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2 FABIO GAVARINI AND GILLES HALBOUTA second motivation for studying the geometrical meaning of the classical r{matrixarises from conformal, quantum and topological quantum �eld theories. Indeed, all theseare concerned with the notion of "fusion rules" which, roughly, rule the tensor product in aquasitensor category (see e.g. [FK]): as an application | among others | one has a recipewhich provides tangle and link invariants as well as invariants of 3-manifolds (cf. [Tu]).In this setting, the common notion one start with is that of a quasitensor (or "braidedmonoidal") category; such an object can be built up as category of representations of a qua-sitriangular Hopf algebra (QTHA): indeed, by Tannaka-Krein reconstruction theorems thetwo notions | quasitensor categories and quasitriangular Hopf algebras | are essentiallyequivalent, so one may switch to the study of QTHAs. A key example of QTHA is givenby a quantum group, in the shape of a quantum universal enveloping algebra (QUEA)together with its (universal) R{matrix. Now, the semiclassical counterpart of a QUEA isa Lie bialgebra g (i.e., the given QUEA is the quantization of U(g)): if the QUEA is alsoquasitriangular, then the semiclassical counterpart of its R{matrix is a classical r{matrixr on g, the pair (g; r) being a quasitriangular Lie bialgebra. The question then rises ofwhether | or at least how far | one can perform the constructions which are usuallymade via the QUEA and its R{matrix (such as that of link invariants) using instead onlythe "semiclassical" datum of (g; r): then again the key point will be to understand thegeometrical meaning of the classical r{matrix.With this kind of motivations, we go and study the following problem. It is known thatif g is a Lie bialgebra (over a �eld | of zero characteristic), then its dual space g� is a Liebialgebra as well. Also, let G be an algebraic Poisson group | or Poisson-Lie group, say,when |2 fR; C g | whose tangent Lie bialgebra is g. Now assume g is quasitriangular,with r{matrix r : this gives to g some additional properties; two questions then rise:(�) What an additional structure one obtains on the dual Lie bialgebra g� ?(�) What is the geometrical global datum on G which is the result of "integrating" r ?Of course, the two questions and their answers are necessarily tightly related.First, an answer to question (�) was given by the authors in [GH] (cf. also [Re], [Ga1],[Ga2]): the topological Poisson Hopf algebra F [[g�]] (the function algebra of the formalPoisson group associated to g�) is braided (see the de�nition later on).The result in [GH] was proved using the theory of quantum groups. Indeed, afterEtingof-Kazhdan (cf. [EK]) every Lie bialgebra admits a quantization U~(g), namely a(topological) Hopf algebra over |[[~]] whose specialisation at ~ = 0 is isomorphic toU(g) as a co-Poisson Hopf algebra; in addition, if g is quasitriangular and r is its r{matrix, then such a U~(g) exists which is quasitriangular too, as a Hopf algebra, with anR{matrix R~ (2 U~(g) 
 U~(g) ) such that R~ � 1 + r ~ mod ~2 (here one identi-�es, as |[[~]]{modules, U~(g) �= U(g)[[~]] ). Using Drinfeld's Quantum Duality Principle([Dr1]; cf. [Ga5] for a proof), from any QUEA U~(g) with semiclassical limit U(g) onecan extract a certain quantum formal series Hopf algebra (QFSHA) U~(g)0 such that thesemiclassical limit of U~(g)0 is F [[g�]]. In [GH], starting from a quasitriangular QUEA�U~(g); R�, we showed that, although a priori R 62 U~(g)0 
 U~(g)0 (so that the pair�U~(g)0; R � is not in general a quasitriangular Hopf algebra), nevertheless its adjoint ac-tion R~ := Ad(R~) : U~(g)
U~(g) �! U~(g)
U~(g) ; x
y 7! R~ �(x
y)�R�1~ stabilisesthe subalgebra U~(g)0 
 U~(g)0 , hence induces by specialisation an operator R0 over



BRAIDING STRUCTURES AND CLASSICAL SOLUTIONS OF THE QYBE 3F [[g�]]
 F [[g�]] : moreover, the properties which make R~ an R{matrix imply that R~ isa braiding operator, hence the same holds for R0: thus, the pair �F [[g�]];R0� is a braidedHopf algebra. In particular, this gives us a new method to produce set-theoretical solutionsof the QYBE, thus giving a positive answer to a question set in [Dr2] (also tackled, forinstance, in [ESS]). Note also that for igniting our construction we only need a quantisationfunctor (g; r) 7! �U~(g); R � , and several of them exist (see [En]).Second, an answer to question (�) was given by Weinstein and Xu in [WX]. We brie
ysketch their results. Let G, resp. G�, be a Poisson group with tangent Lie bialgebra g,resp. g� : in addition, assume both G and G� to be complete. Let D be the correspondingdouble Poisson group, which is given a structure of symplectic double groupoid, over G andG� at once (further assumptions are needed, see x3 later on). Then the authors prove thatthere is a classical analogous of the quantum R{matrix, namely a Lagrangian submanifoldR of D�D, called the (global) classical R{matrix, which enjoys much the same propertiesof a quantum R{matrix! Furthermore, for any symplectic leaf S in G�, this R induces asymplectic automorphism of S � S which in turn at the level of function algebras yields abraiding for F [S] ; then, as G� is the union of its symplectic leaves, we get also a braidingon F [G�] and so, via completion, a braiding on F [[g�]] too.As a �rst goal in this paper, we investigate more in depth the properties of the con-struction in [GH]. In particular, we show that the step �U~(g); R � 7! �U~(g)0;R~ �is functorial and preserves quantisation equivalence. Since the initial quantisation step(g; r) 7! �U~(g); R~� (provided by [EK], but any other would work) is functorial, and ofcourse the �nal specialisation step �U~(g)0;R~� 7! �F [[g�]];R0� is trivially functorial, weconclude that the whole construction (g; r) 7! �F [[g�]];R0� is functorial too. Moreover,whenever one has a braiding on F [[g�]] a so-called in�nitesimal braiding R is de�ned onthe cotangent Lie bialgebra of F [[g�]]
2, which is just g�2: if the braiding is the aforementioned R0, we prove that the in�nitesimal braiding R0 is trivial.As a second goal of the paper, we compare our results with those of [WX]. First of all, ageneral fact is worth stressing: the purpose in [WX] is to �nd a geometrical counterpart ofthe classical r{matrix, in particular an object which is of global rather than local nature:to this end, one is forced to impose some additional requirements from scratch, mainly theexistence of complete Poisson groups G and G� with tangent Lie bialgebras respectively gand g� ). In contrast, the approach of [GH] sticks to the in�nitesimal level: everything isformulated in terms of Lie bialgebras or formal Poisson groups. Therefore, the �nal outputof [WX] is stronger but requires stronger hypotheses as well. Nevertheless, the additionalrequirements in [WX] are not necessary if we stick to the in�nitesimal setting: indeed,a good deal of the analysis therein can be carried out as well in local terms | just ongerms of Poisson groups | so that eventually one ends up with results which are perfectlycomparable with those of [GH]. Thus we compare the braiding RWX of [WX] with theone of [GH], call it RGH . Indeed, one has a theoretical reason to �nd strong similarities:namely, the construction in [WX] is a geometric quantisation of (g; r), whereas the oneof [GH] passes through deformation quantisation. As a matter of fact, �rst we show thatthe in�nitesimal braiding RWX is trivial, just like RGH . Second, when g = sl2 with thestandard r{matrix we prove via explicit computation that RWX = RGH . This raises the(open) question of whether RWX and RGH do always coincide.



4 FABIO GAVARINI AND GILLES HALBOUTThe paper is organized as follows. Section 1 is devoted to recall some notions and resultsof quantum theory. Section 2 deals with the construction of braidings via quantum groups,after [GH]: in particular we point out its "compatibility" with the equivalence relationfor quantisations, we prove the triviality of the associated in�nitesimal braiding, and wesketch some examples. Section 3 deals with the geometrical construction of braidings after[WX]: in particular we reformulate some results from [loc. cit.] to make them �t with ourlanguage, and we prove that the associated in�nitesimal braiding is trivial. Finally, section4 is devoted to explicit computation of both RWX and RGH , which shows they do coincide.
x 1. De�nitions and recalls from quantum group theory1.1 Topological |[[~]]{modules and topological Hopf |[[~]]{algebras. Let |be a �xed �eld of zero characteristic, ~ an indeterminate. The ring |[[~]] will always beconsidered as a topological ring w.r.t. the ~{adic topology. LetX be any |[[~]]{module. Weset X0 := X�~X = |
|[[~]]X , a |{module (via scalar restriction |[[~]]! |[[~]]�~|[[~]]�=|) which we call the specialisation of X at ~ = 0 , or semiclassical limit of X ; we shallalso use notation X ~!0���!Y to mean X0 �= Y . For later use, we also set FX :=|((h))
|[[~]]X , a vector space over |((h)) .Let T b
 be the category whose objects are all topological |[[~]]{modules which are topo-logically free (i.e. isomorphic to V [[~]] for some |{vector space V , with the ~{adic topology)and whose morphisms are the |[[~]]{linear maps (which are automatically continuous).This is a tensor category w.r.t. the tensor product T1 b
T2 de�ned to be the separated~{adic completion of the algebraic tensor product T1 
|[[~]] T2 (for all T1, T2 2 T b
 ).Let P e
 be the category whose objects are all topological |[[~]]{modules isomorphicto modules of the type |[[~]]E (the Cartesian product indexed by E, with the Tikhonovproduct topology) for some set E : these are complete w.r.t. to the weak topology, in factthey are isomorphic to the projective limit of their �nite free submodules (each one takenwith the ~{adic topology); the morphisms in P e
 are the |[[~]]{linear continuous maps.This is a tensor category w.r.t. the tensor product P1 e
P2 de�ned to be the completion ofthe algebraic tensor product P1
|[[~]]P2 w.r.t. the weak topology: therefore Pi �= |[[~]]Ei(i = 1, 2) yields P1 e
P2 �= |[[~]]E1�E2 (for all P1, P2 2 P e
 ).Note that the objects of T b
 and of P e
 are complete and separated w.r.t. the ~{adictopology, whence one has X �= X0[[~]] (as |[[~]]{modules) for each of them.To simplify notation, in the sequel we shall usually write simply 
 for either b
 or e
 .De�nition 1.2. (cf. [Dr], x 7)(a) We call quantized universal enveloping algebra (in short, QUEA) any Hopf algebraH in the category T b
 such that H0 := H�~H is a co-Poisson Hopf algebra isomorphic toU(g) for some �nite dimensional Lie bialgebra g (over |); in this case we write H = U~(g) ,and say H is a quantisation of U(g). We call QUEA the subcategory of T b
 whose objectsare QUEA (relative to all possible g), with the obvious morphisms.



BRAIDING STRUCTURES AND CLASSICAL SOLUTIONS OF THE QYBE 5(b) We call quantized formal series Hopf algebra (in short, QFSHA) any Hopf algebraK in the category P e
 such that K0 := K�~K is a topological Poisson Hopf algebraisomorphic to F [[g]] for some �nite dimensional Lie bialgebra g (over |); then we writeH = F~[[g]] , and say K is a quantisation of F [[g]]. We call QFSHA the full subcategoryof P e
 whose objects are QFSHA (relative to all possible g), with the obvious morphisms.(c) If H1, H2, are two quantisations of U(g), resp. of F [[g]] (for some Lie bialgebra g),we say that H1 is equivalent to H2, and we write H1 � H2 , if there is an isomorphism' :H1 �= H2 (in QUEA, resp. in QFSHA) and a |[[~]]{linear isomorphism '+ :H1 �= H2such that ' = id + ~'+ when identifying H1 and H2 with U(g)[[~]], resp. with F [[g]][[~]].Remarks 1.3: (a) Note that the objects of QUEA and of QFSHA are topologicalHopf algebras, not standard ones. As a matter of notation, if H is any Hopf algebra (maybetopological), we shall denote by m its product, by 1 its unit element, by � its coproduct,by � its counit and by S its antipode (with a subscript H if necessary).(b) If H 2 HA b
 is such that H0 := H�~H as a Hopf algebra is isomorphic to U(g)for some Lie algebra g, then H0 = U(g) is also a co-Poisson Hopf algebra, w.r.t. thePoisson cobracket � de�ned as follows: if x 2 H0 and x0 2 H gives x = x0 + hH , then�(x) := �h�1 ��(x0)��op(x0)��+hH b
H ; then (by [Dr], x3, Theorem 2) the restrictionof � makes g into a Lie bialgebra. Similarly, if K 2 HA e
 is such that K0 := K�~Kis a topological Poisson Hopf algebra isomorphic to F [[g]] for some Lie algebra g thenK0 = F [[g]] is also a topological Poisson Hopf algebra, w.r.t. the Poisson bracket f ; gde�ned as follows: if x, y 2 K0 and x0, y0 2 K give x = x0 + hK, y = y0 + hK, thenfx; yg := �h�1(x0 y0� y0 x0)�+ hK ; then g is a bialgebra again. These natural co-Poissonand Poisson structures are the ones considered in De�nition 1.2 above.(c) Clearly QUEA, resp. QFSHA, is a tensor subcategory of T b
 , resp. of P e
 .(d) We make a �niteness assumption on dim (g) , but in�nite-dimensional cases canalso be "reasonably" handled as explained in [Ga5], x3.9.1.5 Drinfeld's functors. Let H be a Hopf algebra (of any type) over |[[~]]. For eachn 2 N , de�ne �n:H �! H
n by �0 := � , �1 := idH , and �n := ��
id
(n�2)H ���n�1if n � 2. Then set �n = (idH � �)
n ��n , for all n 2 N+ . Finally, de�neH 0 := � a 2 H �� �n(a) 2 ~nH
n 8n 2 N 	 � � H � :Now let IH := �H�1�~|[[~]]� ; set H� := Pn�0 ~�nIHn = Sn�0 �~�1IH�n � � FH �, andH_ := (separated) ~{adic completion of the |[[~]]{module H� :The following is the �rst important result we need:Theorem 1.6. ("The quantum duality principle"; cf. [Ga5], Theorem 1.6)The assignments H 7! H_ and H 7! H 0 respectively de�ne functors of tensor cate-gories QFSHA �! QUEA and QUEA �! QFSHA . These functors are inverse toeach other. Indeed, for all U~(g) 2 QUEA and all F~[[g]] 2 QFSHA one hasU~(g)0.~U~(g)0 = F [[g�]] ; F~[[g]]_.~F~[[g]]_ = U(g�)



6 FABIO GAVARINI AND GILLES HALBOUT(where g� is the dual to g), i.e. U~(g)0 = F~[[g�]] and F~[[g]]_ = U~(g�) . Moreover, thefunctors preserve equivalence, i.e. H1 � H2 implies H1_ � H2_ or H10 � H20 . �1.7 An explicit description of U~(g)0 . Given any QUEA, say U~(g), we can give arather explicit description of U~(g)0 . In fact, one has (see [Ga5], x3.5):Given a basis �x1; : : : ; xd	 of g, there is a lift �x1; : : : ; xd	 of it in U~(g) such that�(xi) = 0 and U~(g)0 is just the topological |[[~]]{algebra in P e
 generated (topologically) by�~x1; : : : ; ~xd	 ; so U~(g)0 = nPe2Nd ae ~jej xe ��� ae 2 |[[~]] 8 eo as a subset of U~(g).Hereafter, we use notation x e := dQi=1x eii and jej := dPi=1 ei for all e = �e1; : : : ; ed� 2 Nd .De�nition 1.8. (cf. [Dr1], [CP], [Re])(a) A Hopf algebra H (in any tensor category) is called quasitriangular if there isR 2 H 
H (tensor product within the category), called the R{matrix of H, such thatR ��(a) �R�1 = Ad(R)(�(a)) = �op(a)(�
 id)(R) = R13R23 ; (id
�)(R) = R13R12 (1:1)where �op := � ��(a) with �: H
2 ! H
2 , a
 b 7! b
 a , and R12; R13; R23 2 H
3 ,R12 = R
 1 , R23 = 1 
 R , R13 = (� 
 id)(R23) = (id
 �)(R12) . The algebra is calledtriangular, and the R{matrix unitary, if in addition R�1 = Rop := �(R) .We call QTQUEA, resp. TQUEA, the subcategory of QUEA whose objects are allthe quasitriangular, resp. the triangular, QUEA (in short QTQUEA, resp. TQUEA) andwhose morphisms ' : H1 �! H2 enjoy �
2(R1) = R2 .(b) A Hopf algebra H (in any tensor category) is called braided if there is an algebraautomorphism R : H 
 H �! H 
 H in the category, called the braiding operator (orsimply the braiding) of H, di�erent from �: a
 b 7! b
 a and such thatR �� = �op(�
 id) �R = R13 �R23 � (�
 id) ; (id
�) �R = R13 �R12 � (id
�) (1:2)where R12;R13;R23 are the automorphisms of H
3 de�ned by R12 = R 
 id , R23 =id
R , R13 = (�
 id) � (id
R) � (�
 id) . Moreover, the braiding operator is said to beunitary and the algebra to be rigid if in addition R�1 = � �R � � .We call BQF SHA, resp. RBQFSHA, the subcategory of QFSHA whose objects areall the braided, resp. the rigid braided, QFSHA (in short BQFSHA, resp. RBQFSHA) andwhose morphisms  : H1 �! H2 enjoy  
2 �R1 = R2 �  
2 .(c) Let �H1; R1�, �H2; R2� 2 QTQUEA. We say that �H1; R1� is equivalent to�H2; R2� , and we write �H1; R1� � �H2; R2� , if H1 � H2 in QUEA via an equivalence' :H1 �= H2 which is also an isomorphism in QTQUEA (i.e. such that �
2(R1) = R2 ).(d) Let �H1;R1�, �H2;R2� 2 BQF SHA. We say that �H1;R1� is equivalent to�H2;R2� , and we write �H1;R1� � �H2;R2� , if H1 � H2 in QUEA via an equivalencewhich is also an isomorphism in BQF SHA (i.e. such that  
2 �R1 = R2 �  
2 ).



BRAIDING STRUCTURES AND CLASSICAL SOLUTIONS OF THE QYBE 7Remarks 1.9. (a) It follows immediately from (1.1) thatR is a solution of the quantumYang-Baxter equation (in short, QYBE) in H
3, namely R12R13R23 =R23R13R12 . Thisis the starting point for de�ning a braid group action on the tensor products of H{modules,and then for constructing link invariants, following [Tu] (see also [CP], x15).Similarly, it follows from (1.2) that R is a solution of the QYBE in End (H
3), namelyR12 � R13 � R23 = R23 � R13 � R12 . Again, this implies the existence of a braid groupaction on the tensor powers of H, from which one can start a search for link invariants.(b) It is proved in [EK] that, for any Lie bialgebra g, there exists a QUEA, whichwe'll denote U~(g), whose semiclassical limit is isomorphic to U(g); moreover, one has anidenti�cation U~(g) �= U(g)[[~]] as |[[~]]{modules, hence also U~(g) 
 U~(g) �= �U(g) 
U(g)�[[~]] . Here, like elsewhere in the following, the tensor products among |[[~]]{modulesare topological tensor products. In addition, if g is quasitriangular | as a Lie bialgebra(cf. [CP]) | and r is its r{matrix, then there exists such a U~(g) which is quasitriangularas well | as a Hopf algebra | with an R{matrix R~ (2 U~(g) 
 U~(g) ) such thatR~ � 1+~ r mod ~2 , that is to say R~ = 1+~ r+O �~2� with O �~2� 2 ~2�U~(g)
U~(g) .
x 2. Braidings from deformation quantisationTheorem 2.1. ([GH], Th�eor�eme 2.1) Let H be a QTQUEA, and let R be its R{matrix.Then the inner automorphism Ad(R) : H 
H ���! H 
 H of H 
H restricts to anautomorphism of H 0 
H 0, and the pair �H 0; Ad(R)��H0
H0� is a BQFSHA. �As a �rst goal in this section we provide some further details about Theorem 2.1:Theorem 2.2.(a) The functor ( )0 : QUEA ���! QFSHA yields by restriction two functors( )0 : QTQUEA ���! BQF SHA ; �H;R� 7! �H 0; Ad(R)��H0
H0�( )0 : TQUEA ���! RBQFSHA ; �H;R� 7! �H 0; Ad(R)��H0
H0� :(b) The functors in (a) preserves equivalence classes, i.e. if �H1; R1� � �H1; R1� inQTQUEA then �H 0; Ad(R)��H0
H0� � �H 0; Ad(R)��H0
H0� in BQF SHA.Proof. (a) Theorem 2.1 tells that the functor ( )0 : QTQUEA ��! BQF SHA is well-de�ned on objects. Moreover, if � : �H1; R1� �! �H2; R2� is a morphism in QTQUEAthen �
2(R1) = R2 , whence �
2 � Ad(R1)��(H01)
2 = Ad(R2)��(H02)
2 � �
2 follows atonce, hence �0 := ���H01 : H 01 ��! H 02 is a morphism in BQF SHA. In addition, if�H;R� 2 TQUEA then R�1 = �(R) yields �Ad(R)��(H0)
2��1 = Ad�R�1����(H0)
2 =



8 FABIO GAVARINI AND GILLES HALBOUTAd��(R)����(H0)
2 = � �Ad��(R)����(H0)
2 � � , hence Ad��(R)����(H0)
2 is unitary, q.e.d.(b) This follows easily from (a) and the very de�nitions. �Second, as a consequence of Theorem 2.1 along with the existence of quasitriangularquantisation of any quasitriangular Lie bialgebra (cf. [EK]) one gets a braiding on F [[g�]] :Corollary 2.3. ([GH], Th�eor�eme 2.2) Let g be a (�nite dimensional) quasitriangular Liebialgebra. Then the topological Poisson Hopf algebra F [[g�]] is braided (in particular, itsbraiding is a Poisson automorphism). Moreover, there is a quantisation of F [[g�]] whichis a braided Hopf algebra whose braiding operator specialises into that of F [[g�]] . �2.4 The triviality of the in�nitesimal braiding. Let g and g� be �nite dimensionalLie bialgebras dual to each other. Assume F [[g�]] is braided (as a Poisson Hopf algebra),R being its braiding (which is a Poisson automorphism also). Let m
e be the (unique)maximal ideal of F [[g� � g�]] = F [[g�]] 
 F [[g�]] (topological tensor product, after [Di],Ch. 1). Since R is an algebra automorphism, R�m
e � = m
e and R induces an automor-phism R of the vector space m
e .�m
e �2 . Now, m
e .�m
e �2 with the Lie bracket inducedby the Poisson bracket of F [[g��g�]] identi�es with the Lie algebra g�g ; since R is alsoan automorphism of Poisson algebras, the map R is an automorphism of the Lie algebrag� g ; of course R inherits also other properties of the braiding R, in particular R and Rare solutions of the QYBE, hence we call it the in�nitesimal braiding associated to R.Now assume in addition that g be quasitriangular, and the braiding R on F [[g�]] is pro-vided as in Corollary 2.3. Namely, let �U~(g); R� 2 QTQUEA be a quantisation of thequasitriangular Lie bialgebra (g; r) : by de�nition, this means that U~(g) has semiclassicallimit (i.e. specialisation at ~ = 0) the co-Poisson Hopf algebra U(g) and, in the identi�-cation U~(g) = U(g)[[~]] (as topological |[[~]]{modules), R = 1 + ~ r + O(~2) for someO(~2) 2 ~2 U(g)[[~]] . Then R is the braiding of F [[g� � g�]] = U~(g)0 
 U~(g)0 mod ~which is obtained as specialisation at ~ = 0 of Ad(R)���U~(g)0
U~(g)0 , thanks to Theorem2.1. Then our next result is that the associated in�nitesimal braiding R is always trivial:Theorem 2.5. The in�nitesimal braiding R : g�g ��! g�g is trivial, i.e. R = idg�g .Proof. Let �x1; : : : ; xd	 be a basis of g, and pick a lift �x1; : : : ; xd	 of it in U~(g) asexplained in x1.7, so that U~(g)0 = nPe2Nd ae ~jej xe = Pe2Nd ae ~xe ��� ae 2 |[[~]] 8 eo ,where ~xi := ~xi (for all i ) are topological generators of U~(g)0. Then U~(g)0 
 U~(g)0is generated by the 1~xi := ~xi 
 1 and the 2~xi := 1 
 ~xi , for all i. On the other hand,one has U~(g) = |[x1; : : : ; xd][[~]] as topological |[[~]]{modules, whence U~(g)
 U~(g) =�|[1x1; : : : ; 1xd; 2x1; : : : ; 2xd]�[[~]] . Then we have an ~{adic expansion of R and of R�1,namely R =Pn�0 P+n �1x ; 2x �~n , R�1 =Pm�0 P�m�1x ; 2x �~m for some polynomialsP+n �1x ; 2x �=P+n �1x1; : : : ; 1xd; 2x1; : : : ; 2xd�, P�m�1x ; 2x �=P�m�1x1; : : : ; 1xd; 2x1; : : : ; 2xd�.Now, the condition R = 1
 + ~ r + O�~2� (with 1
 := 1 
 1 ) forces P+0 = 1 = P�0 ,P+1 = Pi;j ci;j � 1xi 2xj = �P+1 for some ci;j 2 | such that r = Pi;j ci;j � xi 
 xj . In



BRAIDING STRUCTURES AND CLASSICAL SOLUTIONS OF THE QYBE 9addition, any R{matrix enjoys (�
 id )(R) = 1 = (id
 �)(R) , hence also (�
 id )�R�1� =1 = (id
 �)�R�1� ; setting P� := R�1� 1 , this implies (�
 id )(P�) = 0 = (id
 �)(P�) .Now, for all ` consider �Ad(R)�(s~x`) = R � 1~xi �R�1 : we have�Ad(R)�(1~x`) = R � 1~x` �R�1 = (1 + P+) � 1~x` � (1 + P�) == 1~x` + P+ � 1~x` + 1~x` � P� + P+ � 1~x` � P� : (2:1)We know that this element belongs to �U~(g)
 U~(g)�0 = |[[1~x1; : : : ; 1~xd; 2~x1; : : : ; 2~xd; h]] ,so we can write it as a series; since (�
 id )(P�) = 0 and (�
 id ) is a morphism we have(�
 id )�P+ � 1~x`+ 1~x` �P�+P+ � 1~x` �P�� = 0 : recalling that ��s~xi� = 0 this means thatP+ � 1~x` + 1~x` � P� + P+ � 1~x` � P� =Xe(1);e(2)2Nd ae(1);e(2) 1~xe(1) 2~xe(2)(where ae(1);e(2) 2 |[[~]] for all e(1), e(2) ) with ae(1);0 = 0 = a0;e(2) for all e(1), e(2) , thusP+ � 1~x` + 1~x` � P� + P+ � 1~x` � P� =Xje(1)j;je(2)j>1ae(1);e(2) 1~xe(1) 2~xe(2) : (2:2)Now 1~xe(1) , 2~xe(2) mod ~ �U~(g)
2�0 belong to m
e (notation of x2.4) as soon as je(1)j > 1 ,je(2)j > 1 ; so (2.2) gives�P+ � 1~x` + 1~x` � P� + P+ � 1~x` � P�� � 0 mod ~ �U~(g)
2�0 2 �m
e �2and this along with (2.1) yields (for all ` = 1, : : : , d )R��1~x` mod ~ �U~(g)
2�0� mod �m
e �2� == ��Ad(R)�(1~x`) mod ~ �U~(g)
2�0� mod �m
e �2 == �1~x` mod ~ �U~(g)
2�0� mod �m
e �2 :Similarly one gets (for all ` = 1, : : : , d )R��2~x` mod ~ �U~(g)
2�0� mod �m
e �2� = �2~x` mod ~ �U~(g)
2�0� mod �m
e �2 :Letting s�x` := �s~x` mod ~ �U~(g)
2�0� mod �m
e �2 2 m
e .�m
e �2 = g�g (for all s = 1,2 and ` = 1, : : : , d ), we have in short R�s�x`� = s�x` for all s, `. Since the s~x` generate�U~(g)
2�0, the s�x` span g� g , hence we can conclude that R is trivial, as claimed. �2.6 The example of semisimple and (untwisted) a�ne cases. In [Re] and [Ga1-2] the adjoint action of the R{matrix of the Jimbo-Lusztig's quantum groups Uq(g) was



10 FABIO GAVARINI AND GILLES HALBOUTstudied. In this section we brie
y outline how the results therein can be read as specialoccurrences of the ones cited here, namely the existence of braidings on U~(g).Let g = g� be a semisimple Lie algebra, i.e. a �nite type Kac-Moody algebra, endowedwith the Lie cobracket | depending on the parameter � | given in [Ga3], x1.3, whichmakes it into a Lie bialgebra; in the following we shall also retain from [loc. cit.] all thenotation we need: in particular, we denote by Q, resp. P , the root lattice, resp. the weightlattice, of g, and by r the rank of g. In particular, when � = 0 we have the standardSklyanin-Drinfeld cobracket. Similarly, g may be any untwisted a�ne Kac-Moody algebra,as in [Ga4] (with corresponding notation).Now set q := exp(h) ; then |(q) is a subring of |[[~]], hence also all its subrings are.Let Uq(g) be the Jimbo-Lusztig's quantum group over |(q), de�ned as Uq(g) := UQq;'(g)as in [Ga3], x3.3, if g is �nite, and as Uq(g) := UQq (g) as in [Ga4], x3.3, if g is a�ne.Furthermore, let bUq(g) be the integer form of Uq(g) de�ned as bUq(g) := UQ'(g) (overA := |�q; q�1� ) as in [Ga3], x3.3, if g is �nite, and as bUq(g) := UQ(g) (over the ring A ofrational functions in q having no poles at roots of unity of odd order) as in [Ga4], x3.3, ifg is a�ne. In both cases A is a subring of |(q), hence of |[[~]], thus we can de�neU~(g) := (separated) ~{adic completion of |[[~]]
A bUq(g) : (2:3)It is well known that bUq(g).(q � 1) bUq(g) �= U(g) : this and (2.3) imply that U~(g)has semiclassical limit U(g), thus it is a QUEA. In fact, U~(g) is the well known Drinfeldquantum group over |[[~]], as de�ned in [Dr1], x6. In addition, let also eUq(g) be theinteger form of Uq(g) de�ned as eUq(g) := UQ' (g) (over A := |�q; q�1� ) as in [Ga3], x3.3,if g is �nite, and as eUq(g) := UQ(g) (over the ring A above) as in [Ga4], x3.3, if g is a�ne.Similarly, we do the same for the dual Lie bialgebra g� (denoted h in [loc. cit.]), fol-lowing [Ga3], x6 | in the �nite case | or [Ga4], x5 | in the a�ne case, thus gettingUq(g�), bUq(g�), eUq(g�), and U~(g�), the last one being a QUEA with U(g�) as semiclassicallimit. From the description in [Ga3{4], one sees that these objects are quite similar to thecorresponding ones related to g.Now consider bUq(g)� := HomA�bUq(g); A� ; from [Ga3{4] we have the identi�cationbU �q (g) �= eUq(g�) , and also eUq(g�) q!1���! eUq(g�).(q � 1) eUq(g�) �= F [[g]] . Thus lettingF~[[g]] := (separated) ~{adic completion of |[[~]]
A eUq(g�) (2:4)we have that F~[[g]] is a QFSHA, with semiclassical limit F [[g]].The natural Hopf pairing h ; i : eUq(g�) � bUq(g) ���! A yields a Hopf pairingh ; i : F~[[g]] � U~(g) ���! |[[~]] ; moreover, it extends similarly to a perfect pairingh ; i : Uq(g�)� Uq(g) ���! |(q) . The analysis in [Ga3{4] shows thateUq(g) = �bUq(g�)�� := n y 2 Uq(g) ��� 
 bUq(g�); y� � Ao : (2:5)In addition, by Proposition 1.4 we have alsoU~(g)0 = �F~[[g]]_�� := n y 2 FU~(g) ��� DF~[[g]]_; yE � |[[~]] o



BRAIDING STRUCTURES AND CLASSICAL SOLUTIONS OF THE QYBE 11where we consider h ; i : FF~[[g]] � FU~(g) ���! |((h)) to be the obvious pairingobtained by scalar extension from h ; i : F~[[g]]� U~(g) ���! |[[~]] .Now, the very de�nitions of all the objects involved yield (via the analysis in [Ga3{4])F~[[g]]_ = �(separated) ~{adic completion of |[[~]]
A eUq(g�)�_ == (separated) ~{adic completion of |[[~]]
A bUq(g�) =: U~(g�) ;this and (2.5) together giveU~(g)0 = (separated) ~{adic completion of |[[~]]
A eUq(g) : (2:6)This gives us a concrete description of U~(g)0 : if U~(g) is topologically generated | asusual | by Chevalley-like generators Fi, Hj , Ei (for i and j in some set of indices I andJ , depending on the type of g) and if the F�'s, resp. E�'s, are (quantum) root vectorsattached to the positive, resp. negative, roots of g (like, for instance, in [Ga3{4]), thenU~(g)0 is the unital topological subalgebra of U~(g) topologically generated by the set� _F�; _E�	�S� _Hj	j with _F� := ~F�, _E� := ~E�, _Hj := ~Hj for all � and all j .Having this description in our hands, we can recognize that Theorem 2.3 in this case isalso proved in [Ga1], Theorem 4.4 (or simply Corollary 3.8, for c = 1 ), for the �nite case,and in [Ga2], Corollary 2.5(b), for the a�ne case.
x 3. Braidings from geometric quantisation: Weinstein and Xu's approach3.1 The (global) classical R{matrix (cf. [WX]). In this section we recall from[WX] the construction of the global R{matrix and point out how it provides a braiding.From now on, let |2 �R; C 	 . Let (g; r) be a (�nite dimensional) quasitriangular Liebialgebra, and write r =Pi r+i 
 r�i 2 g
 g . De�ne linear mapsr� : g� ��! g�� = g ; r�(�) := �Xi �(r�i ) � r�i 8 � 2 g� : (3:1)These are both Lie algebra homomorphisms; if (g; r) is triangular, then r+ = r� .Let G be a complete Poisson Lie group, and assume a dual Poisson Lie group G� exists(in general, only a germ of such a group is de�ned); then their tangent Lie bialgebras g andg� are dual to each other. We say that G is quasitriangular if g is quasitriangular and if theLie algebra homomorphisms r� : g� �! g de�ned above lift to Lie group homomorphismsR� : G� �! G . In this case, we de�ne� ;  : G� ��! G ; �(x) := R+(x�1) ;  (x) := R�(x�1) ; 8 x 2 G� : (3:2)These are both Poisson morphisms; if G is triangular (i.e. the like is true for g) thenR+ = R� , hence � =  .



12 FABIO GAVARINI AND GILLES HALBOUTWe shall use the following conventions for dressing transformations: the left and rightdressing transformation of G on G� are denoted, respectively, by �gu and �gu for allg 2 G and u 2 G� . Similarly, we denote the left and right dressing transformation of G�on G by �ug and �ug for all u 2 G� and g 2 G .By de�nition, the global classical R{matrix isR := n� �v�1�; u; �(� (v�1)u); v� ��� u; v 2 G�o = n� �v�1�; u; �v�1�(u); v� ��� u; v 2 G�owhich is a Lagrangian submanifold of D �D. It is shown in [WX] how this object enjoysa bunch of properties which are exactly the analogous of those of a quantum R{matrix; inaddition, if G is triangular, then R is unitary, by which we mean that Rop = R�1 (in thesense of [WX], Remark 8.3). Moreover, these properties imply the following result:Theorem 3.2. (cf. [WX], Corollary 7.2) If G is a complete quasitriangular Poisson Liegroup, then the map R = RWX : G��G� ��! G��G� given by(u; v) 7! �� (v�1)u ; ��(� (v�1)u)v� = �� (v�1)u ; ��(u�1)v� 8 u; v 2 G�is a Poisson di�eomorphism such thatm �R = mopR � (m
 id ) = (m
 id ) � R23 � R13 ; R � (id
m) = (id
m) � R12 � R13 (3:3)where m is the product of G� and mop := m � � (with � as in x1.8). In particular, R is asolution of the QYBE, and it restricts to a similar mapping S � S ��! S � S for everysymplectic leaf S of G�. In addition, if G is triangular then R is unitary, which meansR�1 = � � R � � .Proof. It is just a matter of recalling or reformulating some results of [WX]. The identityin the �rst line of (3.3) is proved by Theorem 5.1 in [loc. cit.]; the second line of identitiesinstead is a simple reformulation of Theorem 5.4 in [loc. cit.]; �nally, in the triangular casethe unitarity of R follows from the unitarity of the global R{matrix R, by Corollary 8.2and Remark 8.3 in [loc. cit.]. �Corollary 3.3. The mappingRWX := R� : F [G�]
 F [G�] = F [G��G�] ���! F [G��G�] = F [G�]
 F [G�]naturally induced by R is a braiding, which is unitary if R is. In particular, this canonicallyinduces a braiding RWX :F [[g�� g�]] ���! F [[g�� g�]] : Furthermore, the associatedin�nitesimal braiding RWX : g� g ��! g� g (cf. x2.4) is trivial, i.e. RWX = idg�g .Proof. The �rst part of the claim | RWX being a braiding, unitary if RWX is | followstrivially from Theorem 3.2 by duality; then RWX automatically induces an in�nitesimalbraiding RWX as well.



BRAIDING STRUCTURES AND CLASSICAL SOLUTIONS OF THE QYBE 13To prove the second part | that is, RWX being trivial | we must go back to thede�nition and the properties of dressing actions. Recall that the left dressing action of Gon G� is de�ned as follows. For all g 2 G, 
 2 G�, there exist unique g
 2 G, 
g 2 G�such that g � 
 = 
g � g
 ; then the left dressing action � : G� G���! G� of G on G�is given by �g(
) � �(g; 
) := 
g , for all g 2 G, 
 2 G�.Now, for all X 2 g, Y 2 g� and t 2 R, we haveexp(tX) � exp(t Y ) = exp(t Y )exp(tX) � exp(tX)exp(t Y )whence Taylor expansion givesexp(t Y )exp(tX) = �1 + t Y + t2 Y 2�2 + � � � �(1+ tX + t2X2=2+ ��� ) == 1 + t Y + t2 Y X + � � �+ t2 Y 2�2 + � � �(where Y X denotes the action of X onto Y induced at the in�nitesimal level by thedressing action), hence at �rst order in t we have simply Y ! Applied to the situationexp(tX) =  (v�1), exp(t Y ) = u this says that the �rst entry of T(e;e)(RWX )(Y; V ) is justY (here V := log(v) , and e denotes the unit element of G� ). Similarly, carrying out alike analysis on the right dressing action we get that the second entry of T(e;e)(RWX )(Y; V )is simply V . Therefore, T(e;e)(RWX ) = idg��g� ; as RWX is just the dual of T(e;e)(RWX ),it is trivial as well, q.e.d. �3.4 The factorizable case. Let (g; r) be a quasitriangular Lie bialgebra: if thebilinear form on g
g naturally associated to r+rop is non-degenerate, then (g; r) is saidto be factorizable. In this case, the corresponding linear map j := r+ � r� : g���! gis invertible. Now let G be a Poisson Lie group corresponding to the bialgebra above,and let G� be its connected, simply connected Poisson dual. The Lie algebra morphismsr� : g� ��! g lift to group morphisms R� : G� ��! G , thus we may de�ne the mapJ : G� ��! G by J(u) := R+(u)R�(u)�1 (for all u 2 G� ) whose derivative at theidentity element u 2 G� is j (note that neither j nor J is a morphism). When J is a globaldi�eomorphism, we say that the group G is factorizable, since for each g 2 G we have thefactorization g = g+ g��1 , where g� := R��J�1(g)� . Thanks to [WX], Proposition 9.1,any connected, simply connected, factorizable Poisson Lie group is complete.Now, factorizability enables us to describe the classical R{matrix quite explicitly:Theorem 3.5. (cf. [WX], Theorem 9.2) Let G be a factorizable Poisson Lie group, anduse J : G���! G to identify G� with G (hence also G�G with G��G� ). Then:(a) the (global) classical R{matrix R 2 (G�G)� (G�G) takes the formR = n�y� ; x ; �y� x y��1�+�1; y� ��� 8 x; y 2 Go ;(b) the map R = RWX : G� G ��! G�G of Theorem 3.2 above is given byRWX (x; y) = �y� x y��1; �y� x y��1�+�1 y �y� x y��1�++1� 8 (x; y) 2 G�G : �



14 FABIO GAVARINI AND GILLES HALBOUTRemark 3.6: As we pointed out in the Introduction, one can carry over the con-struction of Weinstein and Xu in purely local terms, just performing it on the germ ofPoisson group underlying the quasitriangular Lie bialgebra (g; r), and eventually get abraiding RWX :F [[g�� g�]] ���! F [[g�� g�]] and an associated in�nitesimal braidingRWX : g� g ��! g� g . Our next result is that the latter is always trivial whenever (g; r)is factorizable.Proposition 3.7. Let the quasitriangular Lie bialgebra (g; r) be factorizable. Then thein�nitesimal braiding RWX : g� g ��! g� g is trivial, i.e. RWX = idg�g .Proof. Let Gloc be the germ of Poisson group associated to the Lie bialgebra g. Then the"local" version of Theorem 3.5(b) ensures that the map RWX : Gloc�Gloc��! Gloc�Glocis given by RWX (x; y) = �y� x y��1; �y� x y��1�+�1 y �y� x y��1�++1� for all x; y 2 Gloc .Now, for all A, B 2 g and t 2 R we haveexp(t A) exp(t B) exp(t A)�1 == �1 + t A+ t2A2�2 + � � � � �1 + t B + t2B2�2 + � � � � �1� t A+ t2A2�2� � � � � == 1 + t B + t2�2 (AB � BA) + B2��2 + � � � ;applying this recipe to A = log(y�), B = log(x), and looking at �rst order (in t ) we �ndout that the �rst entry of T(e;e)(RWX )(x; y) is just x ; similarly we get that the secondentry of T(e;e)(RWX )(x; y) is y. Thus T(e;e)(RWX ) is the identity, and since RWX is justits dual, it is the identity as well, q.e.d. �
x 4. Comparing the braidings RWX and RGH : the case of g = sl2 .4.1 The general problem. We noticed that the construction of [WX] can be per-formed for any quasitriangular Lie bialgebra by acting locally, so to get a braiding RWXon the dual formal Poisson group, exactly like one can do following [GH] to get a braidingRGH . Since these braidings share similar properties | like functoriality and in�nitesimaltriviality, for instance | we are led to raise the followingQuestion. Given any quasitriangular Lie bialgebra g, do the braidings RWX and RGHon F [[g�]] coincide?The purpose of the present section is to provide a positive answer to this question forthe simplest case of g = sl2(C ) .4.2 The geometrical setting. In this section, let |= C . Let G := SL2 � SL2(C ) .Its tangent Lie algebra g = sl2 is generated by f , h, e (the Chevalley generators) withrelations [h; e] = 2 e, [h; f ] = �2 f , [e; f ] = h . The formul� �(f) = (f 
 h � h 
 f)�2 ,�(h) = 0 , �(e) = (e 
 h � h 
 e)�2 , de�ne a Lie cobracket on g : indeed, this makes sl2



BRAIDING STRUCTURES AND CLASSICAL SOLUTIONS OF THE QYBE 15into a quasitriangular Lie bialgebra, whose r-matrix is r := e 
 f + (h 
 h)�4 . Thiscorresponds to a structure of complex Poisson Lie (actually, algebraic) group on G, whichis complete and quasitriangular.In the dual Lie bialgebra g� = sl2� , let �e�; f�; h�	 be the basis dual to fe; f; hg , andconsider the basis �e := e�; f := f�; h := �2h�	 . Then the Lie bialgebra structure ofsl2� is described by the formul� [h; e] = e, [h; f ] = f, [e; f ] = 0 , and �(f ) = h 
 f� f 
 h,�(h) = 2 (f
 e� e
 f ), �(e) = e
 h� h
 e . Then sl2� can be realized as the Lie algebraof pairs of matricessl2� = (���t 0c t �;� t b0 �t�� ����� b; c; t 2 |) � sl2� sl2 (4:1)(with the Lie subalgebra structure inside sl2� sl2 ). It follows that the unique connectedsimply connected complex Poisson Lie (actually, algebraic) group whose tangent Lie bial-gebra is sl2� can be realized as the group of pairs of matrices (the left subscript s meaning"simply connected")sSL2� = (�� z�1 0y z �;� z x0 z�1 �� �����x; y 2 k; z 2 |n f0g) � SL2� SL2 (4:2)(with the subgroup structure inside SL2� SL2 ); this group has a "small" centre, namelyZ := �(I; I ); (�I;�I )	 , so there is only one other (Poisson) group sharing the same Lie(bi)algebra, namely the quotient aSL2� := sSL2�.Z (the adjoint of sSL2� , as the leftsubscript a means). Therefore F �sSL2�� is the unital associative commutative |{algebrawith generators x, z�1, y, with Poisson Hopf structure given by�(x) = x
 z�1 + z 
 x ; ��z�1� = z�1 
 z�1 ; �(y) = y 
 z�1 + z 
 y�(x) = 0 ; ��z�1� = 1 ; �(y) = 0 ; S(x) = �x ; S�z�1� = z�1 ; S(y) = �yfx; yg = z�2 � z+2 ; �z�1; x	 = �xz�1�2 ; �z�1; y	 = �z�1y�2(N.B.: with respect to this presentation, we have f = @y��u , h = z2 @z��u , e = @x��u ,where u is the identity element of sSL2� ). Moreover, F �aSL2�� can be identi�ed withthe Poisson Hopf subalgebra of F �sSL2�� spanned by products of an even number ofgenerators, i.e. monomials of even degree: this is generated as a unital subalgebra, by xz,z�2, and z�1y. Finally, the (algebra of regular functions on the) Poisson algebraic formalgroup F ��sl2��� is the Ker (�){adic completion of both F �sSL2�� and F �aSL2��; in the�rst case Ker (�) is generated (as an ideal) by x , �z�1� 1� and y , therefore F ��sl2��� =|��x; (z � 1); y�� as a topological |{algebra (note that z�1 � 1 = Pn>0 (�1)n(z � 1)n ,so the generator z�1 � 1 is super
uous) with the unique Poisson Hopf structure whichextends by continuity the one on F �sSL2��.4.3 Weinstein and Xu's construction. In the framework of x4.2, let G := SL2 ,G� := sSL2� . In this section we compute the braiding RWX for G ; despite the fact that



16 FABIO GAVARINI AND GILLES HALBOUTnot all requirements of [WX] are ful�lled, we can show that that construction can still becarried out at the local level: to ful�ll this goal is then just a matter of matrix computation.It follows from de�nitions | cf. [WX], x9 | that the maps r� : g� ��! g are givenby r+(e) = 2 f , r+(h) = �h�2 , r+(f ) = 0 , r�(e) = 0 , r�(h) = +h�2 , r�(f) = �2 e ,and the maps R� : G��! G are, respectively, the projection to the second and the �rstfactor w.r.t. to the description of G� = sSL2� in (4.2). Then for the maps j : g���! gand J : G���! G de�ned in x3.4 we have that j is bijective but J is not, for it has kernelKer (J ) = Z (hence it is a 2{to{1 map) and imageIm(J ) = G0 := �� a bc d� ���� a; b; c; d 2 C ; d 6= 0 �that is the big cell of G = SL2 : in fact, J is an unrami�ed 2-fold covering ofG0. Therefore,J is not a global di�eomorphism, but it factors to a global di�eomorphismJa : aG� � aSL2� := sSL2�.Z '�����! G0given by Ja�g � Z� := J(g) for all g 2 sSL2� . We need a section of J and of Ja . SinceJ ��A�1 0B A+1� ;�A+1 C0 A�1�� == �A+1 C0 A�1 � � �A+1 0�B A�1� = �A+2 � BC A�1C�A�1B A�2 �we have J ��A�1 0B A+1� ;�A+1 C0 A�1�� = � a bc d� if and only ifA = �d�1=2 ; B = �b d�1=2 ; C = �c d�1=2 (4:3)for any matrix � a bc d� 2 G0 ; these formul� clearly de�ne two di�erentiable sections ofJ (taking either upper or lower signs) and one of Ja (for which the sign is irrelevant).Remark: although G is not factorizable, nevertheless we can still use Theorem 3.5(b)to compute the map RWX , namelyRWX �X 0; Y 0� = �J�1�Y�X Y��1�; J�1��Y�X Y��1�+�1 Y �Y�X Y��1�++1�� (4:4)for all �X 0; Y 0� 2 G�� G� and (X;Y ) := �J(X 0); J(Y 0)� 2 G� G , where J�1 is one ofthe two aforesaid sections of J , namely the unique one such that the resulting RWX (X 0; Y 0)map (eG� ; eG� ) onto itself. In fact, although J is not a di�eomorphism it is neverthelessa (�nite) covering on G0, hence it is a local di�eomorphism (around the identity elementeG� 2 G� ) on G0, therefore the description of RWX (X 0; Y 0) a�orded by Theorem 3.5(b),through J and a local section J�1, is still available (locally around (eG� ; eG� ) 2 G��G� ):



BRAIDING STRUCTURES AND CLASSICAL SOLUTIONS OF THE QYBE 17to have a global description, one has just to choose the unique section J�1 which mapseG0 = eG onto eG� . Therefore, we shall now go on computing RWX following this strategy.Let X := J�� z�1 0y z � ;� z x0 z�1 �� , Y := J�� ��1 0� � � ;� � �0 ��1 �� 2 J(G�) =G0 . Then we haveY� �X � Y��1 = � ��1 0� � �� z x0 z�1 �� z 0�y z�1 �� � 0�� ��1� == � ��1 0� � �� z2 � x y z�1x�z�1y z�2 �� � 0�� ��1� == � z2 � x y � � ��1xz�1 ��2z�1x� � z2 � �� ��2� + y z�1�+2��2 z�2�2 �with � := �1 + � x z ��1�1=2 . Using (4.3) we get from this�Y�X Y��1�+ = �� z+1��1 x ��2��10 z�1�+1 � ;�Y�X Y��1�� = �� z�1�+1 0y �+2�+1 + � ��z�1�+1 � z+3��1� z+1��1 � (4:5)which givesJ�1�Y�X Y��1� = ��� z�1� 0y �2�+ � ��z�1�� z3��1� z��1�;�z��1 x ��2��10 z�1�+1 �� (4:6)as possible preimages of Y�X Y��1 in G�� G� . This takes care of the �rst entry in theright-hand-side of (4.4).As for the second entry, we have (noting that the ambiguity of sign in (4.5) is irrelevant)�Y�X Y��1�+�1 � Y � �Y�X Y��1�++1 == � z�1�+1 �x ��2��10 z+1��1 � � � �+1 �0 ��1� � � �+1 0�� ��1 � � � z�1�+1 �x ��2��10 z+1��1 � == � z�1�+1 �x ��2��10 z+1��1 � � � �+2 � � � � ��1�� ��1 ��2 � � � z�1�+1 �x ��2��10 z+1��1 � == � �+2 � � �+ � x z+1��3��2 x z�1 + � z�2��1 � x z�1��4��2�� z+2��1��2 ��2��2 � :Again using (4.3) we �nd��Y�X Y��1�+�1 � Y � �Y�X Y��1�++1�+ == �� �+1�+1 � z�2�+1 + x z�1�+1�+1 � x z�1��3��10 ��1��1 ���Y�X Y��1�+�1 � Y � �Y�X Y��1�++1�� = �� ��1��1 0� z+2��1 �+1�+1 � (4:7)



18 FABIO GAVARINI AND GILLES HALBOUTwhich givesJ�1��Y�X Y��1�+�1 � Y � �Y�X Y��1�++1� == ��� �+1�+1 � z�2�+1 + x z�1�+1�+1 � x z�1��3��10 ��1��1 �;� ��1��1 0� z+2��1 �+1�+1 ��as possible preimages of �Y�X Y��1�+�1 � Y � �Y�X Y��1�++1 in G�� G� . This takescare of the second entry in the right-hand-side of (4.4). Finally, imposing the conditionRWX �eG� ; eG�� = �eG� ; eG�� we must always take the "plus" signs, here and in (4.6).Using notation x1 := x
1 , z1�1 := z�1
1 , y1 := y
1 , x2 := 1
x , z2�1 := 1
z�1and y2 := 1
 y we see that these last formul� together with (4.6) giveRWX (x1) = x1 � z2�2 ���1 ; RWX �z1�1� = z1�1 ���1RWX (y1) = y1 � z2+2 ��+1 + y2 � z2+1z1�1 ��+1 � y2 � z2+1z1+3 ���1RWX (x2) = x2 � z1�2 ��+1 + x1 � z1�1z2+1 ��+1 � x1 � z1�1z2�3 ���1RWX �z2�1� = z2�1 ���1 ; RWX (y2) = y2 � z1+2 ���1 (4:8)
for the braiding RWX . To summarize, our discussion lead to the following result (whichsomewhat improves the analysis of the like problem performed in [WX], x9.7):Theorem 4.4. Let �sSL2�� sSL2��2 be a twofold covering of sSL2�� sSL2� and let�sSL2��sSL2��(�)2 :=�sSL2��sSL2��2 n�� 6= 0	 (a Zarisky open subset of sSL2��sSL2�).Then the map RWX is a Poisson di�eomorphism from �sSL2�� sSL2��(�)2 to itself.In addition, RWX is well de�ned also on a distinguished variety �aSL2�� aSL2��(�)2which is a twofold covering of aSL2�� aSL2� minus one distinguished divisor. In terms offunction algebras, these di�eomorphisms are uniquely determined by formul� (4.8), whichalso de�ne the braiding RWX : F ��sl2� � sl2��� �=�����! F ��sl2� � sl2��� . �4.5 The quantisation deformation construction. (Warning: in the present sectionwe follow the lines of [Ga1], but we adopt di�erent normalisations in the de�nition ofquantum groups and their R{matrices) Let U~(g) = U~(sl2) be the unital associativetopological |[[~]]{algebra with (topological) generators X, H, Y , and relationsHX �XH = +2X ; HY � Y H = �2Y ; XY � Y X = e+~H=2 � e�~H=2e+~=2 � e�~=2 : (4:9)For later use we set also L�1 := e�~H=4 and q�1 := e�~=2 ; thereforeL�1X = q�1XL�1 ; L�1Y = q�1Y L�1 ; XY � Y X = L+2 � L�2q+1 � q�1 : (4:10)



BRAIDING STRUCTURES AND CLASSICAL SOLUTIONS OF THE QYBE 19There is a Hopf algebra structure on U~(sl2), given on generators by�(X) = X 
 e+~H=4 + e�~H=4 
X = X 
 L+1 + L�1 
X�(H) = H 
 1 + 1
H�(Y ) = Y 
 e+~H=4 + e�~H=4 
 Y = Y 
 L+1 + L�1 
 Y�(X) = �(H) = �(Y ) = 0 ; ��L�1� = 1S(X) = �e�~=2X = �q�1X ; S(H) = �H ; S(Y ) = �e�~=2Y = �q�1Y ; S�L�1� = L�1:Then U~(sl2) is a QUEA, whose semiclassical limit is U(sl2) (w.r.t. the co-Poisson structureconsidered in x4.2). For later use we record thatnXaHbY c ��� a; b; c 2 N o is a topological |[[~]]{basis of U~(sl2) : (4:11)The very de�nitions also show that the unital subalgebra of U~(sl2) generated overthe Laurent polynomial ring |�q; q�1� by X , L�1 , D := (L � 1).(q � 1) , � :=�L+2 � L�2�.�q+1 � q�1� and Y is a Hopf algebra (over |�q; q�1�) as well, whichwe denote by Usq (sl2) . Similarly, the unital subalgebra of U~(sl2) generated over theLaurent polynomial ring |�q; q�1� by XL�1 , K�1 := L�2 , T := (K � 1).(q � 1) ,� := �K+1�K�1�.�q+1 � q�1� and L+1Y is a Hopf algebra as well (a Hopf |�q; q�1�{subalgebra of Usq (sl2) ), which we denote by Uaq (sl2) .Now we go and compute U~(sl2)0. From de�nitions we get, for any n 2 N ,�n(X) = (id� �)
n��n(X)� = (id� �)
n nXs=1 �L�1�
(s�1) 
X 
 �L+1�
(n�s)! == nXs=1 Xt>0 (�~)tHt.t!!
(s�1)
X 
 Xr>0 (+~)rHr.r!!
(n�s)2 ~n�1U~(sl2) n ~nU~(sl2)from which we get _X := ~X 2 U~(g)0 n ~U~(g)0 . Similarly _Y := ~Y 2 U~(g)0 n ~U~(g)0 .As for the generator H, we have �n(H) = Pns=1 1
(s�1) 
 H 
 1
(n�s) for all n 2 N ,whence for �n = (id� �)
n ��n we have�0(H) = 0 ; �1(H) = H 2 U~(g) n ~U~(g) ; �n(H) = 0 2 ~nU~(sl2) 8 n > 1 ;so that _H := ~H 2 U~(sl2)0 n ~U~(sl2)0 . Therefore U~(sl2)0 contains the subalgebra U 0topologically generated by _X, _H, _Y . On the other hand, using (4.11) a thorough | butstraightforward | computation shows that any element in U~(sl2)0 does necessarily lie inU 0 (details are left to the reader: everything follows from de�nitions and the formulas for�n ). Thus U~(sl2)0 is nothing but the unital subalgebra of U~(sl2) topologically generated



20 FABIO GAVARINI AND GILLES HALBOUTby _X, _H, _Y . As a consequence, U~(sl2)0 can be presented as the unital associativetopological |[[~]]{algebra with (topological) generators _X, _H, _Y and relations_H _X � _X _H = +2~ _X ; _H _Y � _Y _H = �2~ _Y_X _Y � _Y _X = ~A � �e+ _H=2 � e� _H=2� = ~A � �L+2 � L�2� (4:12)where A := ~2.�e+~=2 � e�~=2� = ~ � �Ps>0 (+~=2)2s.(2s� 1)!��1 � 2 |[[~]] � , withHopf algebra structure given by�� _X� = _X 
 e+ _H=4 + e� _H=4 
 _X = _X 
 L+1 + L�1 
 _X�� _H� = _H 
 1 + 1
 _H�� _Y � = _Y 
 e+ _H=4 + e� _H=4 
 _Y = _Y 
 L+1 + L�1 
 _Y�� _X� = �� _H� = �� _Y � = 0 ; ��L�1� = 1S� _X� = �e�~=2 _X = �q�1 _X; S� _H� = � _H; S� _Y � = �e�~=2 _Y = �q�1 _Y ; S�L�1� = L�1:As an immediate consequence, this description yields also a similar presentation ofU~(sl2)0.~U~(sl2)0 : then comparing the latter with the presentation of F ��sl2��� that oneargues from x4.2 we �nd that, as predicted by the quantum duality principle (cf. Theorem1.6) there is an isomorphism of (topological) Poisson Hopf algebras�h : U~(sl2)0.~U~(sl2)0 = |hh _X��~=0 ; _H��~=0 ; _Y ��~=0ii �=���! F ��sl2��� = k��x; (z�1); y��where we set S��~=0 := S mod ~U~(sl2)0 for all S 2 U~(sl2)0 and the Poisson structureconsidered on U~(sl2)0.~Usq (sl2)0 is the one given by the standard recipe (see x1.3(b))�a��~=0 ; b��~=0	 := � a b� b a~ �����~=0 8 a; b 2 U~(sl2)0 ;explicitly, �~ is given by_X��~=0 7! x ; _H��~=0 7! �4 log(z) ; L�1��~=0 7! z�1 ; _Y ��~=0 7! y : (4:13)Note also that the unital |�q; q�1�{subalgebra of U~(sl2) | and of Usq (sl2) | generatedby �X := (q�1)X , L�1 , �� := (q�1)� and �Y := (q�1)Y is in fact a Hopf subalgebra,which we denote by Usq (sl2)0 (note also that �D := (q � 1)D = L � 1 2 Usq (sl2)0 too).Indeed, Usq (sl2)0 admits the presentation by the above generators and relationsL�1L�1 = 1 ; L�1 �� = ��L�1; �1 + q�1� �� = L+2 � L�2; �X �Y � �Y �X = (q � 1) ��L+2 � L�2 = �1 + q�1� �� ; L�1 �Y = q�1 �Y L�1 ; L�1 �X = q�1 �XL�1�� �Y = q�2 �Y �� � (q � 1)�q + q�1� �F ; �� �X = q+2 �X �� + (q � 1)�q + q�1� �X



BRAIDING STRUCTURES AND CLASSICAL SOLUTIONS OF THE QYBE 21with Hopf structure given by�� �X� = �X 
 L+1 + L�1 
 �X ; �� �X� = 0 ; S� �X� = �q�1 �X�� �� � = �� 
 L+2 + L�2 
 �� ; �� �� � = 0 ; S� �� � = � ����L�1� = L�1 
 L�1 ; ��L�1� = 1 ; S�L�1� = L�1�� �Y � = �Y 
 L+1 + L�1 
 �Y ; �� �Y � = 0 ; S��Y � = �q�1 �Y :Similarly, the unital |�q; q�1�{subalgebra of U~(sl2) | and of Uaq (sl2) and Usq (sl2)0 |generated by �XL�1 , K�1 , �� and L+1 �Y is in fact a Hopf subalgebra too, whichwe denote by Uaq (sl2)0 , and is of course a Hopf subalgebra of Usq (sl2)0 as well (with�T := (q � 1)T = K � 1 2 Uaq (sl2)0 too).Now this description yields also a similar presentation of Usq (sl2)0.(q � 1)Usq (sl2)0 :then comparing the latter with the presentation of F �sSL2�� in x4.2 we �nd that there isa Poisson Hopf algebra isomorphism�sq : Usq (sl2)0.(q � 1)Usq (sl2)0 �=���������! F �sSL2��where we set S��q=1 := S mod (q � 1)Usq (sl2)0 for all S 2 Usq (sl2)0 and the Poissonstructure considered on Usq (sl2)0.(q � 1)Usq (sl2)0 is the one given by the standard recipe�a��q=1 ; b��q=1	 := � a b� b a(q � 1) �����q=1 8 a; b 2 Usq (sl2)0 ;explicitly, �sq is given by�X��q=1 7! x�2 ; �� ��q=1 7! �z�2 � z+2�.2 ; L�1��q=1 7! z�1 ; �Y ��q=1 7! y�2 :In addition, �sq gives by restriction a similar Poisson Hopf algebra isomorphism�aq : Uaq (sl2)0.(q � 1)Uaq (sl2)0 �=���������! F �aSL2��� �XL�1���q=1 7! xz�2 ; �� ��q=1 7! �z�2�z+2�.2 ; K�1��q=1 7! z�2; �L+1 �Y ���q=1 7! z�1y�2 :The reason for considering U cq (sl2) and U cq (sl2)0 (for c = a; s ) is that we can computethe braiding RGH through them, as we shall see in the sequel.First, U~(sl2) is indeed a QTQUEA, whose R{matrix is R~ = R0 �R1 withR0 = exp�~ �H 
H�4� ; R1 =Xn2N �e~�(n+12 )(n)e~ ! �e~ � 1�n � �e+~H=4X�n
 �e�~H=4Y �nwhere (n)a! := Qnr=1 an�1a�1 (in this case a = e~ ). This R-matrix is a quantisation of theclassical r{matrix of sl2, in the sense that R~ = 1 + r ~+O �~2� , where O �~2� is some



22 FABIO GAVARINI AND GILLES HALBOUTelement of ~2 � U~(g)
 U~(g) (like in Remark 1.9(b)); thus the QTQUEA �U~(sl2); R~�is a quantisation of the quasitriangular Lie bialgebra (sl2; r� , as required to ignite thequantisation deformation procedure to construct a braiding on F [[g� � g�]] for g = sl2 .Now, we are interested in the braiding operator RGH induced at ~ = 0 by the operatorR~ := Ad(R~) acting on the algebra �U~(sl2) b
U~(sl2)�0= U~(sl2)0 e
U~(sl2)0 .We perform the calculation along the following lines. As the R{matrix factors into R~ =R0�R1 , we compute separately the adjoint action of the two factors onto U~(sl2)0 e
U~(sl2)0modulo ~. A �rst analysis shows that both actions are given by exponentials of Hamiltonianvector �elds on the formal Poisson group sl2��sl2�. The �rst action | namely, that arisingfrom R0 | is computed via straightforward calculation. As for the second action | theone of R1 | one in fact has to compute the action of a Hamiltonian vector �eld onsSL2� � sSL2� (minus a divisor): using Leibniz' rule, one reduces to compute the actionof some Hamiltonian vector �elds on sSL2� alone.To begin with, write R~ = R0 �R1 in terms of U~(sl2)0; like in [Ga1], x3, we �ndR0 = exp�~ �H 
H�4� = exp�~�1 � _H 
 _H�4�R1 =Xn2N �e~�(n+12 )(n)e~ ! �e~�1�n��e+~H=4X�n
�e�~H=4Y �n= ��e~�1�2�L+1X
L�1Y ; e~�1where (z; q)1 :=Qn2N(1�z qn) . Now, the behaviour of R1 when ~! 0 is ruled by [Re],Lemma 3.4.1 (see also [Ga1], Lemma 2.2): namely (proceeding as in [Ga1], x3), we haveR1 = exp �1~ � Z0(e~�1)2�L+1X
L�1Y log(1� �)� d� � �1 + ~C�! == exp �1~ � Z0L+1 _X
L�1 _Y log(1 + t)t dt � �1 + ~K�!where R0L+1 _X
L�1 _Y log(1+t)t dt :=Pn>0 �L+1 _X
L�1 _Y �.n2 (use Mac Laurin expansionof log(1+x) ) and C andK denote a suitable elements of U~(sl2)0 e
U~(sl2)0 , namely againpower series in L+1 _X 
 L�1 _Y , hence they commute with R0L+1 _X
L�1 _Y log(1�t)t dt ; soR1 = exp �1~ � Z0L+1 _X
L�1 _Y log(1 + t)t dt � �1 + ~K�! == exp �1~ � Z0L+1 _X
L�1 _Y log(1 + t)t dt! � Zfor some Z 2 U~(sl2)0 e
U~(sl2)0 . Of course we haveR~ := Ad(R~) = Ad(R0 �R1) = Ad(R0) �Ad(R1) = R(0)~ �R(1)~



BRAIDING STRUCTURES AND CLASSICAL SOLUTIONS OF THE QYBE 23with R(0)~ := Ad(R0) , R(1)~ := Ad(R1) . Thus alsoRGH := R~���~=0 = R(0)GH �R(1)GH with R(0)GH := R(0)~ ���~=0 ; R(1)GH := R(1)~ ���~=0 : (4:14)Finally we haveR(1)~ := Ad(R1) = Ad exp �1~ � Z0L+1 _X
L�1 _Y log(1 + t)t dt! � Z! == Ad exp �1~ � Z0L+1 _X
L�1 _Y log(1 + t)t dt!! �Ad(Z) == Ad exp �1~ � Z0L+1 _X
L�1 _Y log(1 + t)t dt!! mod ~ � U~(sl2)0 
 U~(sl2)0because Z 2 U~(sl2)0 e
U~(sl2)0 and �U~(sl2)0 e
U~(sl2)0 ����~=0 = F ��sl2� � sl2��� is com-mutative (hereafter, by S��~=0 we shall denote the coset of S 2 U~(sl2)0 e
U~(sl2)0 modulo~ � U~(sl2)0 e
U~(sl2)0) . Hence our analysis shows that R(i)~ = Ad� exp �~�1�i�� with�i 2 U~(sl2)0 e
U~(sl2)0 for i = 0; 1 : indeed, we found�0 = � _H 
 _H��4 ; �1 = �Z0L+1 _X
L�1 _Y log(1 + t)t dt = �Xn>0 �L+1 _X 
 L�1 _Y �n.n2 :But then we have R(i)~ = Ad� exp �~�1�i�� = exp�ad[ ; ]�~�1�i�� = exp�ad [ ; ]~ ��i�� �� exp�adf ; g��i��~=0�� , that is R(i)GH = exp�adf ; g��i��~=0�� : in geometric terms, thismeans that R(i)GH (hence also RGH ) is the integration of a Hamiltonian vector �elds overthe formal Poisson group sl2� � sl2�.To describe R(0)GH and R(1)GH we set S1 := S 
 1 , S2 := 1
 S for any S 2 U~(sl2) (notethat S1 and S2 commute with each other) and also S for any coset modulo ~.The case of R(0)GH is trivial: direct computation | using (4.12) | givesR(0)~ � _X1� = _X1 L+22 ; R(0)~ � _H1� = _H1 ; R(0)~ � _L�11 � = _L�11 ; R(0)~ � _Y1� = _Y1 L�22R(0)~ � _X2� = L+21 _X2 ; R(0)~ � _H2� = _H2 ; R(0)~ � _L�12 � = _L�12 ; R(0)~ � _Y2� = L�21 _Y2whence using (4.13) we argue at once for R(0)GH : F ��sl2� � sl2��� �=���! F ��sl2� � sl2���R(0)GH (x1) = x1 z�22 ; R(0)GH �z�11 � = z�11 ; R(0)GH (y1) = y1 z+22R(0)GH (x2) = z�21 x2 ; R(0)GH �z�12 � = z�12 ; R(0)GH (y2) = z+21 y2 (4:15)(recall that F ��sl2� � sl2��� = |��x1; (z1 � 1); y1; x2; (z2 � 1); y2�� thus R(0)GH is uniquelydetermined by the images of xi, zi, yi [i = 1; 2]).



24 FABIO GAVARINI AND GILLES HALBOUTAs for R(1)GH , we proceed in steps. First, using the Jacobi identity for f ; g we getR(1)GH = exp adf ; g �Z0L+11 _X1 L�12 _Y2 log(1 + t)t dt ����~=0!! == exp adf ; g �Z0z�11 x1 z+12 y2 log(1 + t)t dt!! == exp � � log �1 + z�11 x1 z+12 y2�z�11 x1 z+12 y2 ! � adf ; g �z�11 x1 z+12 y2�!where �(S) denotes the operator of left multiplication by S 2 F ��sl2� � sl2��� . Indeedadf ; g �Z0z�11 x1 z+12 y2 log(1 + t)t dt! (`) = adf ; g �Xn>0 �z�11 x1 z+12 y2�.n2! (`) == �Xn>0 1n2 � n�z�11 x1 z+12 y2�n; `o = �Xn>0 1n2 n�z�11 x1 z+12 y2�n�1 � �z�11 x1 z+12 y2 ; `	 == �Xn>0 �z�11 x1 z+12 y2�n�1n ��z�11 x1 z+12 y2 ; `	 = � log �1 + z�11 x1 z+12 y2�z�11 x1 z+12 y2 ��z�11 x1 z+12 y2 ; `	(because of Jacobi identity: f � ; `g = �adf ; g(`) is a derivation!). Second, again by theJacobi identity and the commutation relation z�11 x1 � z+12 y2 = z+12 y2 � z�11 x1 we get� � log �1 + z�11 x1 z+12 y2�z�11 x1 z+12 y2 ! � adf ; g �z�11 x1 z+12 y2� == � � log �1 + z�11 x1 z+12 y2�z�11 x1 z+12 y2 ! � adf ; g �z�11 x1� � � �z+12 y2� ++ � � log �1 + z�11 x1 z+12 y2�z�11 x1 z+12 y2 ! � � �z�11 x1� � adf ; g �z+12 y2� == � � log �1 + z�11 x1 z+12 y2�z�11 x1 ! � adf ; g �z�11 x1� ++ � � log �1 + z+12 y2�z�11 x1 z+12 y2 ! � adf ; g �z+12 y2� ;the two summands above are mutually commuting operators | thanks to the commutation



BRAIDING STRUCTURES AND CLASSICAL SOLUTIONS OF THE QYBE 25relation z�11 x1 � z+12 y2 = z+12 y2 � z�11 x1 | so when we take the exponential we getR(1)GH = exp � � log �1 + z�11 x1 z+12 y2�z�11 x1 z+12 y2 ! � adf ; g �z�11 x1 z+12 y2�! == exp � � log �1 + z�11 x1 z+12 y2�z�11 x1 ! � adf ; g �z�11 x1� ++ � � log �1 + z�11 x1 z+12 y2�z+12 y2 ! � adf ; g �z+12 y2�! == exp � � log �1 + z�11 x1 z+12 y2�z�11 x1 ! � adf ; g �z�11 x1�! �� exp � � log �1 + z�11 x1 z+12 y2�z+12 y2 ! � adf ; g �z+12 y2�! ;in a nutshell, we haveR(1)GH = exp(E1)� exp(F2) with ( E1 := ��� log �r2�.z�11 x1� � adf ; g �z�11 x1�F2 := ��� log �r2�.z+12 y2� � adf ; g �z+12 y2� (4:16)where r := �1 + z�11 x1 z+12 y2�1=2 . We proceed now with computations.Since fs1; r2g = 0 for all s; r 2 F ��sl2���, we have E1(r2) = 0 for all r 2 F ��sl2���, soexp(E1) (x2) = x2 ; exp(E1) �z�12 � = z�12 ; exp(E1) (y2) = y2 : (4:17)Now for the rest! We have to compute things like fs1; r1g , so for simplicity we shalldrop the subscript 1 throughout.For the operator adf ; g�z�1x� (a derivation!) we have the formul��z�1x; x	 = �z�1; x	 � x+ z�1 � �x; x	 = �z�1; x	 � x = �z�1x�2� � x�z�1x; z�1	 = �z�1; z�1	 � x+ z�1 � �x; z�1	 = z�1 � �x; z�1	 = ��z�1x�2� � z�1�z�1x; y	 = �z�1; y	 � x+ z�1 � �x; y	 = ��z�1�2� � y � x+ z�1 � �z�2 � z+2� == ��z�1x�2� � y + z�3 � z+1�z�1x; z+1y	 = �z�1x; z+1	 � y + z+1 � �z�1x; y	 = z�2 � z+2Then for exp(E1) = exp���� log �r2�.z�11 x1� � adf ; g �z�11 x1�� we haveexp(E1)(x1) = exp�� log�r2�.2� � x1 = exp ��log(r)� � x1 = x1 � r�1exp(E1)�z�11 � = exp�� log�r2�.2� � z�11 = exp ��log(r)� � z�11 = z�11 � r�1exp(E1)(y1) = y1 � r+1 + y2 � z+12 z�31 � r+1 � y2 � z+12 z+11 � r�1 (4:18)



26 FABIO GAVARINI AND GILLES HALBOUTwhere the latter identity is computed (since exp(E1) is an automorphism!) as follows:exp(E1) (y1) = exp(E1) �z�11 � z+11 y1� = exp(E1) �z�11 � � exp(E1) �z+11 y1� == z�11 � r+1 �� z+11 y1 +Xn>1 1n! � ��log �r2�.z�11 x1�n � E1n�1�z�21 � z+21 �� == z�11 � r+1 � � z+11 y1 +Xn>0 1n! � ��log �r2�.z�11 x1�n � �� z�11 x1�n�1 � z�21 �� Xn>0 1n! � ��log �r2�.z�11 x1�n � �+ z�11 x1�n�1 � z+21 �� == z�11 � r+1 � � z+11 y1 + exp �+ log �r2��� 1+z�11 x1 � z�21 � exp �� log �r2��� 1�z�11 x1 � z+21 � == z�11 � r+1 � � z+11 y1 + r+2 � 1+z�11 x1 � z�21 � r�2 � 1�z�11 x1 � z+21 � == z�11 � r+1 � � z+11 y1 + y2 � z+12 z�21 � y2 � z+12 z+21 � r�2� == y1 � r+1 + y2 � z+12 z�31 � r+1 � y2 � z+12 z+11 � r�1 :Now for exp(F2) . Again, since fs1; r2g = 0 for all s; r 2 F ��sl2��� we have F2(s1) = 0for all s 2 F ��sl2���, soexp(F2) (x1) = x1 ; exp(F2) �z�11 � = z�11 ; exp(F2) (y1) = y1 : (4:19)As for the rest, we can base upon the previous results, as follows. First, we note that thereis a Poisson algebra automorphism� : F ��sl2��� �=���! F ��sl2��� ; x 7! y ; z�1 7! z�1 ; y 7! xsuch that ��1 = � (and which also restrict to F �sSL2�� and to F �aSL2�� ). Then wehave immediately from de�nitions that (�
 �)�E1�(s
 r) = ��F2��(r)
 �(s)� for alls; r 2 F ��sl2��� (with � as in x1.8), whence in particular we argueF2(s2) = ���
2�E1���1(s1)��� = ���
2�E1��(s1)��� 8 s 2 F ��sl2���and so exp �F2�(s2) = ���
2� exp �E1���(s1)��� 8 s 2 F ��sl2��� :Using this and formul� (4.18) we eventually getexp(F2)(x2) = x2 � r+1 + x1 � z�11 z+32 � r+1 � x1 � z�11 z�12 � r�1exp(F2)�z�12 � = z�12 � r�1exp(F2)(y1) = y2 � r�1 : (4:20)



BRAIDING STRUCTURES AND CLASSICAL SOLUTIONS OF THE QYBE 27Formul� (4.16{20) give us a complete description of R(1)GH : to summarize, it is given byR(1)GH �x1� = x1 � r�1 ; R(1)GH �z1�1� = z1�1 � r�1R(1)GH �y1� = y1 � r+1 + y2 � z2+1z1�3 � r+1 � y2 � z2+1z1+1 � r�1R(1)GH �x2� = x2 � r+1 + x1 � z1�1z2+3 � r+1 � x1 � z1�1z2�1 � r�1R(1)GH �z2�1� = z2�1 � r�1 ; R(1)GH �y2� = y2 ���1 (4:21)
Finally, composing with R(0)GH | see (4.15) | we �nd at lastRGH �x1� = x1 � z2�2 ���1 ; RGH �z1�1� = z1�1 ���1RGH �y1� = y1 � z2+2 ��+1 + y2 � z2+1z1�1 ��+1 � y2 � z2+1z1+3 ���1RGH �x2� = x2 � z1�2 ��+1 + x1 � z1�1z2+1 ��+1 � x1 � z1�1z2�3 ���1RGH �z2�1� = z2�1 ���1 ; RGH �y2� = y2 � z1+2 ���1 (4:22)
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