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Abstract. In this paper, we recast Witten’s proof of the positive mass
theorem in a more abstract setting. This enables us to prove that it is
not specific of the spinor bundle nor of its Dirac operator, and we show
that any choice of an irreducible natural bundle and a very large choice
of first-order operators lead to a positive mass theorem along the same
lines if the necessary curvature conditions are satisfied.

Introduction

Mass is the most fundamental invariant of asymptotically flat manifolds.
Originally defined by physicists in General Relativity, it has played a lead-
ing role in many mathematical contexts such as conformal geometry [15] or
3-dimensional Riemannian geometry [1, 4]. The most important feature of
mass is its positivity in the presence of nonnegative scalarcurvature and the
subsequent rigidity statement (zero mass implies flatness), proved first by
Schoen and Yau in dimensions between 3 and 7 with the help of minimal
surfaces [20].

In 1981, Witten introduced a striking new method to prove positive mass
theorems, relying on the use of the spinor bundle and the Lichnerowicz-
Schrödinger formula [22] for the Dirac operator. Its efficiency made it us-
able in a variety of other contexts. A lot of generalizationsof mass have
been introduced in the recent years, and almost all statements of their posi-
tivity were proved along these lines, see [8, 9, 16, 17, 18] for instance.

The goal of this short paper is to elucidate further the underlying idea
of this approach. Our main result is that any argument similar to that of
Witten but applied to any other natural bundle and operator giving rise to a
Bochner-type formulaalwaysleads to a resul of the same flavour,i.e. a pos-
itive mass theorem. We however believe that the main interest of the present
paper lies in the method rather than in the positivity statements themselves,
which may (and indeed do) lack of geometric motivation. Our hope is that
the analysis performed here for the mass may be found useful for proving
positivity of newly defined asymptotic invariants.
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1. Mass andWitten’s proof of its positivity

Definition 1.1. An asymptotically flat manifold is a complete Riemannian
manifold (M,g) of dimensionn > 3 such that there exists a diffeomorphism
Φ from the complement of a compact setK in M into the complement of a
ball B in Rn (called a chart at infinity), such that, in these coordinates,

|gi j − δi j | = O(r−τ), |∂kgi j | = O(r−τ−1), |∂k∂ell gi j | = O(r−τ−2).

Definition 1.2. If τ > n−2
2 and the scalar curvature is integrable, the quantity

(1.1) m(g) = lim
r→∞

∫

Sr

(div0 g− d tr0 g)(ν) dvolsr

(whereν denotes the field of outer unit normals to the coordinate spheres
Sr and the subscript·0 refers to the euclidean metric in the given chart at
infinity) exists and is independent of the chart chosen around infinity [3].
The numberm(g) is called themassof the asymptotically flat manifold
(M,g).

The positive mass theorem states that if the scalar curvature is nonnega-
tive, then its mass is nonnegative, and it vanishes only if itis isometric to
the euclidean space. Witten’s approach for its proof can be described as
follows: given any asymptotically flat manifold, one finds (by an analytical
method in Witten’s case, but this may not be an obligation) a spinor fieldφ
satisfying

(1.2) Dφ = 0, φ→∞ φ0

whereD is the Dirac operator andφ0 is any constant spinor onRn [3, 19,
22]. The Lichnerowicz-Schrödinger formula then relates the Dirac lapla-
cianD∗D to the rough laplacian∇∗∇ and the scalar curvature:

(1.3) ∇∗∇ + 1
4

Scal−D∗D = 0.

After an integration over domains bounded by coordinates spheresSr and
an integration by parts, one gets

(1.4)
∫

M
|∇φ|2 + 1

4
Scal|φ|2 − |Dφ|2 = lim

r→∞

∫

Sr

b(φ)

whereb stands here for a boundary term. Analysis of the equations (1.2)
above yields that all integrals converge, and moreover (this is the core of
Witten’s approach) the boundary-at-infinity contributionis given by

lim
r→∞

∫

Sr

b(φ) =
1
4

lim
r→∞

∫

Sr

(div0 g− d tr0 g)(ν) |φ0|2 dvolsr =
1
4
|φ0|2 m(g).

This proves the positive mass theorem as the left hand side in(1.4) is non-
negative sinceφ is a solution of the Dirac equation.
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This idea has been re-used in numerous cases. A specific example which
deserves to be quoted is that of Bartnik [3], who showed that the Dirac oper-
ator on spinors could be replaced by the operatord+ δ on 1-forms, proving
that the mass of any nonnegatively Ricci curved manifold is nonnegative.
The key element is the Bochner formula and the mass appears again in the
boundary contribution. Another occurrence can be found in Jammes [14]
with 2-forms in dimension 4 (interestingly enough, Jammes does not need
analysis to solve the equation similar to (1.2) that appearsin his proof). The
approach also is also the main ingredient to prove positivity of generaliza-
tions of mass [8, 9, 16, 17, 18].

The most striking fact in Witten’s approach is the appearance of the mass
as the boundary contribution in the Lichnerowicz formula for spinors. It is
even more surprising that it appears also when other bundlesare chosen.
One may then wonder whether there is a simple way to express the form
of the boundary contribution and for which bundles it can be related to
the mass. The goal of this short paper is to analyze this problem. As the
arguments below will show, it turns out that once the contextis correctly
set, the boundary contribution canalwaysbe connected to the mass, and an
explicit formula can be given in terms of representation-theoretic data of
the bundle involved without too specific computations.

2. General setting

Let (M,g) be a Riemannian manifold of dimensionn > 3 and decay order
τ > n−2

2 such that mass is defined. We now consider a natural bundleE on
M issued from anirreduciblerepresentation (V, ρ) of the special orthogonal
group SO(n) or its universal covering Spin(n). ThusE = P ×ρ V whereP
is either the frame bundle or the spin frame bundle, the manifold being of
course assumed to be spin in the latter case.

To give an explicit description of our results, we shall recall a few clas-
sical facts of representation theory of the Lie algebraso(n). From now on,
we shall freely identify elements ofRn and (Rn)∗, i.e. forms and vectors ;
this simplification will be used repeatedly and without notice in the sequel
of the paper. Thus, for any pair of vectorsu1 andu2, we denote byu1 ∧ u2

the element ofso(n) given byX 7→ 〈u1,X〉u2 − 〈u2,X〉u1.

Let {ej}16 j6n be an orthonormal basis ofRn andh be the Cartan subalgebra
of so(n) generated byǫk = e2k−1 ∧ e2k wherek runs from 1 tom =

[

n
2

]

.
Any representationV of so(n) may be split into eigenspaces for the action
of ih (whose elements are all simultaneously diagonalizable), which are
labelled by elements of (ih)∗ called weights. All the weights appearing for
a given representation may be written in coordinates relative to the basis
{µ j}16 j6m of (ih)∗ defined byµ j(iǫk) = δ jk, and the largest weight for the
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lexicographic order is called thedominant weightof the representation. The
main classification result of the theory then states that representationsV
are in one-to-one correspondence with their dominant weights, that arem-
uplets (ρ1, · · · , ρm) in

(

1
2Z

)m
such that

(2.5) ρ1
> · · · > ρm

> 0 if n = 2m+ 1, and ρ1
> · · · > |ρm| if n = 2m.

The tensor productRn ⊗ V splits under the action ofso(n) into N irre-
ducible components:

R
n ⊗ V = ⊗N

j=1W j;

the representation ofso(n) onW j will be denoted byλ j. To know which
representations appear in the tensor productR

n ⊗ V, one may use the fol-
lowing rule: a weightλ appears as the dominant weight of a summandW
in Rn ⊗ V iff. it is dominant,i.e. it satisfies the conditions given by (2.5),
andλ = ρ ± µi for somei, or if λ = ρ in the casen is odd andρm > 0 [11].

At the bundle level, one obtains the corresponding splitting

T∗M ⊗ E = ⊗N
j=1F j .

Letting Π j : Rn ⊗ V → W j be the projection onto thej-th summand (or
the analogous map at the bundle level), we shall follow [13] and denote
by pj thegeneralized Clifford action pj(X)σ = Π j(X ⊗ σ). Each projection
induces a natural first-order operatorP j = Π j◦∇ (where∇ is the Levi-Civita
connection) sending sections ofE into sections ofF j, known as aStein-
Weiss operator. The principal symbol ofPj is pj(ξ) and that of (Pj)∗Pj is
pj(ξ)∗pj(ξ).

We shall also need the so-calledconformal weight operator, which plays
an important role in conformal geometry,e.g.as a simple mean to determine
the conformal weights that make the Stein-Weiss operatorsPj conformally
covariant [10]. It is usually described as the operatorB : Rn ⊗ V→ Rn ⊗ V
defined by

B(α ⊗ v) =
n

∑

i=1

ei ⊗ ρ(ei ∧ α)v,

and, as such, is equivariant under the action ofso(n). The eigenvalues of
B are real, hence, by Schur’s Lemma, it is a constant on each summand
appearing in the decompositionRn⊗V into irreducibles. For any summand
W induced by a representationλ of so(n), the corresponding eigenvalue is

w(λ, ρ) =
1
2

(c(λ) − c(ρ) − c(τ)) ,

wherec(·) denotes the Casimir number of a representation ofso(n) [7, 12].
Note that we define here for any representationρ its Casimir numberc(ρ) =
〈ρ + δ, ρ + δ〉 − 〈δ, δ〉, whereδ is the half-sum of the roots,i.e. δk =

n−2k
2 .

Hence,c(τ) = n− 1 for the standard representationτ onRn.
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The main interest of conformal weights is that they are easy to compute
from the knowledge of the dominant weight ofV: indeed, one always has
w(λ, ρ) = 1 + ρi − i if, for somei, λ = ρ + µi, w(λ, ρ) = 1 − n − ρi + i if
λ = ρ − µi, andw(λ, ρ) = 1−n

2 if λ = ρ.

The last ingredient is a Bochner-Weitzenböck formula, equivalently a
choice of coefficients (aj)16 j6N such that the subsequent linear combination
of the operators (Pj)∗Pj is a zeroth-order operator, that is a curvature term:

(2.6)
N

∑

j=1

aj (Pj)
∗Pj − R = 0.

Weitzenböck formulas are classified. Indeed, finding them isa purely (but
somehow tricky) algebraic problem, which reduces to findingcoefficients
(aj)16 j6N such that the principal symbol of the operator

∑N
j=1 aj (Pj)∗Pj has

vanishing second-order part. It is known that there are
[

N
2

]

linearly indepen-
dent such formulas [6], and they can be explicitly obtained through Vander-
Monde systems [13] or recursive formulas [21].

Assumption 2.1. From now on, coefficients (aj) are chosen such that they
give rise to a Weitzenböck formula (2.6).

Once integrated, usingP+ =
∑

a j>0
√

aj Pj andP− =
∑

a j<0
√−aj Pj and

assuming that all integral terms converge, formula (2.6) leads to an expres-
sion similar to (1.4):

(2.7)
∫

M
|P−σ|2 + 〈σ,Rσ〉 − |P+σ|2 = lim

r→∞

∫

Sr

b(σ)

whereb stands again for the boundary contribution. This can be usedto-
wards a positive mass theorem if

(1) the boundary term can be related to the mass;
(2) the curvature term is nonnegative in the geometric context at hand;
(3) a sectionσ of E can be found such thatP+σ = 0 and all integrals

and limits make sense.

Our goal from now on is to give an answer to the question raisedby (1). We
shall consider here the case where the sectionσ is asymptotic to a constant
sectionσ0 of E, and we prove below that the boundary contribution only
depends onσ0 in this case. Its analysis is then turned into a purely algebraic
problem, which we shall study in the next sections. We shall not discuss (2)
and (3): the validity of (2) of course depends on the context at hand, and an
answer to (3) is usually obtained through the resolution of aPDE problem
(although this may be useless in some cases, as [14] shows).
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To be more precise in our analysis of the question raised by (1), we shall
now need a bit more of notation. We define a self-adjoint mapH of T M by

〈HX,HY〉g = 〈X,Y〉0 ∀X,Y ∈ T M,

where the latter is the euclidean metric onM \ K identified toRn \ B. This
enables us to transfer sections of bundles overR

n \ B to bundles overM \K
(or vice-versa) in a metric preserving way : this is of course obvious in
the tensor case, and the spinor and mixed cases may be treatedas in [5].
Thus it makes sense to speak ofconstant sectionsof the bundleE w.r.t. to
the flat connection over a neighbourhood of infinity. Equivalently, one may
transfer the flat connection∇0 itself to a flat metric connection (but with
torsion) on the (spinor) frame bundleP or, conversely, the connection∇
induced byg as a connection (again non torsion-free) on the trivial bundle
(Rn \ B) × V which is compatible with the euclidean metric. As a result, if
{ei}16i6n is a (direct) orthonomal basis ofRn, ω is the connection 1-form of
∇ in the frame{Hei}16i6n, andσ0 is a constant section ofE (w.r.t. to the flat
connection), then∇0σ0 = 0 and∇σ0 = ρ(ω)σ0.

We now proceed to the computation of the boundary contribution. Let-
ting A =

∑

j ajΠ j, our first key result is:

Lemma 2.2.Letσ0 be an element ofV, seen as a constant section of E over
R

n. If σ is a section of E such that|σ−σ0| = O(r−a) and∇σ = O(r−a−1) for
some a> n−2

2 , then the integrals in (2.7) converge and moreover

lim
r→∞

∫

Sr

b(σ) = − lim
r→∞

∫

Sr

〈ν ⊗ σ0,A(ρ(ω)σ0)〉 dvolSr .

The valuea = n−2
2 is the lower bound of the necessary decay rates for the

following arguments to hold true. It is moreover remarkablethat this decay
rate is the same as that one can usually infer from a PDE analysis of the
equations

P+σ = 0, σ→∞ σ0,

in weighted functional spaces such as in [3, 18, 19].

Proof. – From 2.7, one computes on a bounded domainD:

∫

D
|P+σ|2 − |P−σ|2 =

N
∑

j=1

aj

∫

D
|Π j(∇σ)|2 =

N
∑

j=1

aj

∫

D
〈∇σ,Π j(∇σ)〉.
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It is thus enough to manage the integration by part for a single summand
corresponding to an indexj in {1, ...,N}:

∫

D
〈∇σ,Π j(∇σ)〉 =

∫

D
trg

[

∇
(

〈σ,Π j(∇σ)〉
)]

− 〈σ, trg

[

∇
(

Π j(∇σ)
)]

〉

=

∫

∂D
〈σ,Π j(∇σ)〉(ν) −

∫

D
〈σ, trg

[

∇
(

Π j(∇σ)
)]

〉

=

∫

∂D
〈ν ⊗ σ,Π j(∇σ)〉 +

∫

D
〈σ, (Pj)

∗Pj(σ)〉.

Hence,
∫

D
|P+σ|2 − |P−σ|2 =

∫

∂D
〈ν ⊗ σ,A(∇σ)〉 +

∫

D
〈σ,Rσ〉.

Applying this to any domain enclosed by a coordinated sphereSr , one even-
tually gets:

∫

Sr

b(σ) = −
∫

Sr

〈ν ⊗ σ,A(∇σ)〉 dvolSr .

We now show that the limit asr → ∞ only depends onσ0. We again argue
first with a single projection. On a fixed sphereS, one writeσ = σ0 + σ1,
and

∫

S
〈ν ⊗ σ,Π(∇σ)〉 =

∫

S
〈ν ⊗ σ0,Π(∇σ0)〉 +

∫

S
〈ν ⊗ σ0,Π(∇σ1)〉

+

∫

S
〈ν ⊗ σ1,Π(∇σ0)〉 +

∫

S
〈ν ⊗ σ1,Π(∇σ1)〉.

Whenr → ∞, the assumptions onσ1 imply that the last two terms vanish
sinceτ > n−2

2 as their integrands areO(r−η) with η > n− 1. As regards the
second term, one notices that (denoting with a bold dot an absent variable)

〈• ⊗ σ0,Π(∇σ1)〉 =
N

∑

j=1

〈Π(• ⊗ σ0), ε j ⊗ ∇ε jσ1〉

=

N
∑

j=1

∇ε j

(

〈Π(• ⊗ σ0), ε j ⊗ σ1〉
)

−
N

∑

j=1

〈Π(• ⊗ ∇ε jσ0), ε j ⊗ σ1〉,

where{εi}16i6N = {Hei}16i6N is the g-orthonormal frame ofT M deduced
from a (constant) Euclidean basis ofRn. After integrating onSr and letting
r tend to∞, the same decay considerations as above show that the very last
term does not contribute. Moreover, the first one is a divergence, i.e. is
of the form∗d ∗ β whereβ is a 2-form onM and∗ is the (n-dimensional)
Hodge operator. Thus, on any closed manifoldS with outer unit normalν,

∫

S
(∗d ∗ β)(ν) dvolS =

∫

S
d ∗ β = 0.
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This shows that the only non-zero contribution in the limit comes from the
first of the four terms above, as expected. �

3. Main statement

In the context of the previous section, let (σκ)16κ6dimV be an orthonormal
basis ofV, anda = (aj) be a choice of coefficients satisfying Assumption
2.1. Our main result may then be stated as follows

Theorem 3.1.There is a constantµ(a) such that

−
dimV
∑

κ=1

lim
r→∞

∫

Sr

〈 ν ⊗ σκ , A(ρ(ω)σκ) 〉0 dvolSr = µ(a) m(g).

Moreover,µ(a) only depends ona and representation-theoretic data ofV:

µ(a) = −
N

∑

j=1

aj
(dimW j) w(λ j , ρ)

2n(n− 1)
,

where w(λ j , ρ) denotes theconformal weightof the summandW j in Rn⊗V.

The content of this theorem is the following: although it is not always true
that the mass is related as the boundary-at-infinity contributions in (2.7) for
a single sectionσ, it always appears when we sum the formula over a basis
of constant sections. Coming back to (2.7), and assuming thatone may find
for eachκ a solutionσ̄κ of

P+σ̄κ = 0, σ̄κ →∞ σ̄κ,

this means that

µ(a) m(g) =
∫

M

dimV
∑

κ=1

|P−σ̄κ|2 +
∫

M

dimV
∑

κ=1

〈σ̄κ,Rσ̄κ〉.

Thus, assuming that the curvature operatorR is non-negative, we obtain a
positive mass theoremif µ(a) is positive, and anegative mass theoremif
µ(a) is negative.

The proof of the Theorem in divided into two parts. The first one is very
simple: one notices that the mapβA fromRn ⊗ so(n) intoRn defined by

ω 7→ βA(ω) = −
dimV
∑

κ=1

〈 · ⊗ σκ,A(ρ(ω)σκ) 〉0

is equivariant under the action ofso(n). Thus Schur’s Lemma implies that it
is always a multiple of the projection onto the (unique) factorRn appearing
in the splitting ofRn⊗so(n) into irreducible summands (it is a simple compu-
tation, which we shall omit, to show that there is indeed a single occurrence



UNIVERSAL POSITIVE MASS THEOREMS 9

of the standard representation in this tensor product). Moreover, the compu-
tation of this map is well-known in the caseV is the spin representation and
a is the set of coefficients leading to the classical Lichnerowicz-Schrödinger
formula. Indeed, we know that in this case the limit at infinity of the sum of
the boundary contributions over an orthonormal basis of constant spinors in
R

n equals a (precisely known) multiple of

lim
r→∞

∫

Sr

(div0 g− d(tr0 g)) (νr) dvolSr .

Thus it must be so for any choice of representationV and this proves the
existence of the constantsµ(a).

Computing the constants now involves a slightly more thorough study.
As µ(a) is linear in a, it is enough to compute the constant whenA is a
single projection on an irreducible summandW in Rn ⊗ V. This will be
done in the next section

4. Computation for a single projection

We fix here a given factorW appearing in the decomposition ofRn ⊗ V
into irreducibles, and letA = Π the projection fromRn⊗V ontoW (seen as
a subspace ofRn⊗V). Thus, the map to be considered isβ = βΠ defined by

β(ω) = −
dimV
∑

κ=1

〈 · ⊗ σκ,Π(ρ(ω)σκ) 〉0

where (σκ)16κ6dimV is any orthonormal basis ofV. To compute this, one
may restrictβ to the subfactorRn in Rn ⊗ so(n). The equivariant injection
of the former into the latter may be explicitly described as follows: for any
1-formα, one letsi(α) be the 2-form with values intoRn, i.e. an element of
R

n ⊗ so(n), defined by

i(α) (X,Y) = (α ∧ I ) (X,Y) = α(X)Y− α(Y)X,

and our goal is now to computeβ ◦ i.

As a first step, we studyρ(α ∧ I ) for an arbitrary 1-formα (recall that
we freely identify elements ofRn and (Rn)∗, i.e. forms and vectors). By
definition, for any vectorZ in Rn,

(α ∧ I )(Z) =
∑

i, j

(

α(ei)〈ej ,Z〉 − α(ej)〈ei ,Z〉
)

ei ⊗ ej

=

∑

i< j

(

α(ei)〈ej ,Z〉 − α(ej)〈ei ,Z〉
)

ei ∧ ej .

or equivalently,

(α ∧ I ) =
∑

i< j

ei ∧ ej ⊗
(

α(ei)ej − α(ej)ei

)

.
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This leads eventually to:

ρ(α ∧ I ) =
∑

i< j

ρ(ei ∧ ej) ⊗
(

α(ei)ej − α(ej)ei

)

=

∑

i< j

α(ei)ρ(ei ∧ ej) ⊗ ej − α(ej)ρ(ei ∧ ej)ei

=

∑

i, j

α(ei)ρ(ei ∧ ej) ⊗ ej

=

∑

j

ρ(α ∧ ej) ⊗ ej .

Thus, the operatorρ(α ∧ I ) is nothing but the opposite of the conformal
weight operator!

These remarks reduce our problem to computing, for anyα in Rn,

β ◦ i(α) = w(λ, ρ)
dimV
∑

κ=1

〈 · ⊗ σκ,Π(α ⊗ σκ) 〉0 .

But the map

α ⊗ X ∈ Rn ⊗ Rn 7→
dimV
∑

κ=1

〈X ⊗ σκ,Π(α ⊗ σκ) 〉0

is invariant under the action ofso(n) on Rn ⊗ Rn, thus must be a constant
multiple of the trivial contractionα⊗X 7→ α(X). It then suffices to compute

n
∑

i=1

dimV
∑

κ=1

〈ei ⊗ σκ,Π(ei ⊗ σκ) 〉0 .

This is of course the trace of matrix representingΠ : Rn ⊗ V → Rn ⊗ V in
the orthonormal basis{ei ⊗σκ}i,κ. AsΠ is an orthogonal projection operator,
this trace equals the rank ofΠ, i.e. the dimension of its imageW. Thus, for
anyα,

β ◦ i(α) = w(λ, ρ)
dimV
∑

κ=1

〈 · ⊗ σκ,Π(α ⊗ σκ) 〉0 =
(dimW) w(λ, ρ)

n
α .

Lettingπ denote the orthogonal projection fromRn ⊗ so(n) onto the unique
summandRn appearing in its decomposition into irreducibles, this implies
that

β =
(dimW) w(λ, ρ)

n
π .

In the setting of Theorem 3.1, where we consider no more a single projec-
tion but a linear combinationA =

∑

ajΠ j, one infers that

βA =

















N
∑

j=1

aj
(dimW j) w(λ j , ρ)

n

















π

and it now remains to relate this to the mass.
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Let nowV be chosen, in odd dimensions, as the spinor bundleΣ, with
associated representationς, , and in even dimensions, as the positive spinor
bundleΣ+, with associated representationς+. In both cases, there are only
two irreducible summands in the tensor product: one hasR

n ⊗ Σ = T ⊕ Σ
in odd dimensions andRn ⊗ Σ+ = T+ ⊕ Σ− in even dimensions, whereT(+)

denotes the (half) twistor bundle andΣ− is the negative half spinor bundle.
To have uniform notations with respect to dimensions, we shall now write
R

n ⊗ V = W1 ⊕ W2 whereW1 is the relevant twistor representation and
W2 the relevant spinor representation. The classical Lichnerowicz formula
D∗D − ∇∗∇ = 1

4 Scal can then be rewritten as

(n− 1)(P2)
∗P2 − (P1)

∗P1 =
1
4 Scal .

(Note that one has to be careful with the choice of norms: hereand every-
where else in the paper, eachW j is endowed with the norm induced by the
product norm onRn ⊗ V; as a result,|Π2(∇ψ)|2 = 1

n |Dψ|
2 for any spinorψ.)

Thus,
a1 = −1, a2 = (n− 1), A = (n− 1)Π2 − Π1

and Assumption 2.1 is satisfied. It now remains to re-interpret Witten’s
boundary term in our setting, but this is easily done. It has indeed been
computed in [2] that for anyj, k in {1, ...,n} and any tangent vectorX,

ωk
j (X) =

1
2
〈 (∇0

XH)ej − (∇0
Hej

H)H−1X , Hek 〉

− 1
2
〈 (∇0

XH)ek − (∇0
Hek

H)H−1X , Hej 〉

− 1
2
〈 (∇0

Hej
H)ek − (∇0

Hek
H)ej , HX 〉.

The main decay assumptionτ > n−2
2 moreover implies that when passing to

the limit r → ∞, all occurrences ofH at zeroth-order may be replaced by
the identity,〈·, ·〉may by〈·, ·〉0, and∇0H may be replaced by−1

2∇
0g without

harm. Thus,

ωk
j (X) =

1
4
〈 (∇0

Xg)ek − (∇0
ek

g)X , ej 〉0

− 1
2
〈 (∇0

Xg)ej − (∇0
ej

g)X , ek 〉0

− 1
2
〈 (∇0

ek
g)ej − (∇0

ej
g)ek , X 〉0.

Taking into account the symmetry ofg, this reduces to

ωk
j (X) =

1
2

[

∇0
ej

g(X,ek) − ∇0
ek

g(X,ej)
]

.

As explained above, thisc corresponds to an element of (R
n)∗ ⊗ so(n) and

it enters the boundary term of the Weitzenböck formula only through its
projection into the irreducible summand (Rn)∗ which is obtained by taking a
trace in the variablesX andej. Thus the boundary contribution is a multiple
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of (div0 g − d tr0 g). In Witten’s case, the proportionality factor is known
precisely (see section 1), and the integrand of the boundaryterm is

βA(ω) =
dimΣ(+)

4
(div0 g− d tr0 g) ,

(the trace taken over an orthonormal basis of the (half) spinor bundle ex-
plains the appearance of dimΣ(+) in this formula). Of course, this should be
equal to the expression obtained before,i.e.

βA(ω) =

(

(n− 1)
n

(dimW2) w(λ2, ς(+)) −
1
n

(dimW1) w(λ1, ς(+))

)

π(ω) .

One has dimΣ = 2
[n
2

]

in odd dimensions and dimΣ+ = dimΣ− = 2
n
2−1 in

even dimensions. Thus,

dimW1 = 2
[n
2

]

−δ(n− 1), dimW2 = 2
[n
2

]

−δ

whereδ = 0 in odd dimensions andδ = 1 in even dimensions. It is moreover
easily computed that, irrespective of the parity of dimension,

w(ς, ς) = w(ς−, ς+) = −
n− 1

2
, w(t, ς) = w(t+, ς+) =

1
2
,

wheret(+) is of course the (half) twistor representation. Thus,

βA(ω) = −
(

(n− 1)2

n
(dimW2) +

1
2n

(dimW1)

)

π(ω)

= − (n− 1)
2

2
[n
2

]

−δ
π(ω)

= − (n− 1)
2

(

dimΣ(+)
)

π(ω).

One deduces immediately that

π(ω) = − 1
2(n− 1)

(div0 g− d tr0 g) .

Coming back to the case of a single projectionΠ onto a summandW of
R

n ⊗ V with V being an arbitrary irreducible representation ofso(n), one
concludes that

β(ω) = − (dimW) w(λ, ρ)
2n(n− 1)

(div0 g− d tr0 g) ,

and this ends the proof of Theorem 3.1. �

5. Examples of applications

We give here an example where the ideas above can be applied. Of course
it does not exhaust all possible applications, and we chose it only to illus-
trate the fact that Theorem 3.1 is easy to use.
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5.1. A universal positive mass theorem.It has been remarked by Gaudu-
chon [12] that choosingaj = w(λ j , ρ) (with notations as in the previous
sections) always leads to a Weitzenböck formula. As a matterof fact, a
trivial computation shows that the principal symbolσξ

(

∑

w(λ j , ρ)(Pj)∗Pj

)

vanishes. Indeed,
〈

σξ

(
∑

w(λ j , ρ)(Pj)
∗Pj

)

v,w
〉

= 〈B(ξ ⊗ v), ξ ⊗ w〉 = 0,

hence
∑

w(λ j , ρ)(Pj)∗Pj is a zeroth-order operator. This formula is called
the universal Weitzenböck formulain [21, Proposition 3.6, p. 519]. One
may now apply our main result to this case, and conclude that there is al-
ways an underlying universal positive mass theorem:

Proposition 5.1. Let E be the natural bundle over a complete asymptotic-
ally flat Riemannian manifold(M,g) induced from an irreducible repre-
sentation(V, ρ) of so(n). With the notations of section 2, assume that the
curvature operator

R =
N

∑

j=1

w(λ j , ρ)(Pj)
∗Pj

is nonpositive and that there exists a full set of solutions{σκ}16κ6dimV of the
equation

∑

w(λ j ,ρ)<0

w(λ j , ρ)Pjσκ = 0

that are asymptotic to an orthonomal basis ofV and satisfy the estimates of
Lemma 2.2. Then one has

∫

M

dimV
∑

κ=1

∑

w(λ j ,ρ)>0

w(λ j , ρ) |Pjσκ|2 − 〈σκ,Rσκ〉 =
c(ρ)

n(n− 1)
(dimV) m(g),

where c(ρ) is the Casimir operator of the representationρ. Hence the mass
m(g) is nonnegative.

Proof. – The only missing point is the precise computation of the propor-
tionality factor, which isa priori equal to

1
2n(n− 1)

















N
∑

j=1

w(λ j , ρ)2 dimW j

















.

The term inside brackets is obviously trB2, and one may then apply [7, §4,
p.230]. We denote as in this paper p-tr the partial trace of anoperator from
R

n⊗V to itself, i.e. the endomorphism ofV obtained by taking the trace on
theRn-factor. Then p-tr(B2) is nothing but twice the Casimir operatorc(ρ)
of (V, ρ) [7, Equation (4.1)], and

N
∑

j=1

w(λ j , ρ)2 dimW j = tr B2
= (dimV) p-tr(B2) = 2 (dimV) c(ρ),

which proves the desired formula �
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5.2. The case whenN = 2. From [7, 13], the numberN of irreducible
summands inRn ⊗ V is N = 2, i.e. Rn ⊗ V = W1 ⊕ W2, when the di-
mensionn is even and the representation’s dominant weight is given by
ρ = (k, . . . , k,±k) with k an arbitrary non-zero integer or half-integer. (There
is also a possibility whenn is odd andρ = (1

2, . . . ,
1
2), but this is nothing but

the spin representation and we already know this case in detail hence we
shall forget about it here.)

There is only one non trivial Weitzenböck formula relating the opera-
torsP1 andP2, which is the universalw1 (P1)∗P1 +w2 (P2)∗P2 = R, and the
values of the weights arew1 = k andw2 = 1− n

2−k. There are only two pos-
sible boundary terms, the first one being obtained by choosing P+ = P1 and
P− = P2 (up to positive constants) and the second one by choosing theop-
posite. The proportionality factors in Proposition 5.1 areεn(n−1) (dimV)c(ρ),
whereε = −1 for the first choice andε = +1 for the second.

Hence, we get a positive mass theorem in the latter case (provided that the
adequate curvature condition holds and that there exists enough asymptoti-
cally constant elements in kerP2) and a negative one for the former case (
provided thatR is non-negative and that there exists enough asymptotically
constant elements in kerP1). This is of course consistent with the classical
spinorial case, as the reader has to keep in mind thatR = −1

4 Scal when the
Weitzenböck formula is written as the universal formula.

5.3. The case of forms.As a further example of application, one may look
at the case ofp-forms with p < n

2. One has in this caseρ = (1, ...,1,0, ...,0)
where the number of 1’s is equal top, and the number of summands is equal
to N = 3. (The case wherep = n

2 in even dimensions,i.e. ρ = (1, ...,1,±1)
is special, as it hasN = 2; it has thus been already treated.)

One may then apply the previous Proposition: the only possible Weitzen-
böck formula is the universal one and the conformal weights are w1 = 1,
w2 = −p, andw3 = −(n− p). There are again two possible operators: either
P+ = P1 (and, up to a constant, this is the conformal Killing operator), or
P+ =

√−w2P2 +
√−w3P2 (and, up to a constant again, this is the classical

Hodge-de Rham operatord + δ). The two possible boundary terms can be
computed from Proposition 5.1 and this leads to a positive mass theorem
for the latter and a negative one for the former (under the condition thatR
is non-positive in the first case and non-negative in the second).
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Institut de mathématiques et de modélisation de Montpellier, UMR 5149 CNRS &
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