WEAK QUANTIZATION OF POISSON STRUCTURES

DAMIEN CALAQUE AND GILLES HALBOUT

ABsTRACT. In this paper we prove that any Poisson structure on a sheaf of
Lie algebroids admits a weak deformation quantization, and give a sufficient
condition for such a Poisson structure to admit an actual deformation quan-
tization. We also answer the corresponding classification problems. In the
complex symplectic case, we recover in particular some results of Nest-Tsygan
and Polesello-Schapira.

We begin the paper with a recollection of known facts about deformation
theory of cosimplicial differential graded Lie algebras.
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INTRODUCTION

In this paper we prove a very general result concerning the deformation quanti-
zation problem for sheaves of Lie algebroids.

Following [11], any reasonable formal deformation problem can be described by
a functor on differential graded (DG) artinian rings with values in simplicial sets,
representable by some DG Lie (or perhaps Lo,) algebra. In this paper we deal
with a deformation problem that is described by a sheaf of differential graded Lie
algebras (DGLA). We solve this problem and take this opportunity to recall the
construction of the deformation functor associated to cosimplicial DGLA.
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Deformation quantization problem for a C°° Poisson manifold (M, ) has been
solved by Kontsevich in [13]. Kontsevich first proves a formula in the local case
(M = R?) and then apply an appropriate globalization procedure. Actually the ex-
istence of a deformation quantization is a part of a more general picture: Kontsevich
proves in [13] that the DGLA of poly-differential operators is formal.

This formality theorem is generalized to a large class of sheaves of Lie alge-
broids in [5] (see also [2, 3, 4] for the particular cases of C*° and holomorphic Lie
algebroids). In this paper, we prove that any Poisson structure admits a weak de-
formation quantization (Theorem 3.5). We also give a sufficient condition for such a
Poisson structure to admit an actual deformation quantization. We also answer the
corresponding classification problems. In the complex symplectic case, we recover
in particular some results of Nest-Tsygan and Polesello-Schapira.

This paper can be seen as an attempt to understand some claims of [14] where
this question is discussed in the context of algebraic geometry, and to give a correct
formulation to some very unprecise remarks of [2] (remarks 3.25 and 3.26). We also
want to emphazise the great importance of the extremely enlighting “homotopical
point-of-view” [11] on deformation theory.

Throughtout the paper k is a field with char(k) = 0.

Plan of the paper. In section 1 we review some basic materials concerning models
for (cosimplicial) simplicial sets and (cosimplicial) DG Lie algebras. We also define
the deformation functor associated to a cosimplicial DG Lie algebra.

In section 2 we recall the construction of the Deligne 2-groupoid associated to
“quantum type” DG Lie algebras and give an explicit description of the deformation
functor associated in this situation.

In section 3 we apply the previous constructions to some quantization problems.
Namely, we first prove that any Poisson structure associated to a (locally free of
finite rank) Lie algebroid admits a weak quantization. We then classify such weak
quantizations and then give a sufficient condition for the existence of an usual
quantization of a given Poisson structure. We compare our results with previous
works [14, 18, 19, 17].
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1. BASIC MATERIALS

For the reader who wants to learn about model categories we refer to the very
down-to-earth introduction [10] and references therein.

1.1. Model categories and (co)simplicial methods. Let us first recall that a
closed model category (CMC) is a category equipped with three classes of morphisms
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(called fibrations, cofibrations, and weak equivalences) satisfying the axioms (CM1)-
(CM5) of [21].

1.1.1. (Co)Simplicial objects. Let C be a category. Let us denote by ¢C = CA
(resp. sC = CA™) the category of cosimplicial (resp. simplicial) objects in C. Here
A denotes the ordinal number category (or simplicial category), i.e. the category
with objects ordered finite sets [k] = {0,...,k} and morphisms (weakly) order
preserving maps. In other words,

Al = Homa ([K], [1]) = {(i1,...,ix)|0 < iy < -+ < <1}

Among all morphisms in A there are the following remarkable ones: for i € [k],
5;=(0,...,i—1,4+1,...,k) : [k—=1] — [k]and 0; = (0,...,0,i..., k) : [k+1] — [K].
Let C be a cosimplicial (resp. simplicial) object in C. Moreover, any morphism in
A is a composition of these two types of morphisms. The following easy lemma
provides a full list of relations between them.

Lemma 1.1. One has the following identities in A:
® 0;0; =0;0;—1 if 1> 7,
® 0,0 = 04041 ’LfZ Zj,
dj_10y (ifi<j—1)
o 0i0; =<id (ifi=34—-1,9)
djoic1 (ifi>y)

As a matter of notation, for cosimplicial (resp. simplicial) objects C', we will write
Ck := C([k]) (vesp. C := C([k])) for k > 0, and f := C(f) (vesp. f* := C(f)) for

any morphism f in A.

Example 1.2. For any n € N we define the geometric n-simplex o™ as the convex
hull of the unit vectors in R"*!, and we identify [n] with the vertices of o™. Then
any map ¢ : [m] — [n] can be extended to a PL map ¢ : 6™ — o™. Thus (¢"), is
a cosimplicial PL manifold.

1.1.2. The model category of simplicial sets. Let us denote by Sets the category
of sets. The category sSets of simplicial sets has a natural structure of a closed
model category that we are going to describe.

For this we need to introduce some remarkable objects in sSets. The standard
n-simplex is the simplicial set A™ = Homa (—, [n]) : A°P — Sets. In other words,
A} = A}. Moreover any f € A}, induces a morphism of simplicial sets A™ — A™.
Therefore one can also consider the boundary OA™ := UP_ 5, A" 1 C A™ of A",
and its horns A»™ 1= Ug2;6, A"~ C A™ (i € [n]). In particular A} = (0A™) = [n]
for n # 0.

For any simplicial set X, one can define define its realization |X| as a certain
colimit in a category of topological spaces (see [10, Definition 1.19] ; simply note that
|A™| = ¢™). Then one can define the set of path components mo(X) := 7o (| X])
and homotopy groups m;(X,z) := m;(|X|,x2) (i > 0) for any = € 7o(X). Any
morphism of simplicial sets f : X — Y induces morphisms fy : mo(X) — 7mo(Y)
and m;(X, z) — m (Y, fo(x)) for i > 0.

The CMC structure on sSets is such that the morphism f:C — D is a

e weak equivalence if it induces isomorphisms 7y (X) = 7o(Y) and 7, (X, x)
T (Y, fo(x)) for any € mo(X) and any n > 0,

o~
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e cofibration if f, is injective for any n > 1.

A fibrant object X in sSets is called a weak co-groupoid (or Kan complex). It
has the property that mo(X) = Xo/ ~, where z ~ y if and only if there exists
~v € X such that 67y = x and 65y = y.

Moreover, a simplicial set C' is fibrant if and only if the following condition is
met:

every morphism A" — C' can be extended to a morphism A™ — C.

We will also need the notion of simplicial closed model category (SCMC): it is
a CMC category M enriched over simplicial sets (we denote by Hom/A\A (X,Y) the
enriched Hom space) that satifies Quillen’s axiom (SM7) of [20]. The category of
simplicial sets is naturally a SCMC, where the CMC structure is the previous one
and the simplicial structure is given by

HomsASets(Ca D)n = HomsSets(An x C, D) .

1.1.3. Reedy model categories. The result of this paragraph first appeared in the
unpublished paper [22]. Let M be a CMC. We want to describe a model structure
on ¢M (in his paper Reedy deals with sM = (¢(M°P))°P).

First of all, for any object C in ¢cM we define its n-th matching object in M
to be the colimit M"C := lil)nC’k taken over all surjections [n| — [k] in A} with
k < n. We have natural morphisms C" — M"C.

Then ¢cM has a CMC structure with a morphism f : C' — D being a

e weak equivalence if f” : C"™ — D™ is a weak equivalence in M for all n > 0,

e fibration if the induced map C™ — D" X yynp M™C is a fibration in M for
all n > 0.

Remark 1.3. One can of course define the n-th latching object of C' to be the
limit L"C := liLnC’k taken over all injections [k] — [n] in AK with k < n, and then
cofibrations are characterized in a similar way as fibrations.

A fibrant object C in ¢M is an object such that C™ — M"™C' is a fibration for
all n (this is an abstract way of describing descent condition). Moreover it is a
standard fact that a fibrant object C' in ¢cM is termwize fibrant, that is to say C™
is fibrant for any n > 0 (the converse is obviously false).

1.1.4. Cosimplicial simplicial sets. It follows from the previous two paragraphs that
the category csSets of cosimplicial simplicial sets has a natural structure of a CMC.
Notice that there is a remarkable cofibrant object A in csSets defined as follows:
A: A — sSets
[n] — A" =Homa(—,[n])
feAn — (g€l — fogeAp).
Using A we define the total space functor Tot : csSets — sSets to be
C' — Tot(C) := Hom geis (A, C) .

csSets

The functor Tot preserves fibrations, trivial fibrations and weak equivalences be-
tween fibrant objects (as A is cofibrant).

The set Tot(C)g of O-simplices is given by sequences (ag, a1, ..., Qy,...) such
that o, € C and so; = s*a; (in C’f) for any s € Ag (this is Homsgets(A, C)).
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1.2. Homotopy theory of DG Lie algebras.

1.2.1. The model category of DG Lie algebras. Let us denote by DG-Lie the cat-
egory of DG Lie algebras with morphisms being standard morphisms of DG Lie
algebras. DG-Lie admits a closed model structure with a morphism f : g — b
being a

e weak equivalence if H(f) is an isomorphism?,

e fibration if f is surjective.
In particular one can see that any object in DG-Lie is fibrant.

Moreover DG-Lie can be enriched over simplicial sets so that it becomes a
SCMC. Namely,

Hompg.pi0(8: h)n = Hompa-Lie(8, 2 @ ),

with , being the DG commutative algebra of differential forms on the geometric
n-simplex (in particular (), is a simplicial DG commutative algebra).

1.2.2. Hinich’s deformation functor. Let us denote by Nilp the category of pronilpo-
tent commutative k-algebras, and by sSets™'P the SCMC of functors Nilp —
sSets: weak equivalences (resp. (co)fibrations) in sSets™P are termwize weak
equivalences (resp. (co)fibrations).

Following [11] we define a functor

DG-Lie — sSets™N'P; g ¥

that preserves fibrations and weak equivalence. Namely, for any DG Lie algebra
(9,d, 1) and any pronilpotent commutative algebra m the set X3(m),, is the set of
degree one elements I in 2, ® g ® m such that

1
I+ 3 (L, 1) = 0.

In other words, ¥4(m),, is the set of Maurer-Cartan elements of the DG Lie algebra
Q, @gem.

1.2.3. The Maurer-Cartan functor associated to a cosimplicial DGLA. We consider
the category cDG-Lie of cosimplicial DG Lie algebras with its Reedy model struc-
ture. ¥ obviously extends to a functor cDG-Lie — csSets™'P preserving fibrations
and weak equivalences. Composing it with Tot we obtain a functor

Def : ¢cDG-Lie — sSets™''P; Def,(m) := Tot(Xq(m))
that preserves fibrations, trivial fibrations and weak equivalences between fibrant
objects. We finally define a functor
MC := 7o Def : ¢cDG-Lie — SetsNIP |
that sends weak equivalences between fibrant objects to equalities. We call MC

the Maurer-Cartan functor of g, it is an homotopy invariant.

Remark 1.4. Let X be a topological space and X = J,c; U; an open cover indexed
by a totally order set I. Then for any presheaf of DG Lie algebras U — g(U) one
can construct a cosimplicial DG Lie algebra g(U®) in an obvious way. Moreover if
U — g(U) is a sheaf then g(U®) is fibrant (conversely, if g(U®) is fibrant for ANY
open cover then U — g(U) is a sheaf).

n other words, weak equivalences are quasi-isomorphisms.
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1.2.4. Sheaves of DG Lie algebras. Given a site C one can define a model structure
on the category Pc(DG-Lie) of presheaves of DG Lie algebras over C (see [12]) in
such a way that fibrant objects are precisely sheaves of DG Lie algebras. One could
repeat the previous constructions in this context.

Nevertheless, if the site C is not too bad (e.g. if it is the small site of a reasonnable
topological space) then this description is more or less equivalent to the cosimplicial
one (thanks to remark 1.4).

2. QUANTUM TYPE DG LIE ALGEBRAS AND 2-GROUPOIDS

Following the terminology of [15], by a quantum type DG Lie algebra g we mean
a DG Lie algebra such that gli! = 0 for i < —1. Getzler shows in [9] that if g is a
quantum type DG Lie algebra then ¥ (m) is weakly equivalent to the nerve of a
strict 2-groupoid, called the Deligne 2-groupoid of g ® m (see [8]). In this section
we recall the construction of this 2-groupoid and then give an explicit description
of the functor MC' in the quantum type situation.

This description already appears in a slightly different formulation in [1, Section
3] (in particular one can recover Theorem 3.6 of [1]| from our approach).

2.1. The Deligne 2-groupoid of a quantum type DGLA. We follow [8|. Let
(g,d,[,]) be a DG Lie algebra and m a pronilpotent commutative k-algebra. We
are going to define a 2-groupoid Delg(m). Objects in Dely(m) are given by the set
of Maurer-Cartan elements, i.e. elements IT € (g ® m)[! such that

1
dll + §[H,H] =0.
The prounipotent group exp((g ® m) [0]) acts on objects in the following way: for
any ¢ € (g@m)l and any I € (g @ m)!l
ad(q

exp(q) - I :=T11 — Z (n (+ )1)'d1‘1q7
n=0 :

where dr(q) = dg + [II,q]. The subset of Maurer-Cartan elements is obviously
stable under this action?. The translation groupoid associated to the group action
exp((g ® m)%) x MC(g,m) — MC(g,m) is the underlying 1-groupoid of Deligne
2-groupoid in the following sense: the set of morphisms between II and exp(q) - IT
of the structure of a 1-groupoid, which is the translation groupoid associated to the
group action

exp((g@m)i; 1) x exp((g ® m)%) — exp((g © m)?).

Here (g ® m)%{” denotes the Lie algebra ((g ® m)[=1 [—, =), where [u,v]n =
[driu, v], and the group action
exp(u) - exp(q) := exp(q) exp(dnu) .
comes from the Lie algebra morphism dy : (g ® m)[n_ U, (g @m)ll,
For IT € MC(g,m), ¢ € (g@m)[% and u,v € (g®m)h_1], the vertical composition
of 2-morphisms is given by the formula

(exp(v), exp(q) exp(dnu), 1) oy (exp(u), exp(q), IT) = (exp(u) exp(v), exp(q),11);

2This action is the exponentiation of the infinitesimal affine action ¢ - II = dq + [q, II].
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Figure 1. Vertical composition

-1

and for ¢ € (g ®@ m)% and «/ € (g ® m)exp(q).n

2-morphisms is given by

the horizontal composition of

(exp(u’), exp(q’), exp(q).IT) on (exp(u), exp(q), IT)
= (exp(e‘“d(q)t/) exp(u), exp(q’) exp(q), 1) .

!
et el

’
q (eq H) ~~—s |1 \H/eAd(efq)u/eu (eq eQ) LTI
ededmu e’ pdm’ e pdnv’ pagdipu

Figure 2. Horizontal composition

2.2. On the 7y of the total space of a cosimplicial 2-groupoid.

2.2.1. The nerve of a 2-groupoid. In this paragraph we review the nerve construc-
tion for strict 2-groupoids (see [16]). Let G be a 2-groupoid. The nerve of G, denoted
by NG, is the simplicial set defined as follows: 0-simplices of NG are objects of G,
1-simplices are l-arrows in G, 2-simplices are diagrams of the following form

& .
a12/ H/ \:123

3-simplices are commutative tetrahedra of the form

(2) .

tas,

)

and for n > 3 an n-simplex of NG is an n—simplex such that each of its sub-3-
simplices is a commutative tetrahedron as above.
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NG is fibrant and such that mo(NG) is the quotient set of G, 71 (NG, x) is the
group of l-automorphisms of z, w3 (NG, x) is the group of 2-automorphisms of id,,
and 7, (NG, z) =0 for n > 3.

2.2.2. Path components of the total space of a cosimplicial 2-groupoid. Let G® be
a fibrant cosimplicial 2-groupoid, meaning that NG® is fibrant as a cosimplicial
simplicial set. In this paragraph we describe the set 7o (Tot(NG®)).
It follows from the nerve construction of the previous paragraph that (Tot(N g ')) 0

is the set of 4-tuples (m, g, a,t), where

e m is an object in G°,

e gis a l-arrow in G' with source d,m and target 6;m,

e a is a diagram of the form (1) in G? such that a;» = d3g, a1z = dog and

a23 = 5195
e t is a tetrahedron (2) in G2 such that t193 = d4a, t134 = d2a, t124 = d3a and
t234 = (51a.

Then 7o(Tot(NG®)) = (Tot(Ng'))O/ ~, where two O-simplices (m,g,a,t) and
(m/,¢',a’,t’) are equivalent through ~ if there exists a triple (v, «, 7) such that

e v is a l-arrow in G° with source g and target ¢,
e « is a diagram of the form

N
)

where T12 = (53’}/, T13 — (527 and T23 — 51’)/.

2.3. The Maurer-Cartan functor of a quantum type cosimplicial DGLA.
Let g® be a fibrant quantum type cosimplicial DGLA. Then for any pronilpotent
commutative algebra m, we can now explicitely describe MC' . (m): it is the quotient
of the set of weak Maurer-Cartan elements by weak gauge equivalences, that we
define in the following two paragraphs.

2.3.1. Weak Maurer-Cartan elements. A weak Maurer-Cartan element is a triple
(I1, g, a) such that

e II is a standard Maurer-Cartan element in g°, that is to say II € (g ®@m)!
satisfies the Maurer-Cartan equation

1
dIl + S [ILT] =0,
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e g€ exp((g' ®m)¥) is such that
g- (52]-_-[) = 61]-_-[7

e acexp((g?®m) Eg;é)n) is such that

19039 = a~" - (d29)
and satisfies

04a 02a = 0403g(d1a) dsa

Example 2.1 (Sheaves). If g® is the quantum cosimplicial DGLA naturally asso-
ciated to a sheaf of quantum type DGLAs g(—) on a topological space X and an
open cover X = J;c; U; then a weak Maurer-Cartan element is a triple (I, g, a) as
follows: IT = (I1;)g<i<m with II; € (g(U;)®m) satisfying the Maurer-Cartan equa-
tion for any 4, g = (gij)o<i<j<m With g;; € exp ((g(Us;) ®m)[0]) such that g;; -II; =
IT; on U, for any i < j, a = (aijk)o<i<j<k<m With a;;x € exp ((g(Uijk) ® m)[rfil])
such that

(3) GikGis = afji * Jik

on Ui, for any ¢ < j < k, with the additional condition that

(4) aijrikt = iz (ajr1)aij

on Uy for any i < j < k <.

Example 2.2 (Algebroid stack deformations of sheaves of algebras). Let A(—)
be a sheaf of algebras over a topological space X. And let g(—) = C(A,.A) be the
sheaf of quantum type DGLA given by Hochschild cochains. Given a pronilpotent
commutative algebra m and an open cover X = [J, U;, the corresponding weak

Maurer-Cartan elements are (according to the previous example) precisely the m-
deformations of A as an algebroid stack (see [14]).

2.3.2. Weak gauge equivalences. A weak (gauge) equivalence between two weak
Maurer-Cartan elements (I, g, a) and (II',¢’,a’) is a pair (v, «) such that
o v € exp(g® @m) is a gauge equivalence between IT and II':
I=~-1I,
e acexp(gl® m)gﬁ] is such that

a-(6179) =g d2v
and satisfies

adaa = §3g(01x) dzax 6302y(a’)
Example 2.3 (Sheaves). Let us go back to example 2.1. In this context a weak
equivalence is a pair (7, «) as follows: v = (v;)o<i<m With v; € exp (g(Ui) ® m) [0
being a gauge equivalence between II; and IT', and a = (a4;)o<i<j<m With a;; €
exp ((g(Us;) ® m)[_l]) such that a;; - (7;9i5) = gi;7i on U for any 7 < j, with the
additional condition that

Qjjk Qi = gz‘j(ajk)aij%‘(a;jk)

on Uy, for any ¢ < j < k.
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2.4. The acyclic case. In this paragraph we assume that we are given a cosimpli-
cial quantum type DGLA g* that is acyclic as a cosimplicial vector space. Namely
Hi(g®) = 0 for any i > 0. We have the following:

Proposition 2.4. MC .(m) is in one-to-one correspondance with the set of usual
MC elements up to usual gauge equivalences in the DGLA H°(g*) @ m.

Proof. Let us first prove that any weak Maurer-Cartan element (II, g, a) is weakly
equivalent to a weak Maurer-Cartan element of the form (TII’,1,1). We do this in
using two successive inductions:

(1) Assume that @ = 1 mod m’. Then the tetrahedron equation together with
H?(g*) = 0 implies that a = 1+db mod m**', with b € (g?@m?)[=1]. There-
fore, applying the weak equivalence (1, exp(b)) one obtains a weak Maurer-
Cartan element (I, ¢’,a’) with a’ = 1 mod m**!. By induction (II, g, a) is
weakly equivalent to a Maurer-Cartan element of the form (II, ¢/, 1).

(2) Assume that ¢’ = 1 mod m’. Then the triangle equation together with
H'(g*) = 0 implies that g = 1+dh mod m**', with h € (g* ®@m*)[%). There-
fore, applying the weak equivalence (exp(h), 1) one obtains a weak Maurer-
Cartan element (II', g”,1) with ¢” = 1 mod m**!. By induction (II, ¢, 1)
is weakly equivalent to a Maurer-Cartan element of the form (II', 1, 1).

We then observe that if two weak Maurer-Cartan elements (II,1,1) and (II', 1, 1)
are related by a weak equivalence (v, &) then the weak equivalence (v, 1) also relates
them.

Finally, weak Maurer-Cartan elements of the form (II,1,1) (resp. weak equiva-
lences of the form (+y,1)) are precisely ususal Maurer-Cartan elements (resp. usual
gauge equivalences) in H(g®) ® m. O

3. APPLICATIONS TO DEFORMATION QUANTIZATION

Let (X, Q) be a topological space equipped with a sheaf of commutative (and
associative) unital k-algebras and assume that £ is a sheaf of Lie algebroids® over
(X, O) which is locally free and of constant rank d € N* as an O-module.

We also assume that O is locally acyclic (so that Cech resolution is relevant).

Recall from [2, 3, 4, 5] that there are two sheaves of quantum type DG-Lie
algebras g and h associated to £: g is the sheaf of L-poly-vector fields equipped
with zero differential and Schouten type bracket [—,—], and § is the sheaf of £-
poly-differential operators (a-k-a Hochschild cochains associated to £%) equipped
with Hochschild differential dy and Gerstenhaber bracket [—, —]¢ (we refer to |2, 4]
for details).

This is a well-known fact that g is the cohomology sheaf of (h,dp ), and that the
Lie bracket on g induced from [—, —]¢ is precisely [—, —].

Let us chose an open cover X = | J,.; U; of such that Oy, has trivial comology
and Ly, is a free O)y,-module. We then denote by g* and h*® the associated
cosimplicial DGLAs.

3.1. (Weak) Poisson structures, deformations and equivalences.

3Lie algebroids are also called Lie-Rinehart algebras.
“Which are in fact Cartier cochains [7] for the counital O-coalgebra U(L) with values in the
trivial bicomodule.
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3.1.1. Definitions. A Poisson structure (resp. formal Poisson structure) on L is
a usual Maurer-Cartan element in the graded Lie algebra H°(X,g®) (resp. in
REO(X, g°) 1],

A formal weak Poisson stucture on L is a weak Maurer-Cartan element (7, g, a)
for g* and m = Aik[[h]. One can see that the first order term in the f-series 7 is an
actual Poisson structure.

A weak formal deformation (or simply, a weak deformation) is a weak Maurer-
Cartan element for h* and m = hk[[h], and we denote its class modulo weak gauge
equivalences by a € MC'y. (hk[[A]]).

An actual deformation is a weak Maurer-Cartan element for h* and m = hk[[A]
of the form (I1,¢,1). An actual equivalence between two actual deformations is a
weak equivalence of the form (v, 1).

This terminology is justified by the example of complex manifolds below.

3.1.2. Example: complex manifolds. Let X be a complex manifold, O = Ox be
the sheaf of holomorphic functions on X, and £ be the sheaf of holomorphic vector
fields on X. Then g (resp. h) is the DG Lie algebra of usual holomorphic poly-vector
fields (resp. poly-differential operators) on X.

Weak deformations then correspond precisely to holomorphic formal deforma-
tions of O as an algebroid stack (see the previous section), and NOT as a sheaf of
algebras (the latest corresponding to actual deformations).

Actual deformations correspond to holomorphic formal deformations of O as a
sheaf of algebras.

3.1.3. Quantization problems. To any actual deformation (Ilj,gr) on £ one can
associate canonically a Poisson structure by taking the skew-symmetrization of the
first order term in the h-series Il;. The strong quantization problem is then as
follows:

Problem 3.1. Let w be a Poisson structure on L. Does there exists an actual
deformation with associated Poisson structure being w ¢

If it exists, such an actual deformation is called an actual quantization of .
In full generality the answer to this problem is NO. This leads us to formulate a
weaker version of this problem. As above, to any weak deformation (IIj, g, ar) on

L one can associate canonically a Poisson structure. The weak quantization problem
is then as follows:

Problem 3.2. Let w be a Poisson structure on L. Does there exists a weak defor-
mation with associated Poisson structure being m ?

If it exists, such a weak deformation is called a weak quantization of .
3.2. Existence and classification of weak quantizations.

3.2.1. A formality theorem. There exists several results [24, 4, 23, 5] about the
extension of Kontsevich formality theorem for algebraic varietes and/or complex
manifolds. The one we will use in the paper is taken from [5] (Theorem 6.4.1) that
we translate as follows in the language we are using here:

Theorem 3.3 ([5]). The sheaves of DG-Lie algebras g and b are weakly equivalent.
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Remark 3.4. The graded vector subspace b C by defined by
plkl = (ker(e UL) — O))®ok+1 CU(L)BOkHT = plkl

actually is a DG Lie subalgebra of Yy, and the inclusion is a (objectwise) quasi-
isomorphism : as a counital O-coalgebra U(L) is the cofree counital cocommutative
and coassociative O-coalgebra (this is PBW Theorem for Lie algebroids), for which
this result is a standard fact (see e.g. [6], Ch. IX). Thus for any open U C X,
DelE(U) and Delyy are weakly equivalent, and then we can work with 6 instead

of b. This is more convenient since cochains of positive degree in 6 are vanishing
when acting on k C O in (at least) one argument. °

3.2.2. Main result. As a direct consequence of Theorem 3.3 and of discussion in the
previous section we have the following result, which in particular gives a positive
answer to Problem 3.2:

Theorem 3.5. 1) Any Poisson structure m on L admits a weak quantization.
2) For any Poisson structure m on L there is a one-to-one correspondence

{w.P.s. (7, gn,an) s.t. 7z = hmw + o(h)} {weak quantizations of 7}
«—> .

weak equivalences weak equivalences

This result has first been conjectured (and proved ?) by Leitner and Yekutieli
(see [15]) when O = Ox and £ = Tx are respectively the structure and tangent
sheaf of a smooth algebraic variety (they speak about twisted things while we write
weak).

3.3. Classification in the complex symplectic case. In this paragraph X is
(the underlying topological space of) a complex manifold and O = Ox is the
sheaf of holomorphic functions on it. Thanks to the 0-Poincaré lemma the natural
inclusion g* < (A%*(g®), 0) is a weak equivalence. Moreover, as .A%*(g) is the sheaf
of sections of a C'>°-bundle it is acyclic; therefore MC . (hk[[R]]) is discribed by the
set of usual Maurer-Cartan elements up to usual gauge equivalences in the DGLA of
global sections h.A%*(g)(X)[[R]] with O as differential. We write G = (A%*(g)(X),0)
and introduce the following bigrading on it: G5! = A% (glFl)(X).

Let us suppose that we are given a Poisson structure m on a holomorphic Lie
algebroid £ over (X, Q) which is symplectic. Namely, viewed as an O-linear map
7t . LV = Homp(L,0) — L it is invertible. Consider the bundle “Q* = A*LY
of L-differential forms and recall (see [4]) that sections of it (L-forms for short)
are endowed with the following £-de Rham differential: for any L-k-form n and
L-vector fields oy, ..., ok,

(5) “dn(og,...,o8) = Z(—l)ip(a,-)n(ao,...,&i,...,ak)

3
+ Z(—l)ﬁ_]n([di, O'j],(]'o, ey 5’7;7 ey &j, “e 7O'k,) .
i<j
Let us denote J : g — A*T1LY the inverse map of 7 extended by taking iterated
exterior products. Let us denote w the image of 7w through the map J. By di-
rect computation one gets that J sends the differential [—, 7| onto the £-de Rham
differential “d. Recall also that if u is a L-polyvector field then one can define

5In the case when O = Ox and £ = Tx are the structure and tangent sheaf of a smooth
algebraic variety X, elements of h are called normalized poly-differential operators in [24].
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contraction ¢, with « and £-Lie derivative “L,, by u. These operations are related
by the following formulas: for u and v of homogeneous degree k and [ one has

L, =*d o, + (71)]%“ o*d,
LLu o LL'U - (_1>MLLU o LLu = LL[u,u] 3
and
Loty — (1), 0 £L, = (=1)Fup, ) -

Let us introduce the bicomplex ZA4**: £AR! = A% (AR LV) with differentials “d and
0. It is naturally equipped with a descending filtration:

Fp(LA) — @kZPLAk,* )
Theorem 3.6. There is a one-to-one correspondence

{weak quantizations of w}

1
weak equivalences TR + HEOt(Fl(ﬁA)) + thZ"t(ﬁA)[[hH'
Proof. We know from Theorem 3.5 that the set of weak quantizations of m up to
weak equivalences is in bijection with the set of formal weak Poisson structures
(h, gr, ar) such that mp = hm 4+ o(h) up to weak equivalences. And we have just
seen that this set is itself in bijection with the set of usual Maurer-Cartan elements
7y, such that 7 Nl O = him + o(h) up to usual gauge equivalences in AG[[A]].

Let us wrlte T = %;L’O, qn = 772’1 and rp = 7, 12 The Maurer-Cartan equation
reads
(a) [mp,mh] =0 (b)  O(mn) + [gn, 7] =0
(¢)  Aan) + [mn,ral + lan.qn] =0 (d) d(rn) = 0.

We now define a bundle isomorphism
TYM — TYMaeT'"' M
§+8 — MO @ +E
whose inverse extends to a graded (but NOT bigraded) algebra isomorphism
Jn : Gl—1] —FA.

Then let @y, = %w—&—O( ) be the image of 75, under Jp, and write wy, = wh ,Up = @;L !

and up, = &>, One has wy, = Fw+O0(1), vy = O(1) and uy = O(h).

Lemma 3.7. 1. wy = Jp(7y) (where Jy, is defined as J, with © replaced by m ).
2. qn = —ﬂg(vh).

3. rp = up — %(Lgh)(wh) = up — lbqﬁvh

Proof of the lemma. The first part is well-known.

Before proving the second and the third parts observe that for any ¢ € G%! one
has (14 ®id)(w) = 314(w) = (id ® 14)(w) and t4(w) = —J(q).

Therefore g, = ﬁg(vh) — (tg, ® Wg + ﬂ'g ® g )(wWh) = wg(vh) + 2¢p, which proves
part 2. And finally rs = up — tg, (vr) + (g, @ tg,)(wr) = un — 512, (wr). O

‘We now prove

Proposition 3.8. (“d+ 0)(©r) = 0 if and only if T, is a Maurer-Cartan element.



14 DAMIEN CALAQUE AND GILLES HALBOUT

Proof of the proposition. First of all, by applying Jj, to (a) one sees that it is equiv-
alent to “d(ws) = 0.

Then Jy((mh) + [7h, qn]) = —0(wn) + “d(Jn(qn)) = —0(wn) — “d(vp). Therefore
(b) is equivalent to d(wp) + “d(vs) = 0.

Now assume that (a) and (b) are satisfied. The following lemma tells us that,
under this assumption, (c) is equivalent to d(vs) + “d(uz) = 0.

Lemma 3.9. The l.h.s. of (¢) is equal to the (0,2)-part of jh_l(ﬁd—k 0)(@p).
Proof of the lemma. The (0, 2)-part of jh_l(ﬁd + 0) (@) is

h (Oup + “dup) — (75, ® tg, + tg, ® T4)(Dwn + “duy,)

(6) +(7T7€L @ Lg, @ Lgy + Ly © ﬂ-gi @ tgy t+Lgy @ Lg, @ W%)(ﬁdwh)
_ - 1
= w%(avh + “duy) — ngqh (Owp, + “dvp) + iwgih (“dwp,) .

We now compute each term separately. First of all

78 (Bon + “duy) = [mn, un) + 74 (Ju) .

Then
ﬁquh (Owp, + Sdvp) = Wg(ﬁdbqhvh — EL g vn + Otgywhn + LognWh)
= [mns gy n] = W (“Loyvn) + },(Bun) — O(an)
Finally
W%Lzh(ﬁdwh) = w%th (Lqu,i — LLqﬁ)(wh) = W%(ﬁd[,ih — 2£thbqh - L[qhyqﬁ])(wh)

= [ﬂ'h, Lihwh] — Qﬂg(Ethvh) =+ [QFL; QFL] .

Therefore the r.h.s. of (6) gives

_ 1 1 - 1
d(qn) + [Th, un — gbihwh] + 5 lan, anl = 9(an) + [mn, 7a] + 5

that is precisely the Lh.s. of (¢). The lemma is proved. O

dh, Qh] 5

We assume finally that (a) (b) and (c) are satisfied. The next lemma implies
that, under this assumption, (d) is equivalent to d(uz) = 0.

Lemma 3.10. The Lh.s. of (d) is equal to the (—1,3)-part of jgl(ﬁd—i— 0)(wn)-
Proof of the lemma. The (—1,3)-part of jgl(ﬁd +0)(wp) is

%S(Edw )+ L®2 (Own + Ld’l’h) - an(évh + Eduh) + dup,

15, 1,
= _gbqr( dwr) + 9tan
As for the previous lemma one computes each term separately. For the reader’s
convenience we give the results without computations:

2 (Owp + “dvy) — Lay (Ovp, + Ldug) + Oup, .

b LS (Edwﬁ) = 73(£thf¢1h + L[Qm%])anwha
h(?wﬁ + ﬁdvﬁ) = ((?an + 2L5qn B QEL%L% - L[‘Jm%])thwﬁ’
o 1y, (Ovp + Lduy) = (Otgy, + tagy anwn — LLqﬁuh.
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Therefore the (—1,3)-part of jh_l('cd +0)(wp) is

_ 1 1 _
d(up — yghwh) + “Lag, (up, — §L§hwh) = 0(rn) + [an, n] ,
i.e. the Lh.s. of (d). The lemma is proved. O
This ends the proof of the proposition. ([

Therefore we obtain a map from the set of Maurer-Cartan elements 7y, in hG[[A]]
such that 7, = hr + o(h) to the set of 2-cocycles &y, = Fw—+O0(1) in (FA™ Ad +
0) with (0,2)-part being zero mod h. This map is obviously bijective. Let us
now assume that we have another Maurer-Cartan element 7, in iG[[A]] such that
(7)1 = hm + o(h), with image under the above map denoted @j}. It remains to

prove the following:
Proposition 3.11. 7, and 7}, are gauge equivalent if and only if &} = & + (“d +
0)(0r) with 0, a 1-cochain who’s (0,1)-part is zero mod h.

Proof of the proposition. The gauge equivalence between 7 and 7}, can be refor-
mulated as follows: 7}, = 7;;—1 where 7; is the solution of the differential equation

dm = "~
(7) — = (06, + [71,3)]) = 0
with initial condition 7y,—o = 7 and &; € exp(hG°[[h]]). As above we write
T = 7?3’0, qG = %?’1 and 7, = %{1’2, and we define jt in the same way as jh.

We also write @; = Ji(7), wy = @f’o, vy = &tl’l and u; = @?’2. We finally write
ap = &g’o and Gy = &;1’1, and define 0; = Jy (o) = 0+ (6 = (‘)tl’o and vy, = 9?’1).
So we have a; = 7T§ (0,) and B = vt —tq, (0;). It suffices to prove that the differential

equation (7) is equivalent to
di,

8
(8) o
First of all the (1,0)-part of (7) is equivalent to the (2,0)-part of (8), i.e. one has

(“d+ D)(6;) = 0.

T — [m, o) = 0 = iy — “d(0,) =0,

which directly follows from the fact that J;(7;) = —; + “d(6;).
Let us now assume that the &; — “d(6;) = 0.

Lemma 3.12. Under the previous assumption the (0,1)-part of (7) is equivalent
to the (1,1)-part of (8).

Proof of the lemma. Since we assumed that w; —“d(6;) = 0 then it suffices to prove
that the (0, 1)-part of J; *(0; — (“d+0)(6;)) is equal to the opposite of the (0, 1)-part
of the Lh.s. of (7). The (0, 1)-part of J; (& — (“d + 0)(6;)) is
7} (6 — 90, — “dye) — (7] @ 1, + 1, @ 7})(w5y — “db;)

= 7T§(’U't - 50t — /:d’}/t) - 7T§I,qt (wt — ‘Cdﬂt) .
Let us compute the first term of this sum:

, - , Ny

(v — 90, = Cdye) = o=t () + O(mi0:) — () (0:) + [es ]
= —Gp — 7 (0r) + Owr) + (g6 me]F)(02) + [, 7] -
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Then the second term is TH

ﬂf Lg, (W — Ldo,) =« Lg, Wt —wf LG, Wi — #tqut Wy — 7T§ (ﬁdbqt 0 — Lth 6;)
—Gs + G — 7 s + [mh, 1q,0¢] + 7} Ly, O
= 7t v 4 [ tq,04) — [ar, o] + (g0 m]")0; .
Therefore the (0,1)-part of J; (&, — (“d + 9)(6y)) is
—G + O() + [T, 7 — g, 0e] + [q1, ) = —Gr + () + [me, Be] + [ae, vl
which is minus the (0, 1)-part of the Lh.s. of (7). O

To end the proof, assuming (7) is true for degrees (1,0) and (0,1) (and (8) is
true for degrees (2,0) and (1,1)), we have to prove the following lemma:

Lemma 3.13. Under the preceding assumptions the (—1,2)-part of (7) is equivalent
to the (0,2)-part of (8).

Proof of the lemma. Thanks to the assumptions we made, it is sufficient to prove
that the (—1,2)-part of J; 1(&; — (%d + 0)(6;)) is equal to the (—1,2)-part of the
Lh.s. of (7). The (—1,2)-part of J; 1 (&; — (%d + 0)(;)) is

LS%Q (wt — Ldet) — th (’Ut — 59t — £d’yt) =+ Iit — 5’yt
1, - o
= §L(21t (wt — E’dgt) — g, (’Ut — aﬂt — Ed’}/t) + U — a’yt .

Let us compute the first term of this sum:

Ly, . ¢ 14 I . c
§th(wt* df;) = 3 Lot *Lq'tbthtfibqt( dig, — Ly, )0;

1 ~ 1
= 5 thvt —Lq‘t'Ut + (Lthth + ib[qhqt])ﬂt .

The second term is

. 5 /\\ a
bq, (Ut - 8915 - Ldryt) = lqVt —tgVt — G(th et) - Léqtet + LLQt'yt'

Therefore the (—1,2)-part of J; (& — (%d 4 0)(6;)) is equal to:

—% Ty +(FLg, g, + %L[md)et + O(1g,00) + Lgq,00 — “Lg, vt + 1ie — Ove
o= Loy B = 000+ 13013 e =T a0 5] = 05, 1151

= 7= la 0] = 0B, = (7 (01),re] = 7' — lgu, ) = 9B, — [ 4],
which is the the (—1,2)-part of the Lh.s. of (7). d

The theorem is proved. |

In the case of a complex symplectic manifold (like in paragraph 3.1.2) the differ-
ential “d is the usual holomorphic differential 9. Therefore (using the d-Poincare
lemma) one obtains the following
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Corollary 3.14. There is a one-to-one correspondence
{w.P.s. I} s.t. [IIz] = A[II] 4+ o(h)}
weak equivalences

1 . .
— zw+ F'H*(X,C) + hH?*(X,C)[[h]] -
This classification result is similar to the one in [18, 19].

3.4. Existence and classification of actual quantizations. Recall that a weak
deformation is an actual one if and only if the a;;;’s (see Example 2.1) are exactly
1. Let us denote by O% C O the sheaf of subalgebras of L-invariants.

3.4.1. A sufficient condition for the existence.

Proposition 3.15. Assume that the map H?*(X,0%) — H?*(X,O) (which is given
by OF — O) is surjective. Then any Poisson structure admits an actual quantiza-
tion.

Proof. We proceed by induction: we prove that for any n > 1 on can build a
weak quantization with a = 1+ O(A™). It is obvious for n = 1, and for n = 2 it
follows from the fact that the starting Poisson structure is not a weak one. Assume
now that we have the result for n > 2 and let us write a = 1 + h"a,, + O(A"1).
Taking the coefficient of A" in equation (4) we get that d(a,) = 0. By assumption
Ap = Gy + cZ(an), where a,, is a Cech 2-cocycle with values in OF. Using the gauge
transformation exp(h™«,) we get that the quantization is weakly equivalent to a
one with a = 1+ h"a, + O(h"*1). Tt is an immediate check that replacing a,, with
0, equations of Example 2.1 are still satisfied. So we get the result for n + 1. (Il

Remark 3.16. Observe that the operation of replacing an invariant element with O
is not a weak equivalence. Therefore we have not proved that, under the hypothesis
of the proposition, any weak quantization is weakly equivalent to an actual one.

Let us come back to the example of §3.1.2 and assume that we are given a
holomorphic symplectic 2-form. In this case, as @* = C, our condition for the
existence of an actual (i.e., in this case, holomorphic) quantization is the same as
in [17]: surjectivity of H?(X,C) — H?(X,0Ox). Indeed, Nest and Tsygan prove
that this condition is sufficient for the existence of a Fedosov connection V =
0+ Vo +adA + adB, where A and B are respectively (0, 1)- and (1,0)-forms with
values in the Weyl algebra bundle of X (cf. [17], Theorem 5.9: in that theorem
only surjectivity of H?(X,C) — H?(X,Ox) is used to prove the existence of the
connection). Then they prove (Theorem 5.6 and following remarks) that taking flat
sections of a Fedosov connection one gets the desired quantization.

3.4.2. A partial classification result.

Proposition 3.17. Assume that H*(X,0) = 0 and that the map H*(X,0F) —
HY(X,0) (which is given by OF < ) is surjective. Then any Poisson structure
admits an actual quantization and we have a one-to-one correspondence between
equivalence classes of weak quantizations and equivalence classes of actual quanti-
zations

Remark 3.18. We saw that the condition H*(X,0) = 0 implies that any weak
deformation is weakly equivalent to an actual one. In the same way one can prove
that any formal weak Poisson structure is weakly equivalent to an actual one.
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Proof. Thanks to the previous remark, we only need to prove that a weak equiva-
lence can be replaced by a strong one. Following the same proof as in Proposition
3.15 and the fact that H'(M,C) — H'(M,Qys) is surjective, one can replace
the functions involved in the definition of the weak equivalence isomorphisms with
constants ones and so 0 functions. O

Let us again study the example of paragraph 3.1.2 (O% = C) and assume that
we are given a holomorphic symplectic 2-form w. In this case, existence and clas-
sification of actual (i.e. holomorphic) quantizations is the same as in [17]: thanks
to the corollary of Proposition 3.6 and the assumption H?(X,Ox) = 0, equiva-
lence classes of holomorphic quantizations are in one-to-one correspondence with
tw+ H*(X,C)[[R] (or tw + H?(F*A**(X))[[R]]). Note that in Nest and Tsy-
gan’s construction one really needs the condition H 2(X,0x) = 0 otherwise the
set of preimages of the surjective map H?(X,C) — H?*(X,Ox) would be an affine
space (not a vectorial space). So choices of preimages of this map in the construc-

tion of a Fedosov cannot be done cannonically by chosing element in the space
H?(F*Q**(X)).
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