly and ED;oly and of the sheaves of DGLA modules PA, and ECP°W.
These resolutions allow us to reduce the problem to the case of the Lie algebroid
TRY — R?. For the latter case the desired result follows from the combination of
Kontsevich’s [16] and Shoikhet’s [25] formality theorems.

First, we recall the required version of Kontsevich’s formality theorem. Let

M = R‘}Wmal be the formal completion of R? at the origin. In other words we
set Oy = R[[y!,...,y%Y] and E = Der(Oyps). Let us denote by T;Oly(R‘}ormal)
and Dy ;. (Riormal) the DGLA of polyvector fields and polydifferential operators
on R4

ormal> TeSPectively, then

Theorem 1.12 (Kontsevich, [16]). There exists an Loo-quasi-isomorphism K from

T;oly(R?ormal) to D;oly (R?Ormal) such that

(1) The first structure map K1 is Vey’s quasi-isomorphism (1.32) of complezes
V.

(2) K is GL4(R)-equivariant.

(3) If n > 1 then for any vector fields v1,...,v, € T (]R;lcormal)

poly
Kn(vi,...,v,) =0

(4) If n > 1 then for any vector field v € Tpooly(Rd

formal

nates y' and any polyvector fields xa,...,Xn € T;oly(R?ormal)

) linear in the coordi-

Icn(vaXQa e 7Xn) =0.
We denote by
A* (R grma) = R[[y", -,y © A(R?)

the complex of exterior forms on R?ormal with the vanishing differential and by

JfOIy(Rd ) _ R[[yl, . ’yd]]® (%+1)

formal



FORMALITY THEOREMS FOR LIE ALGEBROID CHAINS 11

the complex of Hochschild chains of R[[y!,...,y?]], where the notation & stands
for the tensor product completed in the adic topology on R[[y?,. .., y4]].

Using the Lie derivative (1.7) of exterior forms by a polyvector field, we can
regard A* (Riormal) as a graded module over the graded Lie algebra T}, (Riormal).
Furthermore, the action of Hochschild cochains on Hochschild chains (see formula

(3.4) in [7]) allows us to regard JF° (R4 ) as a DG modules over the DGLA

formal

D;Oly(R‘}ormal). Finally, using Kontsevich’s quasi-isomorphism K we get an L -
module structure on Jfozy(R?m,mal) over T (R$ 4, pmar)- For this Log-module, we

have the following theorem:

Theorem 1.13 (Shoikhet, [25]). There exists a quasi-isomorphism S of Loo-modu-
les over T (R ,.pa1) from Jrol (R4 ) to A*(R%,,.01) such that

formal
(1) The first structure map Sy is the quasi-isomorphism of Connes (1.33).
(2) The structure maps of S are GLq(R)-equivariant.
(3) If n > 1 then for any vector field v € Tgoly(Rd

formal)
(R ypmar) and any chain

linear in the coor-
dinates, any polyvector fields x2,...,Xn € Loy
. !

J € Jfo y(R(}ormal)

'Sn(vax2a' 7Xn,]) =0

Remark 1. The third assertion of the above theorem is proved in [7] (see theo-
rem 3).

Remark 2. Hopefully, one can prove the assertions of theorem 1.13 along the
lines of Tamarkin and Tsygan [26, 27, 28|.

2. THE FEDOSOV RESOLUTIONS

Let, as above, E — M be a C*° Lie algebroid with bracket [,] on sections and
the anchor p. Following [7] we introduce the formally completed symmetric algebra
S(EVY) of the dual bundle EV and bundles 7, D, A, J naturally associated with
S(EY).

e S(EY) is the formally completed symmetric algebra of the bundle EV .
Local sections are given by formal power series

oo
3 i@y oy
=0

where y* are coordinates on the fibers of E and Siy...i, are components of a
symmetric covariant E-tensor.

o T := S(EY)® A*T1E is the graded bundle of formal fiberwise polyvector
fields on E. Local homogeneous sections of degree k are of the form

> 0 0
E JoJ i gt oA ——
(21) — vil...il (ﬂf)y Yy 6:(]]0 A A 6:(]]]‘ ’
where vfffl * are components of an E-tensor with symmetric covariant part

(indices i1, . .., ¢;) and antisymmetric contravariant part (indices jo, . . ., ji)-
e D* := S(EY) ® T*"1(SE) is the graded bundle of formal fiberwise poly-
differential operators on F with the shifted grading. A local homogeneous
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section of degree k looks as follow

> o () i ; laol “ o lel
= P gyeo Oy“x

where ay are multi-indices, P;}%;** are components of an E-tensor with

the obvious symmetry of the corresponding indices, and
losl 0 )
Oyos — Oyir *" " Gydlesl
for o = (J1-+Jlas]) -
A, = S(EYV)®AN"*(EY) is the graded bundle of formal fiberwise differential

forms on F with the reversed grading. Any local homogeneous section of
degree —k can be written as

oo
Zwilmizyjlmjk (x)yll o 'yil dyjl A A dyjkv
=0

where wj, . 4,4,...j, are components of a covariant E-tensor symmetric in
indices i1, ..., 7; and antisymmetric in indices ji, ..., jk-
J+ is the bundle of Hochschild chains of S(EY) over Oyy.

j _ @jk; jk — (S’Ev)®OM (k+1) ,
k>0

where ® stands for the tensor product completed in the adic topology.
Local sections of homogeneous degree k are formal power series

o, 1 A
> oo, (@)YEUL U
Q- O

in k+1 copies yo, - - . , yx of coordinates on the fibers of . Here a are multi-
indices, aq,,...,, are components of a tensor with an obvious symmetry in
the corresponding indices, and

[ P Jlam|

Yo =yl oy

for a,, = (j1~-~j|am\)'

For our purposes, we consider FE-differential forms with values in the sheaves
S(EV), T, D, A, J. Below we list these sheaves of E-forms together with the
algebraic structures they carry.

o EQ(S (EVY)) is a bundle of graded commutative algebras with grading given

by the exterior degree of E-forms. ZQ(S(EV)) is also filtered by the degree
of monomials in fiber coordinates y°.

e BQ(T) is a sheaf of graded Lie algebras and #42(A) is a sheaf of graded mod-

ules over #Q(7). These structures are induced by those of T;Oly(R‘}m,mal)
and A*(R? ormal): Tespectively and the grading is given by the sum of the
exterior degree and the degree of an E-polyvector (resp. an E-form). [,]sn
will denote the Lie bracket between sections of the sheaf #Q(7) and L,, (the
Lie derivative) will denote the action of a fiberwise polyvector u € ¥Q(7T)
on the sections of ZQ(A). EQ(T) is also a sheaf of graded commutative
algebras. The multiplication of sections in Q(7) is given by the exte-

rior product in the space T3, (R?ormal) of E-polyvector fields on Rgl”ormal .
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The Lie bracket and the product in ZQ(7) turn £Q(7) into a sheaf of
Gerstenhaber algebras?.

e EQ(D) is a sheaf of DGLAs and #Q(J) is a sheaf of DGLA modules
over ZQ(D). These structures are induced by those of D* , (R4 ) and

poly\™ formal

ol (R?m,mal), respectively and the grading is given by the sum of the
exterior degree and the degree of a (co)chain. We denote by 9 and [,]¢
respectively the differential and the Lie bracket on “Q(D), b will stand for
the differential on £Q(J) and Rp will denote the action of P € (D) on
the sections of #Q(J). BQ(D) is also a sheaf of DGAs. The multiplication

of sections is induced by the cup product in the space D; (R ) of
d

formal *

d
formal

E-polydifferential operators on R

Remark 1. Notice that A is a sheaf of exterior forms with values in S(EY).
However, we would like to distinguish A from EQ(S (EV)). For this purpose we use
two copies of a local basis of exterior forms. Those are {dy*} and {£*} for A and
EQ(S(EY)), respectively.

The following proposition shows thatAwe have a distinguished sheaf of graded Lie
algebras which acts on the sheaves PQ(S(EY)), FQ(A), BQ(T), BQ(D), and ZQ(T).

Proposition 2.1. The sheaf Q(T°) of E-forms with values in fiberwise vector
fields is a sheaf of graded Lie algebras. The sheaves BQ(S(EY)), EQ(A), BU(T),
EQ(D), and ¥Q(J) are sheaves of modules over EQ(T) and the action of sections
in PQ(TO) is compatible with the DG algebraic structures on PQ(S(EY)), BQ(A),
EQ(T), BA(D), and FQ(T) .

Proof. Since the Schouten-Nijenhuis bracket (1.3), (1.4) has degree zero ZQ(7°) C
EQ(T) c (D) is a subsheaf of graded Lie algebras. While the action of ZQ(77)
on the sections of PQ(S(EVY)) is obvious, the action on "Q(A) is given by the Lie
derivative, the action on #Q(7) is the adjoint action corresponding to the Schouten-
Nijenhuis bracket, the action on #Q(D) is given by the Gerstenhaber bracket and
the action on ¥Q(.7) is induced by the action of Hochschild cochains on Hochschild
chains (see formula (3.4) in paper [7]). The compatibility of the action with the
corresponding DGLA and DGLA module structures follows from the construction.
The compatibility of the action with the product in #Q(7) follows from the axioms
of the Gerstenhaber algebra [12] and the compatibility with the product in #Q(D)
can be verified by a straightforward computation. O

Due to the above proposition the following 2-nilpotent derivation
5 . .
(2.6) 0= §’a—yi cEQ*(S(EY)) — B tH(S(EY))

of the sheaf of algebras ZQ(S(EV)) obviously extends to 2-nilpotent differentials
on BQ(T), 2Q(D), Q(A) and #Q(J). Furthermore, it follows from proposition 2.1
that § is compatible with the DG algebraic structures on Q(7), Q(A), E(D),
and FQ(7).

Note that

(2.7) kerd NS(EY) = Opn,  kerdNA*=PA,

3The definition of the Gerstenhaber algebra can be found in section 4.1 of the second part of
[5] or in the original paper [12].
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as sheaves of (graded) commutative algebras over Oyy. Similarly, kerd N7, (resp.
ker 6 N D) is a sheaf of fiberwise polyvector fields (2.1) (resp. fiberwise polydiffer-
ential operators (2.2)) whose components do not depend on the fiber coordinates
y®. In other words,

(2.8) ker6 N T* = A*THE)
as sheaves of graded commutative algebras and
(2.9) kerd N D* = @* T (S(E)),

as sheaves of DGAs over Q).
In fact, one can prove a more stronger statement:

Proposition 2.2. For B being either of the sheaves S(EY), A, T or D
H=Y(FQ(B),6) =0.
Furthermore,
HO(Q(S(EY)),6) = O,
(2.10) HO(BQ(A,),0) = EA,
HO(PQUT™),0) = AHH(E)
as sheaves of (graded) commutative algebras and
(2.11) H(BQ(D*),0) =~ @ T(S(F))
as sheaves of DGAs over Oyy.

Proof. Due to equations (2.7), (2.8), and (2.9) the proposition will follow immedi-
ately if we construct an operator

(2.12) r B (B) — P~ 1(B)
such that for any section u of #Q(B)

(2.13) u=0r(u) + kd(u) + H(u),
where

2.14 H = .
(214) w=d .,

First, we define this operator on the sheaf ZQ(S(EY))
o1
(2.15) k(a) = ki/a(m t tf)ﬁ e EQ>0(S(EY)) =0
* - y aé-k Y y? t ) a Y R S(E\/) -
0
where the arrow over 0 denotes the left derivative with respect to the anti-com-
muting variable £¢.
Next, we extend r to sections of the sheaves FQ(A), #Q(T), BQ(D) in the
componentwise manner. A direct computation shows that equation (2.13) holds
and the proposition follows. O
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Since our Lie algebroid E is a smooth bundle over M, it admits a global torsion
free connection* 9F. Using this connection we define the following derivation of the

DG sheaves FQ(S(EY)), PQ(A), PQ(T), PQ(D), and P J):

(216)  V="d+D B = TB), D= —Thy' 5k

where B is either of the sheaves S(EV), A, T, D, or 7, Ffj (x) are Christoffel’s
symbols of the connection O and I'- denotes the action of I" on the sections of the
sheaves £Q(B). Due to proposition 2.1 the operator V (2.16) is compatible with
the DG algebraic structures on Q(S(EV)), B(T), E(A), EUD), and EQ(7).
Furthermore, the torsion freeness of the connection 9% implies that

(2.17) Vé+46V=0.

The standard curvature E-tensor (R;;)}(z) of the connection 0¥ provides us
with the following fiberwise vector field:

1. . 0
(2.18) R = —58¢ (Ry()y' 5 € BT

A direct computation shows that for B being any of the sheaves £S, A, T, D, or
J, we have

(2.19) V2 = R-: BQ*(B) — BQ*t%(B),

where R- denotes the action of the vector field R described in proposition 2.1.

Although V is not flat the following theorem shows that the combination V — §
can be extended to a flat connection on the sheaves ZUS(EV)), BQ(T), EQ(A),
EQ(D), and FQ(7).

Theorem 2.3. Let B be either of the sheaves ¥S, A, T, D, or J . There exists a
section

o k AJ T
(2.20) A= ;g Ay @Yy 5

of the sheaf EQY(T°) such that the derivation
(2.21) D=V -5+ A : 50" (B) — FQ*1(B)
is 2-nilpotent
D?=0,
and (2.21) is compatible with the DG algebraic structure on Q(B) .

Proof. The proof goes essentially along the lines of [6, theorem 2].
Thanks to equation (2.19) the condition D? = 0 is equivalent to the equation

1
(2.22) R+VA-5A+ [A Alsy =0.

We claim that a solution of (2.22) can be obtained by iterations of the following
equation

1
(2.23) A= kR +r(VA+ 5[4 Alsy)

4Recall that by the word “connection” we always mean an E-connection (1.6).
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in degrees in the fiber coordinates y*. Indeed, equation (2.13) implies that iterating
(2.23) we get a solution of the equation
1
We denote by C' the left hand side of (2.22)
1
C=R+VA-JA+ §[A’A]SN’
and mention that due to Bianchi’s identities VR =0R =0
(2.24) VC —-0C+[A,Cl=0.
Applying « (2.15) to (2.24) and using the homotopy property (2.13) we get
C=r(VC+[AC]).

The latter equation has the unique vanishing solution since the operator x (2.15)
raises the degree in the fiber coordinates y°.

Proposition 2.1 implies that the differential (2.21) is compatible with the DG
algebraic structures on #Q(B). Thus, the theorem is proved. O

In what follows we refer to the differential D (2.21) as the Fedosov differential.
The following theorem describes the cohomology of the Fedosov differential D
for the sheaves ZQ(S(EVY)), Q(A), BQ(T), and #Q(D)

Theorem 2.4. For B being either of the sheaves PQ(S(EY)), BQ(A), PUT), or
(D)
(2.25) H=Y(B,D)=0.
Furthermore,
HO("(S(EY)), D) = Our
(2.26) H(FQ(AL), D) = EA, |
HO(EQ(T*), D) 2 ker6 N'T*,

as sheaves of graded commutative algebras
(2.27) H°(¥Q(D*), D) = ker § N D*
as sheaves of DGAs over R.

Proof. The first statement follows easily from the spectral sequence argument. In-
deed, using the fiber coordinates y* we introduce the decreasing filtration
. CFPHBCFPBC FPF'Bc..-c F'B=B,
where the components of the sections of the sheaf FPB have degree in 3° > p.
Since D(FPB) C FP~!B the corresponding spectral sequence starts with
EPY = FPBPTY
It is easy to see that
d_1=9.
Thus using proposition 2.2 we conclude that for any p, ¢ satisfying the condition

p+qg>0
Eg’q:Ef’q:---:E&qZO
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and the first statement (2.25) follows.
Let B denote either of the bundles S(EV), A, T, or D. We claim that iterating
the equation

(2.28) Au) =u+ £(VA(u) + A4 A(uw)), u € I'(B)Nkerd
we get a map of sheaves of graded vector spaces
(2.29) A:BNkerd —» BNkerD.

Here A- denotes the action of the fiberwise vector field A, defined in proposition
2.1. Indeed, let u be a section of B. Then, due to formula (2.13) A(u) satisfies the
following equation
(2.30) k(D(A(w))) =0.
Let us denote DA(u) by YV
Y = DA(u).
The equation D? = 0 implies that
DY =0

which is equivalent to
(2.31) Y =VY +A-Y

Applying (2.13) to Y and using equations (2.30), (2.31) we get

Y=k(VY+A4.Y).

The latter equation has the unique vanishing solution since the operator % (2.15)
raises the degree in the fiber coordinates y°.

The map (2.29) is obviously injective. To prove that the map is surjective we

notice that H
H: B— Bnkerd

is a left inverse of the map (2.29). Thus it suffices to prove that if a € T'(B) Nker D
and
(2.32) Ha =0

then a vanishes.
The condition a € ker D is equivalent to the equation

da=Va+A-a.
Hence, applying (2.13) to a and using (2.32) we get
a=r(Va+A-a).
The latter equation has the unique vanishing solution since the operator % (2.15)

raises the degree in the fiber coordinates y'. Thus, the map (2.29) is bijective and
the map H

(2.33) H : BNnkerD — BNkerd
is the inverse of (2.29).
It remains to prove that the map (2.29) is compatible with the multiplication of

the sections of the sheaf BB, where B is either S’(EV), A, T, or D. The latter follows
immediately from the fact that the inverse map H

(2.34) H: B— Bnkerd
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respects the corresponding algebra structures on S (EV), A, T, and the DGA struc-
ture on D. 0

Let us now mention that since the Fedosov differential (2.21) is compatible with
the graded algebraic structures on the sheaves #Q(7) and #Q(A) we conclude that
H*(¥Q(T), D) is a sheaf of graded Lie algebras and H*(#Q(A), D) is a sheaf of
graded modules over H*(¥Q(7), D). On the other hand the above theorem tells
us that

H*(PQ(A),D) = PA,,
and
H*(PQ(T), D) = T* Nker 6,
Furthermore, the sheaf 7* Nkerd in the right hand side of the latter equation can
be canonically identified with ¥ Loy = A*TLE as a sheaf of vector spaces.

Thus, it is natural to ask whether the graded algebraic structures on the sheaves
T*Nker§ and PA, coincide with the ones given by Lie bracket (1.3) (1.4) and the
Lie derivative (1.7). A positive answer to this question is given by the following
proposition:

Proposition 2.5. The composition

(2.35) H =voH:T*NkerD — ¥ oly

of the map

(2.36) H:T"NkerD — T Nkerd

with the identification of the sheaves T* Nkerd and ET;Oly = A*HLE
(2.37) v:T Nkerd = PT7,,

induces an isomorphism of the sheaves of graded Lie algebras H*(¥Q(T), D) = ETp*Oly.
The map

(2.38) H : A.Nker D — FA,

induces an isomorphism of the sheaves of graded modules H*(¥Q(A), D) = FA,
over the sheaf of graded Lie algebras H* (FQ(T), D) = ET*

poly -
Proof. The first part of the proposition is proved in [1] (see proposition 2.4). To
prove the second part, we first remark that the maps H and v are compatible with
the cup products.

Next, we show that for any D-closed fiberwise differential form w € I'(A) one
has

H(dw) = BdH(w),

where df = dy’ azi is the fiberwise De Rham differential on 4. Since

H: A, — PA,

is a morphism of graded commutative algebras, it is sufficient to prove it for func-
tions and 1-forms:

o First case. Let f be a function on M and

w=A(f).

A direct computation shows that
Af) = f+y'ple)f mod [y*.
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Therefore dfw = p(e;) fdy’ mod [y|, and hence, H(d!w) = Fdf.
e Second case. Let a = a;(x)dy* be a E-1-form and
w=Aa).
It is not hard to show that
Ma) = a+y'(plei)ay — Thar)dy’ mod [y|*.

Therefore,
dfw = (p(ei)aj—FZ-ak)dyl/\dyJ mod |y| = (p(@i)ajfidfjak)dyz/\dy-] mod |y| s

and hence,
H(d'w) = Fdo .
To finish the proof we notice that for any fiberwise polyvector field v € T'(7*) and
any fiberwise differential form w € T'(A), the equation

H(LuW) = LH(u) o H(w)
is obviously satisfied. The latter implies that for any pair of D-closed sections
u€e(T*), weI'(AL)
H(Lyw) = "Lyy(u) 0 H(w),
and the proposition follows. O

Remark. Actually, we have proved a slightly stronger statement. Namely, we
shown that the maps (2.38) and (2.35) induce an isomorphism of the sheaves of
calculi.

(H*("(T), D), H* ("Q(A), D)) = ("Tpp,, "As) -
The precise definition of the calculi can be found in section 4.3 of the second part
of [5].

Let us now recall that 7-! = S(EV), T° is a sheaf of Lie-Rinehart algebras
[24] over the sheaf of algebras 7' = S(EV), and D° is the universal envelop-
ing algebroid of 79. Therefore, the inverse (H’)~! of the map (2.35) induces the
morphism

(2.39) pw:UE — D,
of the sheaves of bialgebras and for any P € T'(UFE)
(2.40) D(u(P))=0.

We claim that

Proposition 2.6. The map (2.59) gives the isomorphism
(2.41) p:UE — D’ NkerD.

of the sheaves of bialgebras.

Proof. Notice that «/E and D° are both filtered sheaves of algebras. The filtra-
tion on UE is defined in (1.13) and the filtration on D° is given by the degree of
differential operators.

Thanks to the results of [23] and [24] we have the PBW theorem for Lie alge-
broids. This theorem says that the associated graded module of the filtration (1.13)
on UFE is

Gr(UE) = S(E)
the symmetric algebra of the bundle E.
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Furthermore, it is not hard to see that the map p is compatible with the fil-
trations on Y E and D° and due to theorem 2.4 and proposition 2.2 i induces the
isomorphism

S(E) =D’ Nker D

of the associated graded sheaves of vector spaces. Therefore, the snake lemma
argument implies that the map (2.41) is also an isomorphism onto the sheaf D% N
ker D of D-flat sections of DY. O

Let us recall that ED;oly

the tensor algebra of D° over S(EVY)). Using this fact we extend (2.39) to the
morphism

(resp. D*) is the tensor algebras of UE over Oy (resp.

(2.42) W EDr,, — D,

poly
of sheaves of DGAs (over R) by setting
p =p, p| =2,

EDO Om

poly

where A is defined in (2.29).

Let us also observe that since the map (2.39) is an morphism of the sheaves of
bialgebras the map (2.42) a morphism of the sheaves of DGLAs (over R). Further-
more, theorem 2.4 implies that the sheaf of DGAs D* Nker D is generated by the
sheaf D° N ker D over the sheaf of commutative algebras S(EY) Nker D 2 Oyy.
Therefore using proposition 2.6 we get the following result:

Proposition 2.7 (proposition 2.5, [1]). The map (2.42) gives an isomorphism of
the sheaves of DGLAs

(2.43) u EDx, S D NkerD.

poly

This map is also compatible with the DGA structures on the sheaves TD* ,  and

poly
D* Nker D by construction. O

Let us consider the map of sheaves of graded vector spaces

(2.44) v Te = Ty ()(P) = (1 (P) ()

jel(J), Per(®pk,).

poly
We claim that

Theorem 2.8. For any q> 1
(2.45) HY("0(7), D) =0,

and the map (2.44) gives an isomorphism of the sheaves of DG modules over the
sheaf of DGLAs ¥D* , = D* Nker D

poly
(2.46) v T D Egpely

This isomorphism sends the Fedosov connection (2.21) on J* to the Grothendieck
connection (1.17) on EJF°Y
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Proof. The first statement (2.45) follows easily from the spectral sequence argu-
ment. Indeed, using the zeroth collection of the fiber coordinates yj (2.5) we intro-
duce the decreasing filtration on the sheaf #Q(.7)

e CFPRRQ(T)) C FPP(T)) c PP (P() € - < FO(R(T) = M),

where the components of the sections (2.5) of the sheaf F* (BQ(J)) have degree in
Yo > -

Since D(FP(EQ(7))) € FP~1(FQ(J)) the corresponding spectral sequence starts
with

By = P,
Next, we observe that
0

oy’

and hence, due to the Poincaré lemma for the formal disk we have

d_q=¢

EPI=FEPi—...= EP1 =

whenever p + ¢ > 0. Thus, the first statement (2.45) of the theorem follows.
Since (2.39) is a morphism of sheaves of bialgebras the map p’ is compatible
with the operation e (1.15)

W(PeQ)=p'(P)er'(Q), P.QEeT("Dyyy).
Furthermore, p’ is obviously compatible with cyclic permutations
Lt (Ph@PL® - P)=p/(PLodP® - P ®R), P, eT(UE).

Hence, for any P € I'(¥D and any a € I'(J.)

;Oly)

(2.47) ESp(v(a)) = 7 (Ryw(p) (a)) -
Since J, is dual to D* Nkerd and D* Nkerd = D* Nker D = ED;OIy the map

(2.46) is an isomorphism. It remains to prove that the map (2.46) sends the Fedosov
connection (2.21) to the Grothendieck connection (1.17). This statement is proved
by the following line of equations:

Y(Duj)(P) = (1 (P))(Duj)| . = (Dulp'(P)()])

y'=0

= p(u)1 (P)(5)] P G [ (P)(G)]) Yo
=P (PYD| _ — W) ep (PNG)]
=P (PYD)| _ —# (e P)G)|

= p(u)(1(7))(P) = (v(1))(ue P) = (Vir(5))(P)

where u € I'(E), j € T'(Jx), P € F(ED’;Oly)7 ¢ denotes the contraction of an F-
vector field with E-differential forms, p is the anchor map, the operation e is defined
in (1.15), and w is viewed both as a section of E and an E-differential operator.

O
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3. PROOF OF THE FORMALITY THEOREM FOR FE-CHAINS AND ITS APPLICATIONS

Let us denote by
o A4 FA, — BQ(A,) the map A (2.29) defined in the proof of Theorem 2.4
for B = EQ(A,),
o A\p: BT, — MUT), the inverse of the map H’ (2.35),
e \p: ED;Oly — BQ(D), the map p’ (2.42) and
o Ao : ECP — EQ(T), the composition 71 o p of the inverse of the map ~
(2.44) with the map o (1.28).
The results of the previous section can be represented in the form of the following

commutative diagrams of sheaves of DGLAs, DGLA modules, and their honest (not
L o) morphisms

(BT5,.0,Llsn) 25 (B(T), D, [ ]sw)

lEL L

mod mod
(FA.,0) S (BQ(A), D),
(3.1)
(EQUD),D+0,1]e) <% (ED%y,.0,1]c)
R lER
mod mod

(FQT),D+b) <<= (FCrWb),

where the horizontal arrows correspond to embeddings of the sheaves of DGLAs
(resp. of DGLA modules) constructed in the previous section. These embeddings
are quasi-isomorphisms by theorems 2.4, 2.8 and propositions 2.5, 2.7.

Next, due to claims 7 and 2 in theorem 1.12 we have a fiberwise quasi-isomor-
phism

(3'2) K: (EQ(T)a 0, [7]51\7) - (EQ(D)a 0, [a]G)

from the sheaf of DGLAs (¥Q(7),0,[,]sn) to the sheaf of DGLAs (¥Q(D),d,[,]a) -
Composing quasi-isomorphism (3.2) with the action of Q(D) on #Q(J) we get an
Loo-module structure on #Q(J) over #Q(7).

Due to claims 7 and 2 in theorem 1.13 we have a fiberwise quasi-isomorphism

(3.3) S: (7). b) ==— (Q(A),0)
from the sheaf of L,-modules (7) to the sheaf of DGLA modules #Q(A) over
BO(T).

Thus we get the following commutative diagram

(EUT),0,[]sn)  ~—  (BD),0,1]c)
(3.4) L R

mod mod
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where by commutativity we mean that S is a morphism of the sheaves of Lo-
modules (Q(7), b) and (£Q, 0) over the sheaf of DGLAs (¥Q(7),0,[,]sn) and the
Loo-module structure on (5Q(7), b) over (¥Q(T),0, [,]sn) is obtained by composing
the quasi-isomorphism K with the action R (see (3.4) in [7]) of (¥Q(D), 9, [,]c) on
(7). b).

Let us now restrict ourselves to an open subset V' C M such that F ‘V is trivial.
Over any such subset the F-de Rham differential (1.5) is well defined for either
of the sheaves ZQ(A), Q(T), BQ(J), and #Q(D). Furthermore, since the quasi-
isomorphisms (3.2) and (3.3) are fiberwise we can add to all the differentials in
diagram (3.4) the E-de Rham differential (1.5). Thus we get a new commutative
diagram

K
(BT | FdLlsy) 2= (FUD)| L Fd+ 0L 1)

(3.5) o Tod
o] ) <E< )| Fare)

of the L,.-morphism /C and the morphism of L,,-modules S.
We claim that

Proposition 3.1. The Lo,-morphism K and the morphism of Leo-modules S in
(3.5) are quasi-isomorphisms.

Proof. This statement follows easily from the standard argument of the spectral
sequence. Indeed, we can naturally regard #Q(7) and #Q(D) (resp. #Q(J) and
EQ(A)) as sheaves of double complexes and the exterior degree provides us with
the following descending filtration

FP("Q*(B)) = P "0 (B),
k>p

where B is either 7 or D (resp. J or A).

The corresponding versions of Vey’s [31] and Hochschild-Kostant-Rosenberg-
Connes-Teleman [3], [15], [29] theorems for Rgﬁormal imply that K (resp. §) in-
duces a quasi-isomorphism on the level of Ey. Hence, K (resp. §) induces a
quasi-isomorphism on the level of F,,. The standard snake lemma argument of
homological algebra implies that K (resp. S) in (3.5) is a quasi-isomorphism. O

On the open subset V' we can represent the Fedosov differential (2.21) in the
following (non-covariant) form

(3.6) D=%+B-,

o0

B= Y € Bl "y
p=0

If we regard B as a section of Q1 (7°) ‘V then the nilpotency condition D? = 0 says

that B is a Maurer-Cartan section of the sheaf of DGLAs (¥Q(7) . Ed,[,]sn)- In

the terminology of section 2 in [7] this means that the sheaf of DGLAs (¥Q(7) V,
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D,[,]sn) is obtained from (FQ(7) ‘V, Zd,[,]sn) via the twisting procedure by the
Maurer-Cartan element B .

According to proposition 1 in section 2 of 7] the element
— 1
Bp=>)_ EKk(B,...,B)
k=1

is a Maurer-Cartan section of (¥Q(D) ‘V, Ed+0,[,]¢) - Moreover, due to claim 3 in

theorem 1.12
BD = Ba

where B is viewed as a section of the sheaf #Q!(D?)

v
Thus twisting the quasi-isomorphism K in (3.5) by the Maurer-Cartan element
B we get the quasi-isomorphism

K (FUT)| LD, Lsn) = (D) | D +0,L]a).

Since the DGLA module structure on #Q(A) over #Q(T) (resp. on () over
EQ(D)) is honest the twist by the Maurer-Cartan element described in section 2 of
[7] does not change these structures. Hence, by virtue of propositions 3 and 4 in
[7] the twisting procedure turns diagram (3.5) into the commutative diagram

’th

BUT)| D LJsn) == (FUD)| D +0.[)e)

(3.7) o Tod

tw

(B D) =< (FAT)| D+,

where S* is a quasi-isomorphism obtained from S by twisting via the Maurer-
Cartan section B of the sheaf of DGLAs (¥Q(7) ‘V, Ed,[,]sn) -

We claim that the morphism K (resp. ) does not depend on the choice of
the trivialization of E over V and hence is a well-defined L ..-morphism of sheaves
of DGLAs (resp. sheaves of DGLA modules). Indeed, the term in B that depends
on the choice of the trivialization of E is linear in the fiber coordinates ¢*. But
due to claim 4 in theorem 1.12 and claim 3 in theorem 1.13 this term contribute
neither to K nor to St .

Thus the quasi-isomorphisms K and S are well defined and we arrive at the
following commutative diagram

(FUT).D.[Jsn) S (D), D +0,1]0)
(3.8) Lo IR0

(BQA), D) <<= (BJ),D+b).

Assembling diagrams (3.1) and (3.8) we get the desired chain (1.34) of quasi-

isomorphisms between the sheaves of DGLA modules (ET;Oly, FA,) and (ED;Oly,

ECfOly) . It is obvious from the construction that the terms and the quasi-isomor-
phisms of the resulting diagram (1.34) are functorial in the pair (E,dF), where 0F
is a torsion-free connection on F. Thus, theorem 1.11 is proved. O
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The obvious applications of the formality theorem for E-chains are related to the
deformations associated with Poisson Lie algebroids. Namely, theorem 1.11 allows
us to get an elegant description of the Hochschild homology and the traces of these
deformations.

First, we recall that

Definition 3.2. A Lie algebroid (E, M, p) equipped with an E-bivector = € T'(M,

ETploly) satisfying the Jacobi identity
(3.9) [, 7lsny =0

is called a Poisson Lie algebroid.

Following [22] a quantization of a Poisson Lie algebroid is a construction of an
element

(3.10) 1L € I'(M, Dy, )[[1]]

poly
satisfying the condition of the classical limit

(3.11) I=7I®I modh, IT — ¢(II) = Amw mod 7,
and the “associativity” condition
(3.12) [L,Tg =0.

Here 1 is an auxiliary variable and ¢ denotes the (cyclic) permutation of components
of T e T'(M, EDzlmly)[[h]] =T(M,UE  UE)[[h]].
Furthermore, two deformations IT and I’ of (E, M, p, ) are called equivalent if

there exists a formal power series

U =1+hU+ 7+ ... € [(MUE)[[A]
such that
(3.13) II'(AY) = (V@ U)1II,

where A is the coproduct (1.14) in UE.

Thanks to the formality theorem for the sheaf of DGLAs D7, proved in [1] and

theorem 2.2.2 in [11] we have a bijective correspondence between the moduli space
of Maurer-Cartan elements of the DGLA T'(M, £T% , )[[A]] of E-polyvector fields

poly

and the moduli space of Maurer-Cartan elements of the DGLA T'(M, Dy, )[[h]] of
E-polydifferential operators (tensored with R[[A]]). In other words, if we consider

the cone
7 = b + WP+ BPma + ..,

(3.14) [7h, Trlsn =0,
m € T(M, T}, )

of formal power series in /i acted upon by the Lie algebra AL'(M, E)[[A]]

(3.15) 7 — [u, TR, u € hI'(M, E)[[A]],

then

Corollary 3.3. The deformations (3.10) associated with a Poisson Lie algebroid
(E, M, p,7) modulo the relation (3.13) are in a bijective correspondence with the

points of the cone (3.14) modulo the action (3.15) of the prounipotent group corre-
sponding to the Lie algebra hI'(M, E)[[h]]. O
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An orbit [ry] on the cone (3.14) corresponding to a deformation II (3.10) is called
the class of the deformation and any point 7y of this orbit is called a representative
of the class.

Given a deformation IT (3.10) associated with a Poisson Lie algebroid (E, M, p, )
one can define Hochschild chain complex of this deformation as the graded vector
space

(3.16) L(M, For)((n]]
equipped with the differential
ERH : choly N chilf )

Furthermore, one defines the Hochschild cochain complex of the deformation II as
the graded vector space

(3.17) D(M, Dy, [[H]]

poly

equipped with the differential

. Eyx Ernyx*+1
[H, ] . Dpoly — Dpoly .

Due to claim 5 of proposition 2 in [7], claim 5 of proposition 3 in [7], and theorem
1.11 we get the following result:

Corollary 3.4. Let II be a deformation associated with a Poisson Lie algebroid
(E, M, p,7) and let 7, be a representative of the class of this deformation. Then the
complex of Hochschild cohomology (3.17) of the deformation 11 is quasi-isomorphic

to the complex of E-polyvector fields
(3.18) (T(M, BT, )R], [7a, 1)

poly

with the differential [ny, |. The complex of Hochschild homology (3.16) of the de-
formation I1 is quasi-isomorphic to the complex of E-forms

(3.19) (A (M) (]}, ELn,)
with the differential L, . O

Given a deformation IT (3.10) associated with a Poisson Lie algebroid (E, M, p, )
one can define a trace of this deformation as an R[[A]]-linear functional

(3.20) tr: O(M)[[h]] — R[[A]]
satisfying the following condition
(3.21) tr(j(I1) — j(t(I)) =0,  Vje D(M,EPY) Nker VE.
It is not hard to see that corollary 3.4 implies the following statement:

Corollary 3.5. Let IT be a deformation associated with a Poisson Lie algebroid
(E,M,p,7) and let my be a representative of the class of this deformation. Then
the vector space of traces of the deformation I is isomorphic to the vector space
of continuous R[[A]]-linear R[[A]]-valued functionals on O(M)][[h]] vanishing on all
functions f € O(M)][[R]] of the following form

f=jlm),  jel(M, ") nker vV,

where y, is viewed as a series E-bidifferential operators. O
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4. FORMALITY THEOREMS FOR HOLOMORPHIC LIE ALGEBROIDS

Let now M be a complex manifold. Let us write TM = T M & T%'M for
the decomposition of the tangent bundle into the sum of the holomorphic tangent
bundle and anti-holomorphic tangent bundle. We denote by Oy, the structure sheaf
of holomorphic functions on M and by z“ local coordinates on M . We have to
adapt the definition of holomorphic Lie algebroids:

Definition 4.1. A holomorphic Lie algebroid over a complex manifold M is a
holomorphic vector bundle E of finite rank whose sheaf of sections is a sheaf of Lie
algebras equipped with a holomorphic map of sheaves of Lie algebras

p: E—TY,
satisfying the same condition described (for the smooth case) in formula (1.1).

Let E be a holomorphic Lie algebroid. As in section 1, one can define the
following sheaves (which are also holomorphic vector bundles):
. ET;oly is the sheaf of E-polyvector fields. We regard ET;Oly as a sheaf
of DGLAs with the vanishing differential and with the Lie bracket [,]sn
defined as in (1.3), (1.4).

o PA, is the sheaf of E-differential forms with converted grading:

(4.1) EA, = NTEY, Edy = Oy .
We regard FA, as a sheaf of DGLA modules over ¥ 151, With the vanishing
differential and with the action L defined as in (1.7). For sections
(4.2) a= Z ai, i, (2)dy™ ... dy'™
m>0

of the sheaf £A, we reserve the basis of local E-1-forms {dy’}, where y' are
fiber coordinates on E'.
o ED; oly 18 @ sheaf of E-polydifferential operators. We regard ED;Oly as a
sheaf of DGLAs with the bracket [,]¢ and the differential 0 defined as in
(1.16) and (1.26). Notice that the tensor product of sections (over Oyy) of
ED;oly turns ED;Oly into a sheaf of DGAs.
o EJP°W ig the sheaf of E-polyjets

Eypoly __ Epoly Eypoly .__ Epry*
grel = QR Epret .= Homo,, "Dy, Our)
k>0

which we regard as a sheaf of DGLA modules over ED;oly with the action

ES and the differential b defined as in (1.22) and (1.26). The sheaf EZ/7°"
is also equipped with the Grothendieck connection

43) VTl s fypety - VEG)(P) = plu)(§(P)) — j(ueP),
where v € T'(T'?) is a holomorphic vector field, P € I’(ED’;OIy), j €
T(E7P°") and the operation e is defined in (1.15). The connection (4.3) is
compatible the DGLA module structure on £77°% .

e FCPY is the graded sheaf of VO-flat E-polyjets with converted grading
(4.4) Egrely .— ker V& 0 EyPoly
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Due to the compatibility of the Grothendieck connection (4.3) with the
DGLA module structure on E-polyjets ZCP°W
DG modules over sheaf of DGLAs “D*

poly *
Hochschild E-chains or E-chains for short.

The main result of this section can be formulated as follows:

can be viewed as a sheaf of
We refer to ZOP°Y as a sheaf of

Theorem 4.2. For any holomorphic Lie algebroid E over a compler manifold
M the sheaves of DGLA modules ("Ty,, , "A.) and (PD3,, ECPO) are quasi-
isomorphic.

Omitting the sheaves A, and ZC?°" in the above theorem we get the following
corollary:

Corollary 4.3. For any holomorphic Lie algebroid E over a complex manifold M

the sheaves of DGLAs ET;oly and ED;oly are quasi-isomorphic.

We would like to mention that this corollary is parallel to the result of A. Yekutieli
[34], who proved this statement for the tangent Lie algebroid TX — X of any
smooth algebraic variety X over a field K for which R C K.

Notice that applying theorem 4.2 to the tangent algebroid T*°M — M we prove
the following version of Tsygan’s formality conjecture for complex manifolds:

Theorem 4.4. For any complex manifold M the sheaf of DGLA modules CP°!Y (M)
of Hochschild chains over the sheaf Dyoy (M) of (holomorphic) polydifferential op-
erators is formal. O

The proof of theorem 4.2 occupies the rest of the section.

First, we observe that any holomorphic Lie algebroid E can be viewed as a
smooth Lie algebroid in the sense of definition 1.1, where the anchor map is natu-
rally extended to the smooth sections of E. It is clear that the sheaf of Lie algebras
T9%! acts on F and that this action commutes with p as p is holomorphic. Thus we
get

Proposition 4.5. Let F be the smooth vector bundle F = E @ T%'. Then F is a
smooth Lie algebroid over M with the anchor map pp : F — T10 @ Tl given by
pr| =p and pr =id : 79! - 791, O

E 70,1

For a holomorphic vector bundle B over M we consider the sheaf of smooth
F-differential forms with values in B:

(4.5) faB) = @ rar(s),
P.q
FQra(B) = APEY @ T M @ B.
We reserve the local basis {€'} of anti-commuting fiber coordinates on E and the
local basis {dz®} of antiholomorphic exterior forms on M for sections of “Q(B):

(4.6) A= iy iyian, g (2, 2)E0 L EdE™ L dz
p.q
Wiy iy 0,y (25 Z) € DIPON(B)
We denote by d the Dolbeault differential
(4.7) d = dz%0za : FQP*(B) — FQP*TL(B).
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It is obvious that the (DG) algebraic structures on the sheaves “T* EA,,

poly’

ED; ., and EJEoly  can be naturally extended to the sheaves FQ0* "T,), FQ%* (PAL),
FQOV*(ED;Oly), and FQO*(E7P°) - Similarly, the Grothendieck connection (4.3) on
Eppoly oxtends to the operator

(48) VG : Tl,O ® FQO,*(EJfoly) — FQO,*(EJfoly) ’
which is compatible with the action ©S of “Q%*(*Dz , ) on FQO-*(EJPolvy and with
the differential b on FQO-*(EyPow)y

Since T*  PA, FD*  and are holomorphic vector bundles it makes

poly poly

sense to speak about the Dolbeault differential (4.7)
(4.9) d: FQ%(B) — FQY+1(B),
for B being either ET;Oly, EA,, ED;Oly, or EJP Tt is obvious that d is com-
patible with the (DG) algebraic structures on £Q%*(B) and with the Grothendieck
connection (4.8) on FQO’*(Edey).

Furthermore, due to the d-Poincaré lemma we have

l
EJfO Yy

o e . . [ .
Proposition 4.6. If B is cither ET;Oly, FA,, ED;C,ly, or BJP°Y then the canonical
inclusion of sheaves

(4.10) inc : B — Q"*(B)

is a quasi-isomorphism of complexes of sheaves (B,0) and (YQ%*(B),d). The in-
clusion inc is compatible with the (DG) algebraic structures on B, and ¥Q%*(B),
and with the Grothendieck connection (4.3), (4.8). O

Due to this proposition it suffices to prove that the sheaves of DGLA modules
QO ("Ty,,), FQ%* (PAL)), and (FQ%*(PDs ), FQO-* (EJPolY)) are quasi-isomorphic.
To show this we follow the lines of section 2 and introduce the formally completed
symmetric algebra S (EV) of the dual bundle £V and (holomorphic) bundles 7, D,
A, J associated with S(EV) (see page 11). As in section 2, 7 and D are sheaves of
DGLAs while A and 7 are sheaves of DGLA modules over 7 and D, respectively.
D is also a sheaf of DGA’s.

Next, we consider sheaves of smooth F-differential forms with values in the
bundles S(EY) T, D, A, and J. It is clear that the sheaves FQ(S(EY)), FQ(A),
FQ(T), FQ(D), and FQ(J) acquire the corresponding (DG) algebraic structures and
the Dolbeault differential (4.7) is obviously compatible with these structures.

Furthermore, we have the following obvious analogue of proposition 2.1

Proposition 4.7. The sheaf TQ(T°) of F-forms with values in fiberwise vector
fields is a sheaf of graded Lie algebras. The sheaves FQ(S(EY)), FQ(A), FQ(T),
FQ(D), and FQ(T) are sheaves of modules over FQ(T) and the action of FQ(T°) is
compatible with the DG algebraic structures on FQ(S(EY)), FQ(A), FQ(T), FQ(D),
FQ(T) and with the Dolbeault differential (4.7). O

Due to this proposition one can extend the following differential
.0 A ~
6= S’T FQma(S(EY)) — Farthe(S(EY))
y’L

of the sheaf of algebras FQ(S(EY)) to the sheaves FQ(T), FQ(D), FQ(A) and FQ(7)
so that § is compatible with the (DG) algebraic structures on Q(7), fQ(A),
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QO (D), and FQ(J), and with the differential d (4.7). Here {y'} (resp. {£'}) denote
commuting (resp. anticommuting) fiber coordinates of the bundle E .

We now have an analogue of proposition 2.2
Proposition 4.8. For B being either of the sheaves g(EV), A, T orD and ¢ >0,
H=1(FQ"1(B),8) =0.
Furthermore,
HO(FQra(S(EY)), 6) = FQO9(M, Oy)
(4.11) HO(FQ*1(A,), 6) = FQ%(M, EA,) ,
HO(FQ*a(T*),6) =2 QY9 (M, \*HL(E))
as sheaves of (graded) commutative algebras and
(4.12) HO(FQo1(D*),6) = FQOY( M, @* T (S(E)))
as sheaves of DGAs over Oy .

Proof. As in proposition 2.2 it suffices to construct an operator (¢ > 0)

(4.13) k: FQ(B) — FQ—19(B)
such that for any section u of YQ(B) equation

(4.14) u=0r(u) + kd(u) + H(u),
is still true, where now

4.15 H(u) =u .

and gy’ are as above fiber coordinates on E. As in the proof of proposition 2.2 we
define k on FQ(S(EY)) by equation (2.15) and then extend it to FQ(7), FQ(A),
and FQ(D) in the componentwise manner. O

Let us choose a connection 0¥ on E which is compatible with the complex
structure on F

(4.16) O =Pd+d+ ¢, : Fo*(E) — FtY(E),

where €T is locally a section of the sheaf Q' (End(E)) and Pd : FQ 1 — FQithe
is defined in (1.5).

It is not hard to show that such a connection always exists, and moreover, one
can always choose OF to be torsion free.

As in (2.16) we extend (4.16) to a derivation of the DG sheaves FQ(S(EV)),
FQ(A), FQ(T), FQ(D), and FQ(J):

(4.17) V=Pd+T +d: 70" (B) - T +(B),

where B is either of the sheaves S(EY), A, T, D, or J,T = —fifijja—gk , I’fj (x) are
Christoffel’s symbols of the connection 9% (4.16) and I'- denotes the action of T' on
the sections of the sheaves “Q(B). Due to proposition 4.7 the operator V (4.17) is
compatible with the DG algebraic structures on *Q(S(EY)), FQ(T), FQ(A), FQ(D),

and FQ(J), and since V is torsion free

(4.18) V6 + 6V =0.
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Regarding (4.17) as a connection on B one can see that the curvature of (4.17)
has the components of type (2,0) and (1,1)

(4.19) Vi=R2O4 RV, R =(F44+T)?, RY'=dl.
We now prove the existence of a complex Fedosov differential D:

Theorem 4.9. Let B be either of the sheaves S’(Ev), A, T, D, or J. There exists
a section

. 9

k > 1/1 DY 1/5 —_—

(4.20) A= E AL (2 2y i
of the sheaf FQMO(T°) and a section

« = il ig 8

(4.21) A= g dz* A7, iy (2 2y eyt o

of the sheaf FQ%Y(T°) such that the derivation

(4.22) D:=V—-3§+A-+A:70"(B) — ot (B)

is 2-nilpotent (D? =0) and compatible with the DG algebraic structure on FQ(B).

Proof. Let us rewrite D = D9 + D! with
DYW =847 . -6+A, D*=d+A

and mimic the proof of theorem 2.3.

Due to (4.18) and (4.19) the condition (DI’O)2 = 0 is equivalent to the equation

R20 4+ (Bd+T )A—-0A+ = [A Alsy =0.

This equation has a solution obtained by iteratlons of the following equation (with
respect to the degrees in fiber coordinates y*’s)

A=kR* + k((Fd+T)A+ = [A Alsn)

(the proof is the same as for theorem 2.3).
Using (4.19) once again we observe that the condition D*D%! + D%1 D10 =@
is equivalent to
R +dA+ (Pd+T-)A—-5A+[A, Alsy =0,

which, using the same arguments, has a solution obtained by iterations of the
equation - - - -
A=kr(R" +dA+ Fd+T)A+ A Alsy).
Indeed, denoting
CH =R 4+ dA+ (Pd+T-)A—-0A+[A, Alsn,
and using that 64 = R0+ (Fd +T'-)A + 3[A, Alsy (D)2 =0), dR*° =0 and
SRY! = 0 (Bianchi’s identities for V) we get
(Pd+T-)C —sCH 4 [A,CH = 0.
We have kC! = 0 by construction of A and so, by the “Hodge-de Rham” decom-
position (4.14), we have

OVt = k((Fd+T-)CMt 4 (A, CHY).
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The latter equation has the unique vanishing solution, which gives the result.
Let us now check the condition (D%!)% = 0. This will be true if the section

- 1. -
CO% = dA+ 5[4, A] € "Q"X(T")

is zero. One has again DV'°C?%?2 = 0 and KC%? = 0 because it does not have £’s.
As before, one can conclude that C%2 = 0.

The compatibility of (4.22) with the corresponding DG algebraic structures fol-
lows from proposition 4.7. O

We now describe the cohomology of the Fedosov differential D for the sheaves
FQ(S(EY)), FQ(A), FQ(T), and FQ(D)
Theorem 4.10. Let B be either of the sheaves S(EV), A, T, or D. Then
H(*Q*(B), D) = H(*Q"* (M, B) Nker ,d) .
as sheaves of (differential) graded (commutative) algebras.

Proof. Let us consider the double complex (¥Q**(B), D4 D%1). Using the degree
in the fiber coordinates y* we introduce on this complex a decreasing filtration.
Applying the spectral sequence argument (as in the proof of theorem 2.4) and
using proposition 4.8 we conclude that for any ¢ > 0, the cohomology of the complex
(FQ*4(B), D*) is concentrated in degree * = 0. Therefore,

(4.23) H(*Q*(B), D) = H*Q%*(B) Nker D°, D%1).

Following the lines of the proof of theorem 2.4 it is not hard to show that iterating
the equation

(4.24)  AMu) =u+&(VA(u) + A Au) + A-Xu)), u € FQ%9(B) Nker§
we get an isomorphism of sheaves (of graded vector spaces)
(4.25) A FQ%(B) Nker§ — FQ%9(B) Nker DO,

and moreover, the map A (4.25) has a natural inverse given by the map H (4.15).
We claim that A\ gives a quasi-isomorphism of complexes

A (FQY*(B) Nker 6, d) — (FQ*(B), D).

Indeed, due to (4.23) it suffices to show that for any u € ¥Q%9(M, B) Nker§, one
has

Md(u)) = DO A(uw).

The term A(d(u)) is the only element in 7Q%9(B) such that H(A(d(u))) = d(u) and
DYOX(d(u)) = 0. Tt is clear that H(D%!'\(u)) = d(u) and one has

DYDY \(u) = —D%'D"OA(u) =0,
since map A (4.24) lands in ker D0

The map A (4.25) is compatible with the corresponding multiplications in S (EV),
A, T, or D since so is the map H (4.15). The theorem is proved. O

It is not hard to prove the following analogue of proposition 2.5 :
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Proposition 4.11. The composition

(4.26) H' =voH: "Q"*(T)Nker D0 — Q% (P17, )

of the map

(4.27) H - FQY(T) Nker DY — FQO*(T) Nker§

with the identification of the sheaves T* Nkerd and ET;Oly = A*HLE
(4.28) v:T Nkerd = PT7,

is an isomorphism of the sheaves of DGLAs

(4.29) (FQ%*(T) Nker DY, D% [ ]sn) = (FQO*(F poly)s d,[,]sn)
The map

(4.30) H PO (AL) Nker DY — FQO*(FA,)

is an isomorphism of the sheaves of DGLA modules
(FQ0*(A,) N ker D10, DOL) 2= (FQ0*(P4,), d)
over the sheaf of DGLAs (4.29). O
Thanks to equation (4.23) this proposition implies that the map H’ gives a quasi-
isomorphism of the sheaves of DGLAs (FQ*(7), D, [,]sn) and (FQO’*(ET;Oly), d,[,]sn) -
Playing with the PBW theorem for the Lie algebroids (as we did in the proof

of proposition 2.6) and with the cup product in the sheaves D and ED;Oly (see
equation (2.42)) one can prove the following analogue of proposition 2.7

Proposition 4.12. There exists an isomorphism of the sheaves of DGLAs

(4.31) w (P (PDpoyy), d, [ ]6) = (FQ%*(D) Nker DV, D [ ]e)
which is compatible with the DGA structures on the sheaves FQO’*(ED;Oly) and

FQO#(D). O

Thanks to equation (4.23) this proposition implies that the map p’ (4.31) gives a
quasi-isomorphism of the sheaves of DGLAs (FQ*(D), D, [,]¢) and (FQ°* (ED;Oly), d,[,]a)-
Let us consider the map

(4.32) v Q0T — FQU(EEY) . (5)(P) = (4 (P))()

yi=0’

where j € ¥Q%4(7,) and P is a holomorphic section of ED’;Oly .

For this map we have the following analogue of theorem 2.8

Theorem 4.13. For any q >0
(4.33) HY(*Q*(7), D) = HI(*Q"*(J) Nker D™, D).

and the map v (4.32) provides us with an isomorphism of the sheaves of DGLA
modules

(434) v FQO,*(j*) :) FQO,*(EJfoly)
over the sheaf of DGLAs
("Q%*(D) Nker D0, D™ []a) = ("Q>*("D;,.,). d. [ ]a) -

The map v sends the component D0 to the Grothendieck connection (4.8) and the
component D% to the Dolbeault differential d (4.7).
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Proof. The main part of the proof of this statement can be read off from the proof
of theorem 2.8. We only have to prove that the component D%! of the Fedosov
differential (4.22) gets sent to the Dolbeault differential d. In other words, we have
to prove that

(4.35) (DY 5)(P) = (dv(j))(P),

where j € FQ%*(J,) and P is a holomorphic section of ED’;Oly .

Due to proposition 4.12 p/(P) commutes with D% since P is holomorphic. Thus,
by definition of the map 7 (4.32) we get

DO = (4 (PHD )| = (D PIGD] | = (@),

Hence, equation (4.35) holds and the theorem is proved. O

We have constructed the following honest (not Lo,) quasi-isomorphisms of the
sheaves of DGLA modules

L4 )\T : (FQO’*(Ma ET;oly)ad_a [7]SN) - (FQ(T)aDa [7]SN)a

o A4 (FQO(M,EAL), d) — (FQ(AL), D),

* Ap: (FQO’*(Ma EDy )7‘{7 [le) — (FQ(D)aDa [,]a), and

poly

o Aot (OO (M ECEY),d) — (F(T), D).

Namely, the map Ap is the inverse of H’ (4.26) the map A4 is the inverse of H
(4.30) Ap = p' (4.31), and A¢ is composition of the identification (4.4) and the
inverse of v (4.32).

Our results can be summarized in the following commutative diagrams

- A7

(FQ0 (M, BTy, ), d [ sw)  » (FU(T), D, 1,]sw)
[ L
(FQO+ (M, EA, ), d) RGN (FQ(A), D),
(4.36)
(FD),D+0,[)e) X (FQOH(M,ED:,),d+0.[]6)
R od LR,
("), D + b) S92 (FQ0e(M, FCEY), d 4 b),

where the action R is obtained from the action S of QU*(M, ED* ) on

poly
FQOr (M, EJf()ly) via the identification (4.4).
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Due to claims 7 and 2 in theorem 1.12 and claims 7 and 2 in theorem 1.13 we
get the following commutative diagram

(FAUT),0,[sn) == (D)8, 1))
(4.37) L S

mod mod

(.0 < (RI).b),
where by commutativity we mean that S is a morphism of the sheaves of L..-
modules (FQ(7), b) and (£Q,0) over the sheaf of DGLAs (¥Q(7),0,[,]sx) and the
Loo-module structure on (FQ(7), b) over (FQ(7),0,[,]sn) is obtained by composing
the quasi-isomorphism K with the action R (see (3.4) in [7]) of (¥Q(D),d,],]c) on
("), 6).

Let us now restrict ourselves to an open subset V' C M such that E ‘V is trivial.
Over any such subset the E-de Rham differential (1.5) is well defined for either of
the sheaves FQ(A), Q(T), FQ(J), and FQ(D) . So again, we get a new commutative
diagram

(FAT)| P+ dLlsy) 2o ()|t d+ 0,1 o)

(4.38) hod Tod

FRa)| Favd) << (Fo(g)| i+ d+)

in which the L,,-morphism X and the morphism of L..-modules & are quasi-
isomorphisms.

On the open subset V' we can represent the Fedosov differential (2.21) in the
following (non-covariant) form

(4.39) D=%+d+B-+B-,
J1 J 9
B = ZgB’L_]l ]pZZ)y "ypak’
Yy
and
B=Y) dz*B! iy 2
Z Z Do jpzz)y -y 8—yk’

where the z“ are local coordlnates on M. If we regard B + B as a section of
QLT ” then the nilpotency condition D? = 0 says that B + B is a Maurer-

Cartan section of the sheaf of DGLAs (¥Q(T) ‘V, Ed+d,[,]sn) -

Thus applying the twisting procedures developed in section 2 of [7] and using
claim 3 of theorem 1.12 we get the following commutative diagram

(Fo(n)| .D.LJsv) E5 ()| D+ o,Lle)
(4.40) o L hod
Stw

()| D) === ()| .D+b),
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in which K is a quasi-isomorphism of the sheaves of DGLAs and S* is a quasi-
isomorphism of the sheaves of DGLA modules.

Due to claim 4 in theorem 1.12 and claim 3 in theorem 1.13 the quasi-isomorphisms
do not depend on the trivialization of E over V .

Thus we constructed the following commutative diagram of sheaves of DGLAs,
DGLA modules and their (Ls-) quasi-isomorphisms:

(FUT). D.[Jsy) S (FUAD).D +0.1]c)

(4.41) L IR

mod mod

(FQ(A),D) << (). D+b),

Combining the diagrams in (4.36), (4.41) together with proposition 4.6 we see
that the sheaves of DGLA modules (°T7, ,"A.) and (°Dy,,,,,, ECP°Y) are connected
by a chain of quasi-isomorphisms. Thus, theorem 4.2 in proved. O

5. CONCLUDING REMARKS

We would like to mention that the functoriality of the chain of quasi-isomor-
phisms (1.34) between the pair of sheaves of DGLA modules implies the following
interesting results

Corollary 5.1. Let (E, M, p) be a C* Lie algebroid equipped with a smooth action
of a group G. If one can construct a G-invariant connection OF on E then there
exists a chain of G-equivariant quasi-isomorphisms between the sheaves of DGLA

modules (°T,., PA.) and ("D, Ecrelvy O

In particular,

Corollary 5.2. If (E, M, p) is a C* Lie algebroid equipped with a smooth action of
a finite or compact group G then the DGLA modules (T'(M,ET* , )¢, T(M,FA,)%)

poly
and (I'(M, ®D;,,,,)%, T(M, ECPOWYGY are quasi-isomorphic. O

It would be interesting to prove the corresponding version of the algebraic index
theorem [22], [27], which should relate a cyclic chain in the complex associated with
a deformation IT (3.10) to its principal part and characteristic classes of the Lie alge-
broid (E, M, p). It would be also interesting to investigate how other characteristic
classes [4], [10], [18] of Lie algebroids could enter this picture.

Corollary 4.2 does not in general give a chain of quasi-isomorphisms between the

DGLAs I’(ETp*Oly) and I’(ED;OIy) of global sections. However, since the sheaves of

smooth forms FQO’*(ET;Oly) and FQO’*(ED;Oly) are soft one could speculate about

the deformations associated with E as about the Maurer-Cartan elements of the
DGLA Q%" (M, ED;Oly)[[ﬁ]] . Using the correspondence between the Dolbeault and
Cech pictures one could relate these speculations to Kontsevich’s algebroid picture
of deformation quantization of algebraic varieties [17] .

Finally, we think that the technique of mixed resolutions proposed by A. Yekutieli
[34] could help us to prove Tsygan’s formality conjecture for Hochschild chains
of the structure sheaf of a smooth algebraic varieties over an arbitrary field of

characteristic 0.
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