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Abstract. In this paper, we compute the Gerstenhaber bracket on the Hochschild

cohomology of C∞(M) o Γ. Using this computation, we classify all the non-

commutative Poisson structures on C∞(M) o Γ when M is a symplectic man-
ifold. We provide examples of deformation quantizations of these noncommu-

tative Poisson structures.

1. Introduction

It is well known [8] that the deformation theory of an associative algebra A
is closely related to the Hochschild cohomology HH•(A;A) of A. In particular,
the infinitesimal deformation of A is governed by HH2(A;A). Furthermore, if we
want the infinitesimal deformation to be integrable, we need to (necessarily but
maybe not sufficiently) require that the two cocycle Π ∈ C2(A;A) associated to the
infinitesimal deformation satisfies the equation [Π,Π]G = 0 in HH3(A;A), where
[ , ]G is the Gerstenhaber bracket on HH•(A;A).

When A is the algebra of smooth functions on a smooth manifold M , we know
according to the Hochschild-Kostant-Rosenberg theorem that second Hochschild
cohomology classes in HH•(A;A) with the above integrability conditions are in
one to one correspondence with Poisson structures on M . Inspired by this relation
between the Poisson geometry and deformation theory, Block and Getzler [2] and
Xu [18] independently introduced a notion of a noncommutative Poisson structure
on an associative algebra in early 90’s.

Definition 1.1. A noncommutative Poisson structure on an associative algebra A
is an element Π in the second Hochschild cohomology group H2(A,A) of A, whose
Gerstenhaber bracket with itself vanishes, i.e. [Π,Π]G = 0.

In this paper, we want to study noncommutative Poisson structures on orbifolds
coming from global quotients. Let M be a compact smooth manifold, and Γ be a
finite group acting on M . Our orbifold is the quotient space X = M/Γ. Because X
is usually a topological space with quotient singularities, the algebra C∞(M)Γ of
Γ-invariant smooth functions on M is not regular. As a replacement, we consider
the crossed product algebra C∞(M) o Γ. Our main goal is to find out all noncom-
mutative Poisson structures on C∞(M) o Γ when M has a Γ-invariant symplectic
structure.

The main difficulty in finding noncommutative Poisson structures on C∞(M)oΓ
is to compute the Gerstenhaber bracket on HH•(C∞(M) o Γ;C∞(M) o Γ). In
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[13], the second author and the his coauthors computed the Hochschild cohomology
of C∞(M) o Γ as a vector space, i.e.

(1) HH•(C∞(M) o Γ;C∞(M) o Γ) = Γ∞(
⊕
γ∈Γ

∧•−l(γ)TMγ ⊗ ∧l(γ)Nγ)Γ.

In the above equation, Mγ is the fixed point manifold of γ, and l(γ) is the codi-
mension of Mγ in M , and Γ acts on tMγ by conjugacy action, and Nγ is the
normal bundle of the embedding of Mγ in M . We also remark that Mγ may have
different components with different dimensions, and we take the disjoint union
of all the components. (Following [13], in this paper we view C∞(M) o Γ as a
bornological algebra with the bornology defined by the Frechét topology. And
HH• is the continuous Hochschild cohomology of a bonological algebra. Accord-
ingly, all the computation and constructions in this paper are local respect to the
orbifold M/Γ. And we often work with a vector space (or a Γ-invariant open subset)
with a linear Γ action, which we refer by “local” computation.) To compute the
Gerstenhaber bracket on HH•(C∞(M) o Γ;C∞(M) o Γ), we need to have quasi-
isomorphisms from the Hochschild cochain complex C•(C∞(M) o Γ;C∞(M) o Γ)
to Γ∞(

⊕
γ∈Γ ∧•−l(γ)TMγ ⊗ ∧l(γ)Nγ)Γ and vice versa. In [13], a map L is defined

in the following direction, i.e.

L : C•(C∞(M) o Γ;C∞(M) o Γ) −→ Γ∞(
⊕
γ∈Γ

∧•−l(γ)TMγ ⊗ ∧l(γ)Nγ)Γ.

The quasi-isomorphism T map in the other direction is much harder to construct.
It turns out we need to construct some nonlocal operators on C∞(M), which we
call twisted cocycles. These cocycles are closely related to the Lusztig-Demazure
operator (cf. [14]). Using the maps T and L, we are able to compute the Ger-
stenhaber brackets on HH•(C∞(M) o Γ;C∞(M) o Γ). Similar to the case of a
manifold where the Gerstenhaber bracket corresponds to the Schouten-Nijenhuis
bracket, the Gerstenhaber bracket on an orbifold is a generalization of the classical
Schouten-Nijenhuis bracket. We call this bracket the twisted Schouten-Nijenhuis
bracket on Γ∞(⊕γ ∧•−l(γ)TMγ⊗∧l(γ)Nγ)Γ. Using the twisted Schouten-Nijenhuis
bracket, we solve the equation [Π,Π] = 0 on HH2(C∞(M)oΓ;C∞(M)oΓ), when
M has a Γ invariant symplectic structure and. This leads to a full description of
noncommutative Poisson structures on C∞(M) o Γ.

If we consider a complex symplectic vector space V with a symplectic Γ action,
the cocycles used in the definition of symplectic reflection algebras [7] correspond to
a special class of noncommutative Poisson structures on Poly(V )oΓ, where Poly(V )
is the algebra of polynomials on V . Furthermore, using the results from [7] we prove
in this paper that all these cocycles can be extended to a formal deformation of the
algebra Poly(V ) o Γ. As a generalization, we expect that all the noncommutative
Poisson structures discovered in this paper can be extended to formal deformations,
which will generalize the symplectic reflection algebras. This question is closely
related to the following formality conjecture on orbifolds. We conjecture that the
Hochschild complex of the algebra C∞(M) o Γ is a formal differential graded Lie
algebra. We plan to discuss this conjecture in future publications.

In the last part of this paper, we provide concrete new examples of noncommuta-
tive Poisson structures on Poly(R4)o(Zn×Zm) with Zn = Z/Zn and Zm = Z/mZ.
These Poisson structures are not symplectic at all, and instead should be viewed
as noncommutative quadratic Poisson structures. The connection between these
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“noncommutative quadratic Poisson structures” and quantum R matrices will be
studied in the near future. In general, there are many interesting examples of non-
commutative Poisson structures on orbifolds. We are going to study some of them
together with Jean-Michel Oudom in detail in [11].

Besides the Gerstenhaber bracket, there is also a product structure on the
Hochschild cohomology HH•(C∞(M) o Γ;C∞(M) o Γ). In [15], with Pflaum,
Posthuma and Tseng, the second author will study the product structure on the
Hochschild cohomology of the deformed algebras of C∞(M) o Γ, which is closely
related to the Chen-Ruan orbifold cohomology [3].

This paper is organized as follows. In Section 2, we will focus on the construction
of twisted cocycles and a quasi-isomorphism T ,

T : Γ∞(
⊕
γ∈Γ

∧•−l(γ)TMγ ⊗ ∧l(γ)Nγ)Γ −→ C•(C∞(M) o Γ;C∞(M) o Γ).

In Section 3, we will study the Gerstenhaber brackets on the Hochschild cohomology
HH•(C∞(M) o Γ;C∞(M) o Γ). And in Section 4, we will give a full description
of noncommutative Poisson structures on C∞(M) o Γ, when M has a Γ invari-
ant symplectic structure. And we will discuss the deformations of these Poisson
structures. We construct a formal deformation of a special type of noncommutative
Poisson structures and the second Poisson cohomology is computed in this case. We
end this section by showing explicit two new families of noncommutative quadratic
Poisson structures on C2/Zn × Zm.

Remark 1.2. Unless under specification, we work with the field R, real vector space
and real manifolds. Many results in this paper have analogs in the field C, complex
vector space and affine varieties.

Acknowledgements: We would like to thank Vassiliy Dolgushev, Benjamin En-
riquez, Pavel Etingof, Victor Ginzburg, Hessel Posthuma, and Markus Pflaum for
useful conversation. We would like also to particularly thank Ping Xu for hosting
our visits of Penn State University in Spring 2005, where we started this project.

2. Hochschild cohomology and Quasi-isomorphisms

In this section, we will construct a quasi-isomorphism T

T : Γ∞(
⊕
γ∈Γ

∧•−l(γ)TMγ ⊗ ∧l(γ)Nγ)Γ −→ C•(C∞(M) o Γ;C∞(M) o Γ).

In Section 2.1, we will recall the map L and the computation in [13]; in Section
2.2, we will construct the map T when M is a vector space; in Section 2.3, we will
generalize the construction of T to a manifold M .

2.1. Chain map L. Let A be the algebra of polynomials on a vector space V , and
Γ be a finite group acting linearly on V . We consider the crossed product algebra
Ao Γ, and construct a chain map L

L : C•(Ao Γ, Ao Γ) −→ Γ∞(
⊕
γ∈Γ

∧•−l(γ)TV γ ⊗ ∧l(γ)Nγ)Γ.

This map was constructed implicitly in the proof of Theorem 3.1, [13]. We make
it explicit in the following.

The map L consists of compositions of three chain maps:
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(1)
L1 : C•(Ao Γ, Ao Γ) −→ C•(A,Ao Γ),

where Γ acts on C•(A,Ao Γ) by

γΨ(a1, . . . , an) = Uγ−1 ·Ψ(γ(a1), . . . , γ(an)) · Uγ .

Here Uγ denotes the élément γ seen in AoΓ. Given a Hochschild cocycle
Ψ ∈ Ck(Ao Γ, Ao Γ), L1(Ψ) ∈ Ck(A,Ao Γ) is defined to be

L1(Ψ)(f1, . . . , fk) = Ψ(f1, . . . , fk), ∀f1, . . . , fk ∈ A.

(2)

L2 : C•(A,Ao Γ) −→
( ⊕

γ∈Γ

Γ∞(∧•TV ), κγ ∧
)
.

As a A-A bimodule, A o Γ has a natural splitting into a direct sum
of submodules ⊕γ∈ΓAγ . Correspondingly, the Hochschild cochain complex
C•(A,A o Γ) has a natural splitting into ⊕γ∈ΓC

•(A,Aγ). Therefore, we
define L2 to be the sum of the following maps Lγ

2 for all γ ∈ Γ,

Lγ
2 : C•(A,Aγ) −→

(
Γ∞(∧•TV ), κγ

)
.

On V , we introduce the following vector field X(x) =
∑

i x
i ∂
∂xi . The

vector field κγ ∈ Γ∞(TV ) is defined to be

κγ(x) = X(γ(x))−X(x).

Given an element Ψ ∈ Ck(A,A o Γ), we define Lγ
2(Ψ) ∈ Γ∞(∧k(TV )),

the usual projection to anti-symmetric linear operators by

Lγ
2(Ψ)(x) =

∑
i1,...,ik

Ψ((xi1
1 − xi1)⊗ · · · ⊗ (xik

k − xik))
∂

∂xi1
∧ · · · ∧ ∂

∂xik
,

where xi is for the i-th function taken by the cochain Ψ and x is the output.
(3)

L3 :
( ⊕

γ∈Γ

Γ∞(∧•TV ), κ ∧
)
−→

⊕
γ∈Γ

(
Γ∞(∧•−l(γ)TV γ ⊗ ∧l(γ)Nγ), 0

)
.

We fix a metric on V . Let V γ be the subspace of V invariant under γ
action, and Nγ be the subspace of V orthogonal to V γ . Therefore, V can
be written as V γ ⊕Nγ .

We define L3 to be the sum of Lγ
3 , which is defined to be

Lγ
3(X) = prγ(X|V γ ),

where prγ projects ∧•TV |V γ to ∧•−l(γ)TV γ ⊗ ∧l(γ)Nγ .
It is proved in [13][Section 3] that L is a quasi-isomorphism of cochain complexes.

2.2. Chain map T . In this subsection, we construct an inverse map T to the above
map L,

T :
⊕
γ∈Γ

Γ∞(∧•−l(γ)TV γ ⊗ ∧l(γ)Nγ)Γ −→ C•(Ao Γ, Ao Γ).

We divide this construction into two steps.
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(1) Step I: twisted cocycle
We construct a “twisted cocycle” Ωγ ∈ Cl(γ)(A,Aγ). We fix coordinates

on V , such that x1, . . . , xdim(V )−lγ ∈ V γ and xdim(V )−l(γ)+1, . . . , xdim(V ) ∈
Nγ .

For any σ ∈ Sl(γ), the permutation group of l(γ) elements, we intro-
duce the following vectors in Nγ . Let (y1, . . . , yl(γ)) = (xdim(V )−l(γ)+1, . . . ,
xdim(V )), and (ỹ1, . . . , ỹl(γ)) = γ(xdim(v)−l(γ)+1, . . . xdim(V )). Define

z0
σ = (y1, . . . , yl(γ)) z1

σ = (y1, . . . , ỹσ(1), . . . )

z2
σ = (y1, . . . , ỹσ(1), . . . , ỹσ(2), . . . , ) · · ·

zl(γ)−1
σ = (ỹ1, . . . , yσ(l(γ)), . . . , ) zl(γ)

σ = (ỹ1, . . . , ỹl(γ)).

Let Ωγ be a l(γ)−cochain in C•(A,Aγ) defined as follows:

(2)

Ωγ(f1, . . . , fl(γ))(x, y)

:= 1
l(γ)!

∑
σ∈Sl(γ)

(f1(x,z0
σ)−f1(x,z1

σ))(f2(x,z1
σ)−f2(x,z2

σ))···(fl(γ)(x,z
l(γ)−1
σ )−fl(γ)(x,z

l(γ)
σ ))

(y1−ỹ1)···(yl(γ)−ỹl(γ))
.

We remark that when σ is the identity permutation, then we have

z0
id = (y1, . . . , yl(γ)) z1

id = (ỹ1, . . . , yl(γ))
· · · · · ·

z
l(γ)−1
id = (ỹ1, . . . , ỹl(γ)−1, yl(γ)) z

l(γ)
id = (ỹ1, . . . , ỹl(γ)).

The corresponding contribution in the summation of expression (2) is
(f1(x, z0

id)− f1(x, z1
id))(f2(x, z1

id)− f2(x, z2
id)) · · · (fl(γ)(x, z

l(γ)−1
id

)− fl(γ)(x, z
l(γ)
id

))

(y1 − ỹ1) · · · (yl(γ) − ỹl(γ))
,

which converges to
∂

∂y1
f1(x, 0) · · · ∂

∂yl(γ)
fl(γ)(x, 0),

as y1, · · · , yl(γ) go to 0.
Therefore the identity component in Equation (2) can be viewed as a γ

analog of the multi-differential operator
∂

∂y1
⊗ · · · ⊗ ∂

∂yl(γ)
.

Summing over all permutations, Ωγ can be viewed as a γ-analog of the
multi-differential operator

∂

∂y1
∧ · · · ∧ ∂

∂yl(γ)
.

It is straightforward to check that Ωγ is a cocycle in Cl(γ)(A,Aγ).

Example 2.1. Let V be R, and Γ = Z/2Z = {id, e} act on R by e : x 7→
−x. In this case, Ωe ∈ C1(A,Ae) is defined to be

Ωe(f)(x) =
f(x)− f(−x)

2x
.

And HH•(A,Ae) is computed to be

HH•(A,Ae) =
{

0 • 6= 1
R • = 1 ,
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where HH1(A,Ae) is generated by Ωe.

(2) Step II: Inverse map of L
We use the twisted cocycle constructed in the previous step to obtain an

inverse map of L

T : Γ∞(
⊕
γ∈Γ

∧•−l(γ)TV γ ⊗ ∧l(γ)Nγ)Γ −→ C•(Ao Γ, Ao Γ).

We write T as a composition of two maps T1 and T2. T1 is map

T1 : Γ∞(
⊕
γ∈Γ

∧•−l(γ)TV γ ⊗ ∧l(γ)Nγ)Γ −→ C•(A,Ao Γ)Γ.

And T2 is the standard map constructed in the proof of the Eilenberg-Zilber
theorem.

T2 : C•(A,Ao Γ)Γ ⊂ C0(Γ, C•(A,Ao Γ)) −→ C•(Ao Γ, Ao Γ).

First, the map T1 is a sum of the following maps

T γ
1 : Γ∞(∧•−l(γ)TV γ ⊗ ∧l(γ)Nγ) −→ C•(A,Aγ),

which is defined as follows.
Given ξ ∈ Γ∞(∧•−l(γ)TV γ ⊗ ∧l(γ)Nγ), we write ξ to be X ⊗ Λγ , where

X ∈ Γ∞(∧•−l(γ)TV γ) and Λγ ∈ Γ∞(∧l(γ)Nγ) is defined be

(3)
∂

∂xdim(V )−l(γ)+1
∧ · · · ∧ ∂

∂xdim(V )
.

Define

T γ
1 (ξ) = X]Ωγ , ∀ξ ∈ Γ∞(∧•−l(γ)TV γ ⊗ ∧l(γ)Nγ),

where X]Ωγ(f1, . . . , fk) is equal to

X(f1, . . . , fk−l(γ))Ωγ(fk−l(γ)+1, . . . , fk).

It is straightforward to check that T γ
1 is a chain morphism and compat-

ible with the Γ-action, i.e.

T γ
1 (α(ξ)) = α(T γ

1 (ξ)), ∀α ∈ Γ,

And we define T1 to be the sum of T γ
1 . The restriction of T1 to the Γ-

invariant sections gives the desired map

T1 : Γ∞(
⊕
γ∈Γ

∧•−l(γ)TV γ ⊗ ∧l(γ)Nγ)Γ −→ C•(A,Ao Γ)Γ.

Secondly, we explain the construction of T2, which is standard. Given
Φ ∈ Ck(A,Ao Γ),

T2(Φ)(a1Uγ1 , . . . , akUγk
) = Φ(a1, . . . , γ1 · · · γk−1(ak))Uγ1···γk

.

Lemma 2.2. The twisted cocycle Ωγ satisfies the following properties:
(a)

Ωγ(x1 ⊗ · · · ⊗ xl(γ)) = 1;
(b)

Ωγ(x1 ⊗ · · · ⊗ c⊗ · · · ⊗ xl(γ)) = 0,
when c is a constant function.
Generally, Ωγ and Λγ have the same values on linear functions.
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Proof. A straightforward check. �

By this Lemma 2.2, we have the following proposition for the map L2.

Proposition 2.3. Given ξ ∈ Γ∞(⊕γ ∧k−l(γ) TV γ ⊗ ∧l(γ)Nγ)Γ, we write
ξ =

∑
γ Xγ ⊗ Λγ , where Λγ is defined the same as Equation (3).

The composition map L2 ◦ T1 satisfies

L2(T1(ξ)) =
∑

γ

Xγ ⊗ Λγ = ξ.

Proof. We compute L2(T1(ξ))(x) as follows: L2(T1(ξ))(x) =

=
∑

i1,...,ik

T1(ξ)((x1 − x)i1 ⊗ · · · ⊗ (xk − x)ik)
∂

∂xi1
∧ · · · ∧ ∂

∂xik

=
∑

γ

∑
i1,...,ik

T1(Xγ ⊗ Λγ)((x1 − x)i1 ⊗ · · · ⊗ (xk − x)ik)
∂

∂xi1
∧ · · · ∧ ∂

∂xik

=
∑

γ

∑
i1,...,ik

Xγ((x1 − x)i1 , . . . , (xk−l(γ) − x)ik−l(γ))

× Ωγ((xk−l(γ)+1 − x)ik−l(γ)+1 , . . . , (xk − x)ik)
∂

∂xi1
∧ · · · ∧ ∂

∂xik

=
∑

γ

∑
i1,...,ik

Xγ((x1 − x)i1 , . . . , (xk−l(γ) − x)ik−l(γ))
∂

∂xi1
∧ · · · ∧ ∂

∂xik−l(γ)

⊗ Ωγ((xk−l(γ)+1 − x)ik−l(γ)+1 , . . . , (xk − x)ik)
∂

∂xik−l(γ)+1
∧ · · · ∧ ∂

∂xik

=
∑

γ

Xγ ⊗ Λγ .

�

We define T = T2 ◦ T1, and have the following theorem.

Theorem 2.4. The map T is a quasi-isomorphism. In particular, L ◦T =
id.

Proof. We notice that L1(T2) = id on C•(A;Ao Γ)Γ, and therefore have

L ◦ T (ξ) = L3(L2(L1(T2(T1(ξ))))) = L3(L2(T1(ξ))),

which is equal to ξ by Proposition 2.3 �

2.3. The case of a smooth manifold. We generalize the maps L and T to the
case of a finite group action on a smooth manifold. The detail study of these
generalizations will be discussed in [15]. Here we introduce them briefly.

For the map L, L1 and L3 can be generalized to the manifold case directly. To
generalize L2, we use Connes’ map [4][Lemma 44] from C∞(M)’s Koszul resolution
to its Bar resolution. This map induces a map Lγ

2 from the Hochschild cochain
complex C•(C∞(M), C∞(M)γ) to ∧•TM .

For the map T , T2 generalizes to the manifold case directly because it is purely
algebraic. To define T1, we consider a γ-invariant tubular neighborhood Mγ of Mγ .
Mγ is a fiber bundle over Mγ , and we fix a Γ-invariant Ehresmann connection on
Mγ . Furthermore, we choose a cut-off function ργ on Mγ which is equal to 1
on a γ-invariant neighborhood of Mγ and vanishes outside Mγ . Given a section
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ξγ = Xγ ⊗Λγ of ∧•−l(γ)TMγ ⊗∧l(γ)Nγ to Mγ , we use the Ehresmann connection
to extend Xγ to a multi-vector field X̃γ on Mγ , and define Ωγ a linear map on
C∞(Mγ) by the same formula as Equation (2).

We define T1 : Γ∞(⊕γ ∧k−l(γ) TMγ ⊗∧l(γ)Nγ)Γ −→ Ck(C∞(M);C∞(M) o Γ)Γ

by

T1(ξ)(f1, . . . , fk) =
∑

γ

ργX̃γ(f1, . . . , fk−l(γ))Ωγ(fk−l(γ)+1, . . . , fk)Uγ ,

for ξ =
∑

γ Xγ ⊗ Λγ .
Again, we know that L ◦T = id. Then therefore, since L is a quasi-isomorphism

proved in [13], T is also a quasi-isomorphism.

Remark 2.5. Apparently, the definition of T1 depends on a choice of the normal
bundle Nγ , the Γ-invariant metric, and the cut-off function. Therefore, T is not
a canonical map. However, we notice that at any x ∈ Mγ , inside TxM , there is a
canonical complementary subspace to TxM

γ ⊂ TxM determined by the representa-
tion of < γ > on TxM independent of the choices of the metrics. Therefore, it is
easy to check ( c.f. Proposition 2.3) that when restricted to the ∞−jets of Mγ , T
is independent of all the choices.

3. Gerstenhaber bracket

We recall the definition of the Gerstenhaber bracket on the Hochschild cohomol-
ogy of an algebra A. We define a pre-Lie product ◦ on C•(A;A). For φ ∈ Ck(A;A),
ψ ∈ Ck(A;A), φ ◦ ψ ∈ Ck+l−1(A;A) is defined by

φ ◦ ψ(a1, . . . , ak+l−1)

=
k∑

i=1

(−1)(i−1)(l−1)φ(a1, . . . , ai−1, ψ(ai, . . . , ai+l−1), ai+l, . . . , ak+l−1),

for ai ∈ A, i = 1, . . . k+ l−1. The Gerstenhaber bracket [ , ] on C•(A;A) is defined
to be the commutator of the pre-Lie product, i.e.

[φ, ψ] = φ ◦ ψ − (−1)(k−1)(l−1)ψ ◦ φ.

In this section, we compute the Gerstenhaber bracket on the Hochschild co-
homology of the algebra C∞(M) o Γ. Because the Gerstenhaber bracket is the
commutator of the pre-Lie product, we will mainly work on the pre-Lie product,
and state the results for the Gerstenhaber brackets. Since all the computation and
constructions are local respect to the orbifold M/Γ, it is sufficient to work out
everything locally on a vector space.

Let ξ ∈ Γ∞(⊕γ∈Γ ∧k−l(γ) TV γ ⊗ ∧l(γ)Nγ)Γ, and η ∈ Γ∞(⊕β∈Γ ∧l−l(β) TV β ⊗
∧l(β)Nβ)Γ. We compute the pre-Lie product between ξ and η by L(T (ξ)◦T (η)). We
write ξ as the sum of ξγ = Xγ ⊗Λγ , and η as the sum of ηβ = Yβ ⊗Λβ , with Xγ ∈
Γ∞(∧k−l(γ)TV γ), Yβ ∈ Γ∞(∧l−l(β)TV β), Λγ ∈ Γ∞(∧l(γ)Nγ), Λβ ∈ Γ∞(∧l(β)Nβ).
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We compute L1(T (ξ) ◦ T (η)) ∈ Ck+l−1(A,Ao Γ) first.

L1(T (X) ◦ T (Y ))(f1, . . . , fk+l−1)

=
∑

s

(−1)(s−1)(l−1)T (ξ)(f1, . . . , fs, T (η)(fs+1, . . . , fs+l), fs+l+1, . . . , fk+l−1)

=
∑

s

(−1)(s−1)(l−1)T (
∑
α

ξα)(f1, . . . , fs, T (
∑

β

ηβ)(fs+1, . . . , fs+l), fs+l+1, fk+l−1)

=
∑
α

∑
β

∑
s

(−1)(s−1)(l−1)T (ξα)(f1, . . . , fs, T (ηβ)(fs+1, . . . , fs+l),

fs+l+1, . . . , fk+l−1)

=
∑

γ

∑
αβ=γ

∑
s

(−1)(s−1)(l−1)Tα
1 (ξα)(f1, . . . , fs, T

β
1 (ηβ)(fs+1, . . . , fs+l),

β(fs+l+1), . . . , β(fk+l−1))Uγ

Therefore, Lγ
2(L1(T (ξ) ◦ T (η)))(x) is computed by

∑
i1,...,ik+l−1

∑
αβ=γ

∑
s

(−1)(s−1)(l−1)T α
1 (ξα)((x1 − x)i1 , . . . , (xs − x)is ,

T β
1 (ηβ)((xs+1 − x)is+1 , . . . , (xs+l − x)ix+l), β((xs+l+1 − x)is+l+1), . . . ,

β((xk+l−1 − x)ik+l−1))
∂

∂xi1
∧ · · · ∧ ∂

∂xik+l−1
.

(4)

We look at the term T β
1 (ηβ)((xs+1 − x)is+1 , . . . , (xs+l − x)ix+l)). Using the ex-

pression ηβ = Xβ ⊗ Λβ , we have

T β
1 (ηβ)((xs+1 − x)is+1 , . . . , (xs+l − x)ix+l))

=Xβ]Ωβ((xs+1 − x)is+1 , . . . , (xs+l − x)ix+l))

=Xβ((xs+1 − x)is+1 , . . . , (xs+l−l(β) − x)is+l−l(β))

×Λβ((xs+l−l(β) − x)is+l−l(β)+1 , . . . , (xs+l − x)ix+l))

=ηβ((xs+1 − x)is+1 , . . . (xs+l − x)is+l).

In the second equality of the above equation, we have used Lemma 2.2 that Ωβ and
Λβ agree on linear functions.

Substituting the above expression of the T β
1 (ηβ) into Equation (4), we have that

Lγ
2(T (ξα) ◦ T (ηβ))

=
∑

i1,...,ik+l−1

∑
s

(−1)(s−1)(l−1)Tα
1 (ξα)((x1 − x)i1 , . . . , (xs − x)is ,

ηβ((xs+1 − x)is+1 , . . . , (xs+l − x)is+l), β((xs+l+1 − x)is+l+1), . . . ,

β((xk+l−1 − x)ik+l−1))
∂

∂xi1
∧ · · · ∧ ∂

∂xik+l−1
.
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Lemma 3.1. The restriction of L(T (ξα) ◦ T (ηβ)) to V α ∩ V β is∑
i1,...,ik+l−1

∑
s

(−1)(s−1)(l−1)ξα((x1 − x)i1 , . . . , (xs − x)is ,

ηβ((xs+1 − x)is+1 , . . . , (xs+l − x)is+l), β((xs+l+1 − x)is+l+1), . . . ,

β((xk+l−1 − x)ik+l−1))
∂

∂xi1
∧ · · · ∧ ∂

∂xik+l−1
.

Proof: Because T1(ξα) ∈ Ck(A;Aα), T1(ηβ) ∈ Cl(A;Aβ), T1(ξα) ◦ T1(ηβ) is in
Ck+l−1(A;Aαβ). Therefore, the restriction of L(T (ξα) ◦T (ηβ)) to V α ∩V β is same
to the restriction of Lαβ

2 (T1(ξα) ◦ T1(ηβ))) to V α ∩ V β .
We observe that the restriction of Ωα(f1, . . . fl(α)) to V α agrees with the re-

striction of Λα(f1, . . . , fl(α)). This is because we are setting the variables in the
normal direction of V α equal to 0. Therefore, we have that the restriction of
Ωα(f1, . . . , fl(α)) to V α ∩ V β is same to Λα(f1, . . . , fl(α)). Using this observation,
we have that the restriction of

T1(ξα)((x1 − x)i1 , . . . , (xs − x)is , ηβ((xs+1 − x)is+1 , . . . (xs+l − x)is+l),

β((xs+l+1 − x)is+l+1), . . . , β((xk+l−1 − x)ik+l−1))

to V α ∩ V β is same to

ξα((x1 − x)i1 , . . . , (xs − x)is , ηβ((xs+1 − x)is+1 , . . . , (xs+l − x)is+l),

β((xs+l+1 − x)is+l+1), . . . , β((xk+l−1 − x)ik+l−1)). 2

Inspired by the results of Lemma 3.1, we introduce the following definition.

Definition 3.2. Let M be a smooth manifold with a diffeomorphism γ. For all
ξ ∈ ∧kTM , η ∈ ∧lTM . The γ-twisted pre-Lie product ξ ◦γ η is defined to be∑

i1,...,ik+l−1

∑
s

(−1)(s−1)(l−1)ξ((x1 − x)i1 , . . . , (xs − x)is ,

η(((xs+1 − x)is+1 , . . . (xs+l − x)is+l), γ((xs+l+1 − x)is+l+1), . . . ,

γ((xk+l−1 − x)ik+l−1)))
∂

∂xi1
∧ · · · ∧ ∂

∂xik+l−1
.

We notice that (tγ∈ΓM
γ)/Γ = t(γ):γ∈ΓM

γ/C(γ), where (γ) is the conjugacy
class of γ in Γ, and C(γ) is the centralizer of γ in Γ. Therefore, Γ∞(⊕γ ∧• TMγ ⊗
∧l(γ))Γ is isomorphic to ⊕(γ)Γ∞(∧•TMγ ⊗ ∧l(γ)Nγ)C(γ). We use the this identifi-
cation in the following lemma.

Lemma 3.3. Let

ξ(α) =
∑

α∈(α)

Xα ⊗ Λα ∈ Γ∞(∧k−l(α)TV α ⊗ ∧l(α)Nα)C(α)

and
η(β) =

∑
β∈(β)

Yβ ⊗ Λβ ∈ Γ∞(∧l−l(β)TV β ⊗ ∧l(β)Nβ)C(β),

if V α + V β 6= V for all α ∈ (α), β ∈ (β), then

L(T (ξ(α)) ◦ T (η(β))) = 0.
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Proof. Following the same computation as to Equation (4), we have∑
i1,...,ik+l−1

∑
αβ=γ

∑
s

(−1)(s−1)(l−1)Tα
1 (ξα)((x1 − x)i1 , . . . , (xs − x)is ,

T β
1 (ηβ)((xs+1 − x)is+1 , . . . , (xs+l − x)ix+l),

β((xs+l+1 − x)is+l+1), . . . , β((xk+l−1 − x)ik+l−1))
∂

∂xi1
∧ · · · ∧ ∂

∂xik+l−1
.

Since V α + V β 6= V , then its normal directions N⊥ = Nα ∩ Nβ 6= 0. We ob-
serve that T (ξα) contains all the derivations1 along N⊥, and T (ηβ) contains all the
derivations along Nβ . As ηβ is a section of ∧l−l(β)TV β ⊗∧l(β)Nβ , T β

1 (ηβ)((xs+1−
x)is+1 , . . . , (xs+l − x)is+l)) is independent of N⊥. Therefore, we see that to have a
nonzero contribution in L(T (ξα)◦T (ηβ)), we need that xi1 , · · · , xis+l , β(xis+l+1), · · · ,
β(xik+l−1) contains two copies of the variables along N⊥ and one copies of the vari-
ables along Nβ/N⊥. However, because i1, . . . , ik+l−1 are distinguished and Nβ is
β invariant, xi1 , . . . , xs+k−1, β(xs+k), . . . , β(xik+l−1) has at most one copy of the
variables along the Nβ direction. There are no enough variables along the N⊥

direction. This implies that L(T (ξ(α)) ◦ T (η(β))) vanishes. �

Lemma 3.4. The condition V α + V β = V is equivalent to the equality that l(α) +
l(β) = l(αβ)

Proof. As dim(V α) + dim(V β) = dim(V α + V β) + dim(V α ∩ V β), we have that

l(α) + l(β)

=dim(V )− dim(V α) + dim(V )− dim(V β)

=dim(V )− dim(V α + V β) + dim(V )− dim(V α ∩ V β)

≥dim(V )− dim(V α + V β) + dim(V )− dim(V αβ)

=dim(V )− dim(V α + V β) + l(αβ),

where we have used the fact that V α ∩ V β ⊂ V αβ . Therefore, l(α) + l(β) = l(αβ)
implies that V = V α + V β .

On the other hand, assume that V α + V β = V and let < , > be a Γ invariant
metric on V . For any v ∈ V αβ , we have αβ(v) = v, and accordingly β(v) = α−1(v),
and β(v)− v = α−1(v)− v. Furthermore, as the metric < , > is Γ invariant, we see
that β(v)− v is orthogonal to V β with respect to the metric < , > and α−1(v)− v
is orthogonal to V α. Therefore we have that β(v) − v = α−1(v) − v is orthogonal
to V α + V β , which is equal to V by the assumption. This implies that v has to
belong to V α ∩ V β , and we have V α ∩ V β = V αβ . This together with the above
equations implies that

l(α) + l(β) = dim(V )− dim(V α + V β) + dim(V )− dim(V αβ) = l(αβ).

�

We summarize the above computation into the following theorem2

1Rigorously speaking, Ωα, Ωβ are not derivations. Here, we use the word “derivation” loosely,

because they behave like derivations on linear functions.
2A similar content of the following theorem was stated in the first version of [1], but the proof

there contained a crucial gap.
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Theorem 3.5. Consider
ξ(α) ∈ Γ∞(∧k−l(α)TMα ⊗ ∧l(α)Nα)C(α),
η(β) ∈ (Γ∞(∧l−l(β)TMβ ⊗ ∧l(β)Nβ)C(β).

The (γ) ⊂ Γ component of L(T (ξ(α)) ◦ T (η(β))) is

prγ(
∑

γ = λµ
λ ∈ (α), µ ∈ (β)

l(γ) = l(λ) + l(µ)

ξ̃λ ◦µ η̃µ),

where ξ̃λ and η̃µ are extensions of ξλ and ηµ to M as explained in Section 2.3.
And the (γ) component of the Gerstenhaber bracket L([T (ξ(α)), T (η(β))]) is

prγ(
∑

γ = λµ
λ ∈ (α), µ ∈ (β)

l(γ) = l(λ) + l(µ)

ξ̃λ ◦µ η̃µ − η̃λµλ−1 ◦µ ξ̃λ).

We call the above defined bracket on Γ∞(∧•−l(γ)TMγ ⊗ ∧l(γ)Nγ)Γ the “twisted
Schouten-Nijenhuis bracket” on the orbifold M/Γ.

Proof. Straight forward from Lemma 3.1 and 3.3. �

Remark 3.6. In the statement of Theorem 3.5, it seems that the pre-Lie bracket
between ξ and η depends on their extensions to M . However, according to Re-
mark 2.5, when restricted to Mα ∩Mβ, the extensions ξ̃α, η̃β are both canonical.
Therefore, the Gerstenhaber bracket computed above is independent of extensions.

Theorem 3.5 gives a full description of the pre-Lie product and the Gerstenhaber
bracket. In the following, we discuss a special case when all elements in (α) commute
with all elements in (β). Under this assumption, we have a more explicit description
of the twisted Schouten-Nijenhuis bracket.

Definition 3.7. Let Γ be a group with conjugacy classes (α) and (β). We say (α)
commutes with (β) when all elements in (α) commute with all elements in (β).

Remark 3.8. Our following results with the assumption of commuting conjugacy
classes can be weakened to the assumption that the corresponding actions of the
conjugacy classes commute.

Because of Lemma 3.3, we are reduced to look at Gerstenhaber brackets in the
case when V α + V β = V , which implies that V α ∩ V β = V αβ . We write V as a
direct sum of V αβ ⊕ Nα ⊕ Nβ , such that V α = V αβ ⊕ Nβ and V β = V αβ ⊕ Nα.
We remark that because (α) commutes with (β), Nα and Nβ are both α and β
invariant subspaces.

Lemma 3.9. Assume that (α) commutes with (β). If Xα ∈ Γ∞(∧k−l(α)TNβ)C(α)

with k − l(α) > 0, then
L(T (ξ(α)) ◦ T (η(β))) = 0.

Proof. We look at the term T (ηβ)(· · · ) in T (Xα⊗Λα)◦T (ηβ) at γ = αβ. It contains
derivations along all the directions of Nβ . Now if Xα ∈ Γ∞(∧k−l(α)TNβ), then
β(Xα) also belongs to Γ∞(∧k−l(α)TNβ) again. Therefore T (Xα⊗Λα)◦T (Yβ⊗Λβ)
contains too many derivations along Nβ as T (Yβ ⊗ Λβ)(· · · ) is constant along the
direction of Nβ . We conclude that

L(T (Xα ⊗ Λα) ◦ T (Yβ ⊗ Λβ)) = 0,
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and

L(T (ξ(α)) ◦ T (η(β))) = 0.

�

Lemma 3.10. Under the same assumption as Lemma 3.9, if l − l(β) ≥ 2, the for
Yβ ∈ Γ∞(∧l−l(β)TNα)C(β),

L(T (ξ(α)) ◦ T (η(β))) = 0.

Proof. Because of Lemma 3.9, we can drop the β twist Equation (4). At the
component γ = αβ, we look at the number of derivations along the direction
of Nα. T (ξα) contributes l(α) and T (Yβ ⊗ Λβ) contributes l − l(β). Therefore,
T (ξα) ◦T (Yβ ⊗Λβ) contains at least the following number of derivations along Nα,

l(α) + (l − l(β))− 1 ≥ l(α) + 2− 1 ≥ l(α) + 1.

This implies the statement of this lemma, because dim(Nα) = l(α). �

We summarize the above computations into the following theorem.

Theorem 3.11. Assume that (α) and (β) commute. Let

ξ(α) =
∑

α∈(α)

Xα ⊗ Λα ∈ Γ∞(∧k−l(α)TV α ⊗ ∧l(α)Nα)C(α),

and

η(β) =
∑

β∈(β)

Yβ ⊗ Λβ ∈ Γ∞(∧l−l(β)TV β ⊗ ∧l(β)Nβ)C(β).

Then the component of L(T (X(α)) ◦ T (Y(β))) in

Γ∞(∧k+l−l(α)−1TV αβ ⊗ ∧l(α)Nαβ)C(αβ)

is computed as follows.

(1) When V α + V β 6= V for all α ∈ (α), β ∈ (β), L(T (X(α)) ◦ T (Y(β))) = 0.
(2) When V α + V β = V , we write V = V αβ ⊕ Nα ⊕ Nβ, where V αβ is the

invariant subspace of αβ, Nα is the subspace orthogonal to V α, and Nβ

is the subspace orthogonal to V β. In this case, V α = V αβ ⊕ Nβ, and
V β = V αβ ⊕Nα. According to this decomposition, we write

Xα =
∑

X
i1···is,p1···pk−l(α)−s
α

∂

∂xi1
∧ · · · ∂

∂xis
∧ ∂

∂xp1
∧ · · · ∧ ∂

∂xpk−l(α)−s

∈ Γ∞
(
∧s TV αβ

)
⊗ Γ∞

(
∧k−l(α)−s TNβ

)
Yβ =

∑
Y

j1···jt,q1···ql−l(β)−t

β

∂

∂xj1
∧ · · · ∂

∂xjt
∧ ∂

∂xq1
∧ · · · ∧ ∂

∂xql−l(β)−t

∈ Γ∞
(
∧t TV αβ

)
⊗ Γ∞

(
∧k−l(β)−t TNα

)
.

The component of L(T (ξ(α)) ◦ T (η(β))) in

Γ∞(∧k+l−l(γ)−1TV γ ⊗ ∧l(γ)(Nα ⊕Nβ))C(γ)
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is computed to be∑
γ = λµ

λ ∈ (α), µ ∈ (β)
l(γ) = l(λ) + l(µ)

∑
i1,...,ik−l(λ),j1,...,jl−l(µ)

(−1)(z−1)(l−1)+(k−z)l+(l−l(µ))l(λ)X
i1···îz···ik−l(λ)

λ

∂

∂xiz
Y

j1···jl−l(µ)
µ

∂

∂xi1
∧ · · · ∂̂

∂xiz
· · · ∧ ∂

∂xik−l(λ)
∧ ∂

∂xj1
∧ · · · ∧ ∂

∂xjl−l(µ)
⊗ Λλ ∧ Λµ

+
∑

i1,...,ik−l(λ),j1,...,jl−l(µ)−1,qz

(−1)(k−l(λ))(l−1)+(k−l(µ))(l(λ)−1)X
i1···ik−l(λ)

λ

∂

∂xqz
Y

j1,...,jl−l(µ)−1,qz
µ

∂

∂xi1
∧ · · · ∧ ∂

∂xik−l(λ)
∧ ∂

∂xj1
∧ · · · ∂

∂xjl−l(µ)−1
⊗ Λλ ∧ Λµ.

Proof. The first statement is a corollary of Lemma 3.3. We are left to show the
second statement.

By Lemma 3.9, we conclude that Xα must be from Γ∞(∧k−l(α)TV αβ) to have
nontrivial contribution in L([T (ξ(α)), T (η(β))]).

Similarly, by Lemma 3.10, we conclude that to have nontrivial contribution in
L([T (ξ(α)), T (η(β))]), Yβ has to be from one of the following space

(i) Yβ ∈ Γ∞(∧l−l(β)TV αβ) (ii) Yβ ∈ Γ∞(∧l−l(β)−1TV αβ)⊗ Γ∞(TNα).

We can apply Theorem 3.5 to compute the pre-Lie product. Because both V αβ

and Nα are subspaces of V β which is the β fixed point set, we can drop the β twist
of the pre-Lie product. Therefore, we are left with the stand pre-Lie product.

When Yβ ∈ Γ∞(∧l−l(β)TV αβ), we have L([T (ξα), T (ηβ)]) =∑
i1,...,ik−l(α),j1,...,jl−l(β)

(−1)(z−1)(l−1)+(k−z)l+(l−l(β))l(α)X
i1···îz···ik−l(α)
α

∂

∂xiz
Y

j1···jl−l(β)

β

∂

∂xi1
∧ · · · ∂̂

∂xiz
· · · ∧ ∂

∂xik−l(α)
∧ ∂

∂xj1
∧ · · · ∧ ∂

∂xjl−l(β)
.

When Yβ ∈ Γ∞(∧l−l(β)−1TV αβ)⊗ Γ∞(TNα), we compute L([T (ξα), T (ηβ)]) =∑
i1,...,ik−l(α),j1,...,jl−l(β)−1,qz

(−1)(k−l(α))(l−1)+(k−l(β))(l(α)−1)X
i1···ik−l(α)
α

∂

∂qz
Y

j1,...,jl−l(β)−1,qz

β

∂

∂xi1
∧ · · · ∧ ∂

∂xik−l(α)
∧ ∂

∂xj1
∧ · · · ∂

∂xjl−l(β)−1
.

�

Corollary 3.12. Assume that (α) commutes with (β). Let ξ(α) ∈ Γ∞(∧k−l(α)TMα⊗
∧l(α)Nα)C(α), and η(β) ∈ Γ∞(Γ∞(∧l−l(γ)TMβ⊗∧l(β)Nβ)C(β)). Then the (γ) com-
ponent of ξ(α) ◦ η(β) in

Γ∞(∧k+l−1−l(γ)TMγ ⊗ ∧l(γ)Nγ)C(γ),

is computed by

prγ(
∑

γ = λµ
λ ∈ (α), µ ∈ (β)

l(γ) = l(λ) + l(µ)

ξ̃λ ◦ η̃µ|Mλµ),
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where ◦ is the standard pre-Lie product by setting γ = id in Definition 3.2, and
ξ̃λ, η̃µ are extensions3 of ξλ, ηµ to M as explained in Section 2.3.

And the (γ) component of the twisted Schouten-Nijenhuis bracket is

L([T (ξ(α)), T (η(β))]) = prγ(
∑

γ = λµ
λ ∈ (α), µ ∈ (β)

l(γ) = l(λ) + l(µ)

[ξ̃λ, η̃µ]|Mλµ).

Remark 3.13. Lemma 3.9, 3.10 and Theorem 3.11 have a natural extension when
we drop the assumption of the commutativity between (α) and (β). Again the twisted
Schouten-Nijenhuis bracket is simplified but more complicated than Corollary 3.12.
We will not discuss the formulas here.

4. Noncommutative Poisson structure and symplectic reflection
algebras

In this section, we want to find all possible noncommutative Poisson structures
on C∞(M) o Γ when M has a Γ-invariant symplectic form.

4.1. Noncommutative Poisson structure. We assume that the manifold M has
a Γ-invariant symplectic structure. Because the group Γ is finite, there always exists
a Γ-invariant compatible almost complex structure J on M . Accordingly, for any γ
in Γ, the fixed point manifold Mγ is again a symplectic manifold with a compatible
almost complex structure [9]. Therefore, all the fixed point manifolds Mγ , γ ∈ Γ are
of even dimension. And furthermore, the restriction of the l(γ)-th wedge power of
the corresponding Poisson structure defines a global section on ∧l(γ)Nγ . Therefore,
we can choose Λγ to be constant for any γ ∈ Γ.

Since all the fixed point manifolds have at least codimension equal to 2, there
is no contribution of Γ∞(⊕γ;l(γ)=1TM

γ ⊗ Nγ)Γ in the Hochschild cohomology of
C∞(M) o Γ. Hence, we consider the set S of elements γ ∈ Γ such that the fixed
point subspace of γ is of codimension 2. It is easy to see that S is closed under the
conjugacy action of Γ. By (1) and ∧0TV γ ⊗∧2Nγ = ∧2Nγ , the second Hochschild
cohomology of Ao Γ is isomorphic to

Γ∞(∧2(TV ))Γ
⊕

(⊕γ∈S ∧2 Nγ))Γ,

where Γ action on the second component is the conjugacy action.

Theorem 4.1. Assume that M is a real symplectic manifold, with a Γ symplectic
action. Let π be an element in (Γ∞(∧2(TM)))Γ, and

∑
γ∈S Λγ be an element in

(⊕γ∈S∧2Nγ)Γ. Then π+
∑

γ Λγ is noncommutative Poisson structure on C∞(M)o
Γ if and only if

(1) On M , [π, π] = 0;
(2) For any γ ∈ S, prγ([π, Λ̃γ ]|Mγ ) = 0.

Proof. We compute L([T (π+
∑

γ∈S Λγ), T (π+
∑

γ∈S Λγ)]). It decomposes into the
sum of four terms

i) L([T (π), T (π)]), ii)
∑
α∈S

L([T (π), T (Λα)]),

iii)
∑
α∈S

L([T (Λα), T (π)]), iv)
∑

α,β∈S

L([T (Λα), T (Λβ)]).

3Remark 2.5 on extensions still applies to this case here.
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We compute the above i)-iv) terms separately.

(1) L([T (π), T (π)]). On the identity component the Gerstenhaber bracket cor-
responds to the standard Schouten-Nijenhuis bracket. Therefore, we have

L([T (π), T (π)]) = [π, π],

which is again on the identity component.
(2)

∑
α∈S L([T (π), T (Λα)]). π is from the identity component and Λα is from

the α component. Noticing that (id) = {id} commutes with (α), we apply
Corollary 3.12 to compute these terms,∑

α∈S

(L([T (π), T (Λα)]) =
∑
α∈S

prα([π, Λ̃α]|Mα),

where [π, Λ̃α]|Mα is on the α component.
(3)

∑
α∈S L([T (Λα), T (π)])). This is similar to the previous case. We apply

Corollary 3.12 to compute the terms,∑
α∈S

(L([T (π), T (Λα)]) =
∑
α∈S

prα([Λ̃α, π]Mα),

where [Λ̃α, π]Mα is on the α component.
(4)

∑
α,β∈S L([T (Λα), T (Λβ)]). We decompose the computation into two sub-

cases. We fix a Γ-invariant almost complex structure on M compatible with
the symplectic form, which is always achievable.
(a) Mα ∩Mβ 6= Mα or Mβ .

In this case, at each point x ∈ Mα ∩ Mβ , the sum of TxM
α and

TxM
β is equal to TxM because TxM

α and TxM
β are both of complex

codimension 1 and do not agree. (Otherwise TxM
α = TxM

β and
Mα ∩ Mα will be either Mα or Mβ near x.) Therefore, TxM =
TxM

α∩TxM
β⊕Nα

x ⊕Nβ
x . We prove that at each point x ∈Mα∩Mβ ,

TxM
αβ = TxM

α ∩ TxM
β .

Let v ∈ TxM
αβ . We have that αβ(v) = v. Therefore, β(v) = α−1(v)

and β(v) − v = α−1(v) − v. It is easy to check that β(v) − v is
orthogonal to TxM

β , α−1(x)− x is orthogonal to TxM
α. By TxM

α +
TxM

β = TxM , we see that β(v) − v = α−1(v) − v = 0. This implies
that v ∈ TxM

α ∩ TxM
β . Therefore, Mαβ is equal to Mα ∩Mβ with

codimension 4.
We conclude that L([T (Λα), T (Λβ)]) is supported on the component of
Mαβ = Mα ∩Mβ which is of codimension 4. By Equation (1), there
is no nontrivial 3-Hochschild cocycle supported on a codimension 4
component of αβ. Therefore, the bracket has to be equal to 0.

(b) Mα ∩Mβ = Mα( and Mβ). In this case, Nα agrees with Nβ . Λα is
C∞(Mα) proportional to Λβ . Both α and β action preserves Nβ = Nα

direction. Using Equation (4), it is easy to see that L([T (Λα), T (Λβ)])
is supported along the Nα = Nβ direction, as both α and β preserve
Nα = Nβ . This implies that L([T (Λα), T (Λβ)]) has to be equal to 0
because dim(Nα = Nβ) = 2 while L([T (Λα), T (Λβ)]) is a tri-vector
field.
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In summary, we have that

L([T (π +
∑
γ∈S

Λγ), T (π +
∑

γ

Λγ)])

=[π, π] +
∑
α∈S

prα([π, Λ̃α]|Mα) +
∑
α∈S

prα([Λ̃α, π]|Mα)

=[π, π] + 2
∑
α∈S

prα([π, Λ̃α]|Mα).

This concludes the Theorem.
�

Corollary 4.2. Let V be a real symplectic vector space with a Γ invariant linear
symplectic form ω. Let π be the corresponding Poisson structure of ω. Then κ =
π+

∑
α∈S Λα is a noncommutative Poisson structure on Ao Γ if and only if Λα is

constant on V α.

Proof. Under the assumption of the corollary, the restriction of the symplectic form
ω to Nα for α ∈ S is a symplectic two form. We denote the corresponding Poisson
structure on Nα by πα. Accordingly, we can write Λα = fαπα, where fα is a
polynomial function on V α.

By Theorem 4.1, π +
∑

α∈S fαπα is a noncommutative Poisson structure if and
only if

(1) [π, π] = 0,
(2) [π, fα]|V α = 0.

Equation (1) is automatically satisfied because π is Poisson. Because [π, πα] = 0,
Equation (2) is reduced to

prα([π, fπα]|V α) = prα([π, f ] ∧ πα|V α) = [π, f ]|V α ∧ πα = 0.

Therefore, π +
∑

α∈S fαπα is a noncommutative Poisson structure if and only if
[π, fα]|V α = 0, for all α ∈ S. Because f is a polynomial with only variables
from V α and π is linear, [π, f ] = [π, f ]|V α . To have a noncommutative Poisson
structure, fα has to satisfy [π, fα] = 0 for all α ∈ S. Because ω is symplectic,
[π, fα] = 0 enforces fα to be a constant. Therefore, Λα is also a constant on V α for
all α ∈ S. �

Remark 4.3. The complex analogs of Theorem 4.1 and Corollary 4.2 hold when
M(or V ) has a Γ-invariant compatible almost quaternionic structure. The proofs
generalize directly.

4.2. Remarks on deformation quantizations. As is known that a noncom-
mutative Poisson structure on an algebra A is in one to one correspondence to
infinitesimal deformation of A. It is natural to ask whether one can integrate the
infinitesimal deformation to a real one. This is also related to the idea of deforma-
tion quantization in mathematical physics. In [16], the second author introduced a
notion of deformation quantization of a noncommutative Poisson structure, which
we recall in the following.

Definition 4.4. A deformation quantization of a noncommutative Poisson struc-
ture Π on an associative algebra A is an associative product ?~ on A[[~]], such that
f ?~ g =

∑
i

~iCi(f, g) for f, g ∈ A satisfying
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(1) C0(f, g) = fg;
(2) The Hochschild cohomology class [C1] is equal to Π.

It is natural to ask whether all the noncommutative Poisson structures defined
in Theorem 4.1 can be deformation quantized. One special case is already known
and well studied, when there is only an Γ-invariant Poisson structure on M . The
deformation quantization of these type of noncommutative Poisson structures on
C∞(M) o Γ is studied in [16], [17], [5], [13], etc. The other special case is the
following proposition, which is essentially due to Etingof and Ginzburg [7][Theorem
1.3].

Proposition 4.5. The noncommutative Poisson structure on a symplectic vector
space obtained in Corollary 4.2 can be deformation quantized.

Proof. In the following, we work with the field C, because we will use the construc-
tion of the symplectic reflection algebras in [7] and Theorem 1.3 therein. Everything
extends to the field R, because Theorem 1.3 in [7] still holds in the real case. (The
real group algebra of a finite group is semisimple.)

In [7], a symplectic reflection algebra Ht,c is introduced as

TV o Γ/I < x⊗ y − y ⊗ x− κ(x, y) ∈ T 2V ⊕ CΓ >x,y∈V ,

where (V, ω) is a finite dimensional complex symplectic vector space over C, TV its
tensor algebra, and κ is defined to be

κ(x, y) = tπ(x, y) +
∑
α∈S

cαπαUα,

a Γ-invariant section of ∧2V +⊕α∈S ∧2 Nα.
We assign V degree 1, and CΓ degree 0. This defines an increasing filtration F• on

Ht,c. It was proved by in [7][Theorem 1.3] that Ht,c satisfies Poincaré-Birkhoff-Witt
property, i.e. the tautological embedding V ↪→ gr(Ht,c) extends to an isomorphism
Q : Poly(V ) o Γ → gr(Ht,c). We define gri to be the projection from gr(Ht,c) to
its i−th degree component.

We define a formal deformation quantization of Poly(V ) o Γ as follows. For
fUα, gUβ ∈ Poly(V ) o Γ,

fUα ? gUβ =
∞∑

i,j,k=0

~i+j−kQ−1(grk(gri(Q(fUα))grj(Q(gUβ)))).

In particular, Ci(fUα, gUβ) is defined to be

Ci(fUα, gUβ) =
∑

p+q−r=i

Q−1(grr(grp(Q(fUα))grq(Q(gUβ)))).

Because Q(fUα) and Q(gUβ) are of finite degrees, p, q in the summation are both
finite. Therefore, the sum in the definition of Ci is finite and Ci is well defined.
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We check that ? is associative. (fUα ? gUβ) ? hUγ =

=

∞∑
i,j,k=0

~i+j−kQ−1(grk(gri(Q(fUα))grj(Q(gUβ)))) ? hUγ

=

∞∑
i,j,k,p,q,r=0

~i+j−k~p+q−rQ−1(grr(grp(Q(Q−1(grk(gri(Q(fUα)grj(Q(gUβ)))))))

grq(Q(hUγ))))

=

∞∑
i,j,k=0

∞∑
p,q,r=0

~i+j+p+q−k−rQ−1(grr(grp(grk(gri(Q(fUα))grj(Q(gUβ))))grq(Q(hUγ))))

=

∞∑
i,j,k=p,q,r

~i+j+q−rQ−1(grr(grk(gri(Q(fUα))grj(Q(gUβ)))grq(Q(hUγ))))

=

∞∑
i,j,q=0

~i+j+q
∞∑

r=0

~i+j+q−rQ−1(grr(

∞∑
k=0

grk(gri(Q(fUα))grj(Q(gUβ)))grq(Q(hUγ))))

=

∞∑
i,j,k,r=0

~i+j+q−rQ−1(grr(gri(Q(fUα))grj(Q(gUβ))grq(Q(hUγ)))),

which by the similar computation is equal to

fUα ? (gUβ ? hUγ).

We look at C1(fUα, gUβ) =
∑

i+j−k=1Q
−1(grk(gri(Q(fUα))grj(Q(gUβ)))). To

check that C1 is cohomologus to κ. We compute L(C1) as follows using the defini-
tion.

=L3(
∑
i1,i2

C1(xi1
1 − xi1 , xi2

2 − xi2)
∂

∂xi1
∧ ∂

∂xi2
)

=L3(
∑
i1,i2

gr0((x1 − x)i1(x2 − x)i2)
∂

∂xi1
∧ ∂

∂xi2
)

=L3(
∑

i2<i1

(xi1xi2 − xi2xi1))
∂

∂xi1
∧ ∂

∂xi2

=
∑

i2<i1

(ω(xi1 , xi2) +
∑
α∈S

cαωα(xi1 , xi2)Uα)
∂

∂xi1
∧ ∂

∂xi2

=
1
2

∑
i1,i2

(ω(xi1 , xi2) +
∑
α∈S

cαωα(xi1 , xi2)Uα)
∂

∂xi1
∧ ∂

∂xi2
.

In the third equality of the above equation, we have used the definition of C1 and
the product structure in Ht,c. When i1 < i2, xi1xi2 has no degree 0 term. When
i1 > i2, degree 0 term of xi1xi2 is xi1xi2 − xi2xi1 .

In conclusion, ? is a deformation quantization of AoΓ with the noncommutative
Poisson structure equal to 1

2κ. �

Remark 4.6. The generalization of the deformation quantization defined in Propo-
sition 4.5 to affine varieties was studied by Etingof [6].

It is natural to ask whether the deformation quantization constructed in Theorem
4.5 is unique up to isomorphisms. From the knowledge in Poisson geometry, we
know that the isomorphic classes of deformation quantization of a Poisson structure
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is determined by its second Poisson cohomology. We denote the Poisson cohomology
group of Ao Γ associated to κ by H•

κ(Ao Γ). In following we compute H2
κ(Ao Γ).

Proposition 4.7. Let (V, ω) be a real symplectic4 vector space with a finite group
Γ symplectic action. Let κ be defined as in Corollary 4.2. Then the second Poisson
cohomology of κ is isomorphic to

{
∑
γ∈S

cγπγ ∈ Γ∞(
⊕
γ∈S

∧2Nγ)Γ| for all γ ∈ S, cγ is a constant on V γ .}.

Proof. According to Equation (1) and the fact that the codimensions of all V α are
even, the second Hochschild cohomology of Ao Γ consists of

Γ∞(∧2TV )Γ
⊕

(
∑
γ∈S

∧0V γ)Γ.

Let Ξ+
∑

γ∈S fγπγ be from Γ∞(∧2TV )Γ
⊕

(
∑

γ∈S ∧0V γ)Γ. We compute L([T (Ξ+∑
γ∈S fγπγ), T (κ)]) as follows. The computation is similar to the proof of Theorem

4.1. We deal with the four terms separately.

1) L([T (Ξ), T (π)]), 2) L([T (Ξ), T (
∑
γ∈S

cγπγ)])

3) L([T (
∑
γ∈S

fγπγ), T (π)]), 4) L([T (
∑
γ∈S

fγπγ), T (
∑
γ∈S

cγπγ)]).

The following computation follows exactly the same reasons as in the proof of
Theorem 4.1.

1)L([T (Ξ), T (π)]) = [Ξ, π];

2)L([T (Ξ), T (
∑
γ∈S

cγπγ)]) =
∑
γ∈S

prγ(cγ [Ξ, πγ ]|V γ );

3)L([T (
∑
γ∈S

fγπγ), T (π)]) =
∑
γ∈S

prγ([fγπγ , π]|V γ ) =
∑
γ∈S

prγ([fγ , π] ∧ πγ)|V γ ;

4)L([T (
∑
γ∈S

fγπγ), T (
∑
γ∈S

cγπγ)]) = 0.

According to the above computation, Ξ +
∑

γ∈S fγπγ is κ closed if and only if it
satisfies the following equations.

(5)
1) [Ξ, π] = 0,
2) prγ(

{
cγ [Ξ, πγ ] + [fγ , π] ∧ πγ

}
|V γ ) = 0, for allγ ∈ Γ.

We denote the space of solutions to the above equations by Z2
κ.

Next we compute the Poisson coboundary in (Γ∞(∧2TV )
⊕

α∈S ∧2Nγ)Γ.
According to Equation (1), HH1(AoΓ, AoΓ) consists of Γ invariant vector field

on V because all V γs for α 6= id have at least codimension 2. Let X ∈ Γ∞(TV )Γ.
We compute L([T (κ), T (X)]) as follows. Because X is on (id)-component and cγπγ

is on (α)-component which commutes with (id), we can apply Corollary 3.12.
L([T (κ), T (X)])

=[π,X] +
∑
γ∈s

prγ(cγ [πγ , X]|V γ ).

4When V is a complex vector space, we need to assume that V has a Γ-invariant compatible
almost quaterionic structure.
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We denote the space of elements in Γ∞(∧2TV )Γ
⊕

(
∑

γ∈S ∧0V γ)Γ of the above
form by B2

κ.
We want to find out the quotient Z2

κ/B
2
κ. Given Ξ ∈ Γ∞(∧2TV )Γ with [Ξ, π] =

0, because π is from a symplectic form, we can find a Γ-invariant vector field
X ∈ Γ∞(TV ) such that [π,X] = Ξ. Because we know that L([T (κ), T (X)]) =
[π,X] +

∑
γ∈S gγπγ = [π,X] +

∑
γ∈S cγpr

γ([πγ , X]|V γ ) is κ-closed. We conclude
that ∑

γ∈S

(gγ − fγ)πγ

is also κ closed. Substituting this expression into second equation of (5), we have
that for all γ ∈ S

prγ([π, (gγ − fγ)] ∧ πγ |V γ ) = [π, (gγ − fγ)]|V γ ∧ πγ |V γ = 0.

Since gγ − fγ is supported on Vγ and π is linear, we have

[π, gγ − fγ ]|V γ = 0 ⇔ [π, gγ − fγ ] = 0.

Because π is symplectic, this implies that gγ−fγ has to be a constant. It is obvious
that X +

∑
γ∈S(gγ + cγ)πγ is κ closed.

We are left to show that any nonzero element like
∑

γ∈S aγπγ is not a cobound-
ary for any constant aγ , γ ∈ S. If X ∈ Γ∞(TV )Γ such that L(T (κ), T (X)) =∑

γ∈S aγπγ , then by the similar computation as above we have that

[π,X] = 0, prγ(cγ [πγ , X]|V γ ) = aγπγ .

for any γ ∈ S.
As π is from a symplectic form, [π,X] = 0 implies that there is a function

f such that X = [π, f ]. Therefore, [πγ , X] = [πγ , [π, f ]] contains no component
proportional to πγ . Accordingly, prγ(cγ [πγ , X]) = 0 = aγπγ .

In conclusion, we see that the quotient space Z2
κ/B

2
κ is

{
∑
γ∈S

cγπγ ∈ Γ∞(
⊕
γ∈S

∧2Nγ)Γ| for all γ ∈ S, cγ is a constant on V γ .}

�

Remark 4.8. Proposition 4.7 shows that the dimension of all the infinitesimal
deformation of the noncommutative Poisson structure κ is equal to the size of the set
S. Furthermore, it is easy to check that the all the infinitesimal deformation actually
corresponds to Poisson structures. This gives another explanation of Corollary 4.2.

Proposition 4.5, 4.7 inspires a series of interesting questions. The cocycle κ is a
very special type of noncommutative Poisson structure on AoΓ defined in Theorem
4.1. Can all of the noncommutative Poisson structures defined in Theorem 4.1 be
deformation quantized? If their deformation quantizations exist, how many are
they? All these problems have a general version on C∞(M) o Γ. It is closely
related to the Conjecture 1, [5] by Dolgushev and Etingof. We plan to address
these questions in the future publication.
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4.3. Noncommutative quadratic Poisson structures. In this subsection, we
provide some new examples of noncommutative Poisson structures other than those
in Corollary 4.2. We can easily see that these Poisson structures are not symplectic
at all, and they should be viewed as generalized quadratic Poisson structures.

We consider the space of R4 = C×C with the following Zn × Zm action, where
Zn = Z/nZ and Zm = Z/mZ. Let (z1, z2) be holomorphic coordinates on C2, and
(k, l) ∈ Zn × Zm. Define

(k, l) :(z1, z2) −→ (exp(
2kπi
n

)z1, exp(
2lπi
m

)z2)

(z̄1, z̄2) −→ (exp(−2kπi
n

)z̄1, exp(−2lπi
m

)z̄2).

The fixed point subspace of (k, l) ∈ Zn × Zm can be described explicitly.
(1) if k 6= 0, l 6= 0, the fixed point set of (k, l) consists of only one point, the

origin;
(2) if k = 0, l 6= 0, (0, l)’s fixed point set is C× {0} ⊂ C× C;
(3) if k 6= 0, l = 0, (k, 0)’s fixed point set is {0} × C ⊂ C× C;
(4) if k = l = 0, (0, 0)’s fixed point space is C× C.

To look for noncommutative Poisson structures on Poly(R4) o (Zn × Zm), we
only need to consider the fixed point space of the identity, which is C2, and those
codimension 2 fixed point subspaces, which are (k, 0)’s fixed point subspace {0}×C,
and (0, l)’s fixed point subspace C × {0}. We consider the following collection of
bivector fields where α, β, λk, µl are real constants.

(1) on (0, 0)’s fixed point subspace, we consider Πα
0,0 = iα|z2|2 ∂

∂z1
∧ ∂̄

∂̄z̄1
. We

notice that Π0,0 is Zn × Zm invariant, and satisfies [Π0,0,Π0,0] = 0;
(2) on (k, 0)’s fixed point subspace, we consider Πk,0 = iλk|z2|2 ∂

∂z1
∧ ∂̄

∂̄z̄1
, which

is a smooth section of the determinant bundle of the normal bundle over
{0} × C ⊂ C × C. Again we notice that Πk,0 is Zn × Zm invariant, and
[Π0,0,Πk,0] = 0;

(3) on (0, l)’s fixed point subspace, we consider Π0,l = iµl|z1|2 ∂
∂z2

∧ ∂̄
∂̄z̄2

, which
is a smooth section of the determinant bundle of the normal bundle over
C× {0} ⊂ C× C. We notice that Π0,l is Zn × Zm invariant, but

[Π0,0,Π0,l] = −αµl

[
|z2|2(z1

∂

∂z1
− z̄1

∂̄

∂̄z̄1
) ∧ ∂

∂z2
∧ ∂̄

∂̄z̄2

+ |z1|2(z2
∂

∂z2
− z̄2

∂̄

∂̄z̄2
) ∧ ∂

∂z1
∧ ∂̄

∂̄z̄1

]
6= 0.

However, if we look at the restriction of [Π0,0,Π0,l] to (0, l)’s fixed point
subspace which is C× {0}, it does vanish. We have that

pr(0,l)([Π0,0,Π0,l]|C×{0}) = 0.

By Theorem 4.1, we conclude that the collection of (Πα
0,0,Πk,0,Π0,l) defines a

family of noncommutative Poisson structures on Poly(R4) o (Zn × Zm). One can
also easily check that if we replace Πα

0,0 by Πβ
0,0 = iβ|z1|2 ∂

∂z2
∧ ∂̄

∂̄z̄2
, (Πβ

0,0,Πk,0,Π0,l)
defines another family of noncommutative Poisson structures on Poly(R4) o (Zn×
Zm).

There are various ways to generalize the above families of examples to higher
dimensions. For example, one can consider Zn×Zm acts on the first two components
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of Ck as same as the above, but acts trivially on the left Ck−2 component. Then
the above two families of noncommutative Poisson structures naturally extend to
Poly(R2k) o (Zn × Zm). We will leave the more nontrivial generalizations to the
future [11].
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